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ON THE WEAK LAW OF LARGE
NUMBERS FOR SEQUENCES OF BANACH
SPACE VALUED RANDOM ELEMENTS

NGUYEN VAN QUANG AND LE HoNnG SoN

ABSTRACT. We establish a weak law of large numbers for sequence
of random elements with values in p-uniformly smooth Banach
space. Our result is more general and stronger than some well-
known ones.

1. Introduction and notations

Recently, the weak law of large numbers (w.l.1.n.) in Banach space has
been studied by many authors (see [1], [3], [6]). The aim of this paper is
to establish a weak law of large numbers for sequence of random elements
in p-uniformly smooth Banach space. Our result is more general and
stronger than some well-known ones in [2] (for details see below).

Let us begin with some definitions and notations. A real separable
Banach space X is said to be p-uniformly smooth (1 < p < 2) if

llz =yl
2

r+y
p+(T) = sup{ ” 9 ” + -Llzll=1lyl=7} <O

for some constant C.

THEOREM 1.1. (see [7]) (Assouad, Hoffmann J¢rgensen) A real Ba-
nach space X is p-uniformly smooth if and only if there exists a positive
K such that for all x,y € X we have

1z + 4l + llz — yll” < 2P + Klly|”.

THEOREM 1.2. (see [7]) (Assouad) A real separable Banach space
X is p-uniformly smooth (1 < p < 2) if and only if all ¢ > 1, there
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exists a positive constant C' such that for all X - valued martingale
{My, Fn,n > 1} we have

7
E||M||* < CEQY_ || dM;|[P)/? (with dM; = M; — M;_y).
=1

(Marcinkiewicz-Zygmund inequality)

In [1], Adler, Rosalsky, and Volodin have taken notion about martin-
gale type p Banach spaces: A real separable Banach space X is said to
be martingale type p (1 < p < 2) if there exists a finite constant C such
that for all martingale {S,,n > 1} with values in X’ then

oo
sup S|P < CS B||S, — Saa |
sup IS > El 1

i=1

By Marcinkiewicz-Zygmund inequality we derive that a p-uniformly
smooth Banach space is a martingale type p Banach space.

In this paper we assume that &’ is a p-uniformly smooth Banach space
(1 <p<2),{X,,n> 1} is a sequence of random elements with values
in X, (F,) is a sequence of ¢ - algebras such that X,, - F,, measurable
foralln=1,2,....

2. Results

The main aim of this paper is to prove the following result.

THEOREM 2.1. Let (S, = )i, X;) be a sequence of random elements
with values in X and (b,) a sequence of positive numbers with b, T oo
asn — oo. Then writing X,; = Xil(x,|<bn)s 1 <1< n, we have that

(2.1) b 1S, 20 as n—s oo, if
n
(2.2) 2, P(IXill > bn) — 0 as n— o0,
=1
n
(2.3) b7l Y E(Xni/Fic1) 250 as n—s oo,
i=1

n
(2.4) b;p E E”Xm - E(Xm/]'—i_l)”p —0 as n— .
=1
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Proof. Let Sp, = Y. Xp;. Then we have
i=1

Snn Sn
PGy
<P ( " {Xni # Xz})
=1

<

~

-

P(Xn; # Xi)

-
Il
-

[

I
=

P(|| Xi]l > bp) — 0, n— 0o (by (2.2)),

1

and it suffices to show that b, 1Sy, L 0asn — oo. By (2.3), we have

it}
b;l ZE(Xni/]-"i_l) £,0 as n — oo.
i=1
So that it suffices to prove that

bt [Xni ~ E(Xni/Fic1)] 250 a3 n— co.
i=1
n
Let Ynkz Z[Xni_E(Xni/]:i—l)], lgkgn, 7’l=1,2,....
i=1
By noting that (Ypx, Fx; 1 < k < n) is a martingale on X, we have,
for arbitrary € > 0

p (IIbE1 Z [Xni — BE(Xni/Fi-1)] | > 6)

n
< e7PhPE| Z [Xni — E(Xni/Fie1)] ||P (Markov’s inequality)
i=1
= £ 7P0, PE||Ynnl|P

i=1

n
< e Py, PCE (Z 1Yni = Yoa—pllP ) (Marcinkiewicz-Zygmund inequality)

n
= Ce™Pb,P Y " E|| Xni — E(Xni/Fi1)|P —0asn— oo (by (2.4)),
=1

which completes the proof. O
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In the case, when X = R then p = 2 and E|X,; — E(Xni/Fiz1)? =
EX?2,—E[E(Xy;/F))?. The following corollary follows immediately from
theorem 2.1.

COROLLARY 2.2. Let (S, =Y i, X;) be a sequence of random vari-
ables and (b,) a sequence of positive numbers with b, T co as n — oc.
Then writing Xni = Xil(jx;)<b,), 1 <% < n, we have that

(2.1 b 1Sy 20 as n— o0, if

2.2y S P(|Xi| > bp) — 0 as n— oo,
i=1
n

(2.3) bt ST E(Xpi/Fio1) 2,0 as n— 00,

i=1

n
(2.4) b2 Y {EX2, — E(Xpi/Fi—1)’} — 0 as n — 0.

i=1

The below example shows that the above corollary is stronger than
the theorem 2.13 in [2] which considered the same problem under the
assumption:(S, =Y 1 ; X;, ; Frn) is a martingale.

Let (Y;) be a sequence of independent and identically distributed
random variables such that

PY;=-1)=PY;,=1)=_.
Then EY; =0 (Vi=1,2,...) and

1 < P
—E Y, —» 0 as n— oc.
n

i=1

Put

1

Then EX; = 1 (Vi=1,2---) and

1

1Zn:X 1iY+12n:1P0+0 0 as n— o0
— P = — : — - — = — .
= Z ni:lZ ni:li

Thus, (S, = Y i-; Xi) satisfies the condition (2.1)’ and it also satisfies
the conditions (2.2)', (2.3)', (2.4)' (with b, = n). (Because (X;) is the se-
quence of independent random variables and in this case, the conditions
(2.2), (2.3), (2.4)" are necessary as well as sufficient for the condition
(2.1) (see [5], p. 290)). But (S, =Y ;-1 X;, ; Fn) is not a martingale.
(F,, denote the o- algebra generated by (X;; 1 < ¢ < n)). It shows that
the martingale condition of (S, = > ;- ; Xi; Fn) in the theorem 2.13 of

[2] is too strong.
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Let (X,,), X be random elements in X. The sequence {X,,n > 1}
is said to be stochastically dominated by X if there exists a constant
C > 0 such that P{||Xn|| >t} < CP{||X|| >t} for all nonnegative real
numbers ¢ and for all n > 1. In this case, we write (X,) < X.

LEMMA 2.3. (see [4]) Assume fp, : R — R satisfy : 0 < fr <
1; n=1,2,... and sup(mfn( )) — 0 as x — oo. Then

neN
) y
sup —/acfn(x)dm —0 as y— o0.
neN { ¥ '
0
COROLLARY 2.4. Let (S, E Xi, Fn) be a martingale on X. If

(Xn) <Y with Y € LY(Q, F, P) then
(2.5) n~ls, 2,0 as n— oo

Proof. We'll prove that (X, ) satisfies all conditions of Theorem 2.1.
Let Xm = XiI(HXngn)a 1 < ] <«n
At first we have

n
(2.6) ZP(“XzH 2n)<CnP(Y|| >n) — 0 as n — oo.
Next, for arbitrary € > 0 we have

P(|n™ Y B(Xui/Fica)ll > €)

=1
< e E| Y B(Xni/Fimn)|
=1
n
= E_ln_lE” ZE [()(z - XiI(||Xi||>n)/-7:i-—l] H
i=1

n
< e 'nTB Y E(I Xl Ixsny/ Fi-1)
=1

n
(2.7) =g lp™! ZEI|Xi|II(IIXi||>") — 0 as n — oo.
=]
[o o] [o0)
(- B X = / PIXi] > 2)dz < / P(|Y| > z)ds = CE||Y| < oo).
0

0
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At the end, we have

_”ZEHXm — E(Xni/Fi-))|IP

< n_”ZE[ 20 Xmll® + KE(| XnillP/ Fi-1)]

=1
=n"PC" > B[ Xuml
i=1
= C'n7? / PIXi[P > 2)da
0
< C'n / peP IP(| X > z)de
1]

< C"n_pn/pxp 2eP(||Y] > x)dz
0

28) < C'pn_l/xP(HYH > 2)dz — 0, as n— oo
0
(The last inequality follows from Lemma 2.2 with f,(z) = P(|Y] >
z), n=12,...).
Combining (2.6), (2.7) and (2.8) we get (2.5) and which completes
the proof. O
n
COROLLARY 2.5. Let (S, = > X;, Fn ) be a martingale on X. If
i=1

sup E|| X, ||? < oo, then
n

(2.9) n_%Sn 2,0 as n— o0 (with 0 < g <p).

Proof. We'll prove that (X,,) satisfies all conditions of Theorem 2.1
1
with b, = nq.

Let X,,; = X;T Then we have
(1x: ||<nq)

3" P(IXi]) > n¥)
=1
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n

< SonTiE|XP
=1
_P

(2.10) =n"9 ) E|X|P
i=1

n”at! sup E|| X,|P — 0 as n — oo.
n

N

For arbitrary £ > 0 we have

2 <n‘%|| N E(Xui/Fic1)|| > a)

=1

n
~EB
<ePn B Y B(Xpi/Fiall

i=1
n
4
<ePn BN E(IXIPT 4 JF
; (" Pl ety 7 1)

(2.11) < s"pnl_gE(HXil]pI( 1/Fim1) 50 as n— oo

1Xil>n

At the end we have

n

N8y B Xni — E(Xni/Fi1) P
=1

n
<n 10N E|| Xl

i—1
2 n
=Cn 1 E|X;||P — B X;||PI 1
223[ e~ Bl
» n
(2.12) < Cn79 Y E|Xi|P
i=1

< Cn'e (supE||Xn||p) — 0 as n — o0.
n

Combining (2.10), (2.11) and (2.12) we get (2.9) and which completes
the proof. O
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