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DERIVATIONS OF A WEYL TYPE NON-ASSOCIATIVE
ALGEBRA ON A LAURENT EXTENSION

SeuL HEe CHOI

ABSTRACT. A Weyl type algebra is defined in the book ([4]). A
Weyl type non-associative algebra W P, s and its restricted sub-
algebra W P,, n,s, are defined in various papers ([1], {12], [3], [11]).
Several authors find all the derivations of an associative (Lie or non-
associative) algebra in the papers ([1], [2], [12], [4], 6], [11]). We find
all the non-associative algebra derivations of the non-associative al-
gebra WP 2 0, where B = {0, 01, 02, 012, 0%, 63 }.

1. Preliminaries

Let F be a field of characteristic zero (not necessarily algebraically
closed). Throughout this paper, N and Z will denote the non-negative
integers and the integers, respectively. Let Flz1,. .., Zm4s| be the poly-
nomial ring with the variables x1,..., Zm+ys. Suppose that gi1,..., 9,
are given polynomials in Flz;,..., Tmys]. For nym, s € N, we de-

fine the commutative, associative F-algebra Fy, m s = F[eigl, .., exon

111, oy @Y X1, ., Tmas) in the formal power series ring F[[zy, . . .,

Zm+s]] which is called a stable algebra with the standard basis ([7]):

aigi1 a 21 [ . .
{e®9 eIyl -t lay, ., Gy B, i € Z
Zm+1, v ,im_f_s E N}

and with the obvious addition and the multiplication ([7], [10]), where
Oy, 1 < w < m+ s, denotes the usual partial derivative with respect to
Ty ON an,m s. For par‘mal derivatives 0y, ..., 0, of Fy, m s, the composi-

tion & o -+ 0 & of them is denoted &% - - 0%, where ju,...,5, € N.
Denote D = {8 -8 [ju,...,jo € N,1 < u,v < m + §}. We shall
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define the vector space W P(gn, m,s) = WP(gn,m,s)p over F which is
spanned by the standard basis

{ealgl ”_eangnm'il V. :,;Lni-;a]u . 'a{;vlal’.”’an’il,...,im = Z,
(1) ’im+1,...,im+sEN,ju,...,]v6N,1§u,...,v§m+s,
8&“3{,” ED},
where we take appropriate gi,...,gn so that the set (1) is a basis of

W P(gn, m, s). Thus we may define the multiplication * on W P(gp,m, s)
as follows:

) i, . .
601191 . eamgn 1111 ez m+saju . 8;7,” * 6021!]1 . eazngnx'blm

m-+s
12m+s I3 jw _ 01101 . .. oM1ngn i3 | 11m+s
T 6‘] O = eMndn g RN
42101 | ., g@2ngn 21 | pi2mts) gik
(2) 31]11](6 e nml m+s )a? ww
. 3 i .
for any basis elements €31191 . . . gdingngill .. gllmtsgiu . glv and go2191
. e®ndn g .. :,211”;38”‘ - 8%’ € WP(gn, m,s). Thus we can define

the Weyl-type non-associative algebra W F,_ ., swith the multiplication
* in (2) and with the set WN (g, m,s) ([9], [11]). For B C D, we define
the non-associative subalgebra W Py, i s 5 of the non-associative algebra
W Py, m,s spanned by

{e‘“gl--~ea"g"x§1-~~x§58{;"~~8£”|a1,...,an,i1,...,im €Z,
(3) im-i-la--',isENaju,--'ij€N7aiu"'a:gvEB’
1<u,...,v <m+s}.

This implies that the algebra mB contains the polynomial ring
naturally. The simplicity of W P, m s 5 is depending on the set B. It
is well known that the non-associative algebra WP, ., s, is simple,
even though it has the right annihilator ([6], [8]). Throughout the pa-

per, we put 0;0; = 313 For any z' -- Z{‘:; € Flz1,...,Zm+s|, we put
z - :,TI;@ = a:l . x:;fjss, we denote By = {0g, 81, 02, O12,0%, 02},

and By = {0, 01, 02, 012,07} It is easy to prove that the non-associative
algebras W Fp 20 B, and WFy 20 B, &T€ simple. The non-associative alge-
bra WP, m,sp has the left identity 1.
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2. Derivations of WPy 20 B:

LEMMA 2.1. For any derivation D of the non-associative algebra
WPR20p, and Tz, ...,0% € WPR2,0p,, the followings hold

(4) D(xT'0h) = (1 —m)a1 902701 — mb1,0,0x71n_1y81 + msl,o,ox?‘_l(?l,
+a2,0,02702 + 03,0027 012 + 45007703,
D(812) = ¢1,0,001 + €2,0,002 + 30,0012 + €1,0,00% + 50,003,
(5) D(8}) = dr,0001 + d2,0,002 + 30,0012 + da0,00% + d5.0003,

where a100,...,d500 € F and m € Z. Similarly, we have the formulas
of D(x38,) and D(82), where n € Z.

Proof. Note that the right annihilator of Zizl 0, is spanned by B;
and z,0,, 1 < u < 2, is local multiplicative identity of the algebra.
Using the above facts, by induction on k of z£d,, 1 < u < 2, we can
prove the lemma. So let us omit the details of its proof. - O

LEMMA 2.2. For any derivation D of the non-associative algebra
W P20 B and 71,...,2207 € Why2p B, the followings hold

(6) D(z1)= — a1,0,0%1 — b1,0,022 + 51,00,
D(x102) = — 01,0,0102 — b1,0,02202 + b2,0,02102 + 81,0,002 + b1,0,02101
+ b3,0,021012 + ba,0,0710%,
D(z1012) = — a1,0,021012 — b1,0,022012 + ¢3,0,021012 + 51,0,0012

2 2
+ €1,0,02101 + €2,0,02102 + €4,0,02107 + ¢5,0,0105,

D(x2012) = — a2,0,071012 — b2,0,022012 + ¢3,0,022012 + t2,0,0012
+ €1,0,02201 + €2,007202 + €4,0,0%205 + ¢5.0,0220%,
D(2102) = — a1,0,0210% — b1,0,07207 + da002107 + 51,0007 + d1,007101
+d2,0,02102 + d3,0,071012 + ds5,0,07103,
D(220%) = — b2 ,0,0020? — a2,0,0710% + du0,0520% + t20,00% + d1,0,02201

2
+d2,0,0T202 + d3,0,072012 + d5 0 07203,

where a1, .. .,ds00 € F. We have similar formulas of D(z3), D(z201),
D(:L‘Qam), D(x18§), and D(:L’zag) in (6)

Proof. The proof of the lemma comes from the similar comments of
Lemma 2.1, so omitted. a
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LEMMA 2.3. For any derivation D of the non-associative algebra
WPRo20p, and for the bases z7'zy, z{'zy01 in WPy 2,05 , the follow-
ings hold

(7)  D(a7'z3)

= — a0 Ty — Nago oxTH 2yt — mby ooz aht!
— nbg00z] 2y + mbg,o,ol‘l 1‘2 +m(m — 1)bg ooz~ 2 n+1
+ mﬁ,o,oﬂCT”x’:} + nt2,070x71n:)’;g_1,
D(z'z5h)
= (1 - )al 0,0Ty 172&1 — nag, 0xm+1 n- 18

— mbl,o,occl £E2+181 - nb2,0,0m1 Ty 2O + mb3,0,0m71n—1.’1:72231
+ m(m — 1)b4,0’011,'71n_217721+161 + m3170’0.’1371n“133727'81 +nt2,0,0m§":c721_131
+ a2,0,02T 750 + 30,027 25012 + a5,0,077T 2503,

where a10p0,...,t200 € F. We have the following similar formulas of

D(z72382), D(z7'x3012), D(a7x58?), D(zT'xz303) for any bases z7'x}0,,
x5O0, T2} 20? and me?@% in WPO,o’gB1 as (7).

Proof. The proof of the lemma comes from the similar comments of

the proof of Lemma 2.2, so omitted. (]

LEMMA 2.4. If there is a derivation D of the non-associative algebra
WPO 2,0p, such that

D(za38;) = 65,9,a5002]'w5012 + 65,605,007 2505
+5ai,32b3,0,0x’1”:c’2‘812 + 631,,32 b4’01’71n$7218%
+08;,012 clyo,oxinfl:gal + 53i751202,0,0w§”x332
+5ai,31203,0,0x71nx3312 + 532.’31204,0,03:71”1'7213%
+065,,615 05,0,01‘71”:1:35% + 5ai,a%d1,o,om’1nm§81

: +53i’8%d2,0,0x71nx’2162 + 531_,3%(13,0,0.17?%1215‘12

+68¢,6f d4’0’0.7371n$7218% + 531,’312615,0,0335”:67216%
+55i,3% hl,O’QxTCL‘gal + 68,-,8% hz’o’oxgnxgaz
+68i,8§ h3’0,01‘;n1‘3812 + 681,’3% h4,0’0£L‘71n.’1:36%
+0p, 0200027253,

then azgo = --- = hspgo = 0, ie, D(2*z50;) = 0 for 2T'x50; €
WPy20 B, Where 8;; is the Kronecker delta, and 0; € B;.
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Proof. Let D be the derivation in the lemma. For any elements
z]" x50 and x7"2x528s, my, ma, n1,n2 € Z, we have that

(8) D(a T 230y * a2 2y20s) = ma D (a1 ™2 g1t 25,
The left side of (8) is
9) D(z" x5 01) * &2 25209 + 2 25 01 * D(x]"?2528s)

= (ag,o,ox;nl .’Bgl O + a5,070x§n1zgl 822 * xT2.'I,'3282 + .’E:rlnl .’Bgl Oy *
mo N ma, n2 02
(b3,0,027 * 32012 + bao,07y 252 0)

— m2n2a300:1:1 mi+ma—1 n1+n2 13

+n2 (n2 — 1)(15 0 0.’L‘T1+m2£1772“+n2—28

1 1

+mzb3 0 Oxl m1-+mg— n1+n2312 + m2b4 0 Ox;n1+m2 n1+n262

and the right side of (8) is
1 1

(10) m2b3 0,077 m1+mae— n1+n2312 + m2b40 Oxm1+m2 n1+n2a2
By (9) and (10), we have that a3z o0 = as00 = 0. By

D(z? 2520y + 2721 81) = ny D(x M2 219,
we also have that (bs 027 2x52012+ba 0,07 2 2520%) x 2 x5 8y +2 ]2 252Dy
*0 = 0. This implies that b39 = bso = 0. By

D(z7" x5 019 * 272252 02) = mang D (] matma—1 ”1+n2 18)

we have that
m m n m k(3
(Cl,o,oxl 13:;‘181 + €2,0,0%1 1:1,‘2162 + €30 ():L'l 1:1321812
+C4,0,01131 x2131 +c50 0:61 :EZ 62) * IEl 3262 + .’Erlnlwglalz * 0
= mgc10t] mi1+mz—1 n1+n28

+n20200xm1+m2 ;l1+n2 162+m2n20300mm1+m2 1 n1+n2 18

+m2(m2 _ 1)040055'1 1+ma—2 n1+n28

-2
+n2(n2 _ 1)0500xT1+m2 gl-i-nz 32

= 0.
This implies that ¢;00 = 0, 1 < ¢ < 5. Similarly, we can prove that
dip0 = hipo =0, 1 <4 < 5. This implies that D is the zero derivation
of WP 2.0 B This completes the proof of lemma. |

Note 1. By Lemma 2.4, for any basis element z*230,, 0, € Bji, of
WP()’Q,OBl, if we define F-linear maps D,,, 1 <v <2, Dy, 1 <v#w <
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2, and Dyyyy, 1 < v £ 2 as follows:

Dy (2 25%0y) = (bup — ny) 7 2528y for 1 < v <2

Dy u(z}'2520,) = —ng g1y, 4 Ou w1 52O

for1<v#w<2,

Dy (7' 2520,) = nvxﬁ”_lxzkau for1 <wv <2,
where 9, ; is the Kronecker delta, then the F-linear maps Dy, 1 < v < 2,
Dyw,1<v#w<L 2 and Dyyy, 1 v <2 0f WP()’2’OBI can be linearly
extended to derivations of W P20 B, and the derivation of Lemma 2.3
is the linear sum of these derivations.

THEOREM 2.1. For any D € Der(WNo,ngl), D is linear sum of the
derivations Dy, 1 v <2, Dy, 1 Sv# w <2, and Dygy, 1 v < 2,
which are defined in Note 1.

Proof. By Lemma 2.3, for any basis {250, 0, € B1, D(zT*z}d, ) is
one of the forms of (7). By Lemma 2.4, D can be written as the linear
sum of Dy, 1 <v <2, Dy, 1 <v#w< 2, and Dyyy,, 1 <v < 2. This
completes the proof of the theorem. a

COROLLARY 2.1. The dimension Dim(Der(W No2,0p,)) of
Der(WNo,z,oBl)
is 6.

Proof. The proof of the corollary is straightforward by Theorem
2.1. O

3. Derivations of WPy 20 B,

Note that the non-associative algebra W P2 B, 1sa simple subalge-

bra of WF 20 B Since the algebra W Fy 29 By enjoys the similar results
of Lemma 2.1-4, we have the following note.

Note 2. By the similar results of Lemma 2.4, for any basis element
x'xy 0y, O, € By, of WP0,2,032, if we define F-linear maps D, 1 < v < 2,
Dy, 1 <v#w<2, and Dyyy, 1 < v < 2, as follows:
Dy (27 x5?0y) = (Oup — nu)xy 2528, for 1 < v < 2,
Dy (37 2528,) = —nypal* Tzl =10, + 6, a1 2520,
for1<v#w<2,
Dyyo(x2520,) = nvz,’}”—lw:’“au for 1 <v <2,
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where J; ; is the Kronecker delta, then the [F-linear maps D,, 1 < v < 2,
Dy, 1 <v#w<2,and Dygy, 1 < v <2, 0f WPO,Q,()B2 can be linearly
extended to derivations of WFy20p, as Note 1.

THEOREM 3.1. For any D € DeT(WNo,z,oBZ), D is linear sum of the
derivations Dy, 1 Sv <2, Dy, 1 Sv#w <2, and Dygyy, 1 v <2,
which are defined in Notes.

Proof. The proof of the theorem is similar to the proof of Theorem
2.1, so omitted. [

If we put B3 = {0y, 01, B2, 012, 02}, then we define the non-associative
algebra WPy 20 Bs which is a simple subalgebra of WPy 20 B

ProOPOSITION 3.1. The non-associative algebra W N 2o By is isomor-

phic to the non-associative algebra W Ny 20 B; 85 non-associative alge-
bras.

Proof. The proof of the proposition is easy, so omitted. O

COROLLARY 3.1. The additive abelian group Der(W No2,0,) is iso-

morphic to the additive abelian group Der(W Ny 2,0 33) as abelian gro-
ups.

Proof. The proof of the corollary is straightforward by Theorem 3.1
and Proposition 3.1. O

COROLLARY 3.2. The dimension Dim(Der(W No2,0p,)) (resp. Dim
(DeT(WNO,Q,OB3))) Of VV]V()’Q’()B2 (resp. WNO’Q:OB;;) is 6.

Proof. The proof of the corollary is straightforward by Theorem
3.1. O
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