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ASYMPTOTIC DIRICHLET PROBLEM FOR THE
SCHRODINGER OPERATOR ON 2-DIMENSIONAL
CARTAN-HADAMARD MANIFOLDS

SEOK W00 KiMm AND YONG HAH LEE

ABSTRACT. We solve the asymptotic Dirichlet problem for a certain Sch-
rédinger operator on 2-dimensional Cartan-Hadamard manifolds.

1. Introduction

In this paper, we will prove the existence of nonconstant bounded solutions
for the Schrédinger operator A —V on a 2-dimensional Cartan-Hadamard man-
ifold M, where A denotes the Laplacian on M and V is a nonnegative function
on M. (By a Cartan-Hadamard manifold, we mean a complete simply con-
nected manifold with nonpositive sectional curvature.) Throughout this paper,
we shall always assume that every potential V' is continuous. This assumption
guarantees the continuity of solutions of the Schrédinger equation. More gen-
erally, such a result can be extended to potentials in the local Kato class. (See
[4].) In the case that V is identically zero, the Schrédinger operator becomes
the Laplace-Beltrami operator and its solutions are called harmonic functions.

In [2], Choi proposed the asymptotic Dirichlet problem for the Laplace-
Beltrami operator and solved the problem when a Cartan-Hadamard manifold
M with sectional curvature bounded above by a strictly negative constant
satisfies the convex conic neighborhood condition at the boundary at infin-
ity M(occ). Choi also proved that such a convexity condition is automatically
satisfied when the sectional curvature of a 2-dimensional Cartan-Hadamard
manifold bounded above by a strictly negative constant. On the other hand,
Ancona [1] proved that if a Cartan-Hadamard manifold has no curvature lower
bounds, then the asymptotic Dirichlet problem for the Laplace-Beltrami oper-
ator cannot be solvable in general.
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We will solve the following asymptotic Dirichlet problem for the Schrodinger
operator:

Theorem 1.1. Let M be a 2-dimensional Cartan-Hadamard manifold. Sup-
pose that the sectional curvature Kpr(z) of M at z is less than or equal to a
strictly negative constant —a? for some a > 0 and for each point x € M. Let V
be a nonnegative continuous function on M satisfying the following decay rate
condition: There exist positive constants C and -y such that for any x € M,

C
< 7
= (1+7r(z))2t’
where r{z) = d(o, z) denotes the distance from a fized point o € M. Then for a

continuous function f on M(0o), there exists a unique solution u of Schrédinger
operator A — V' such that for each v € M(c0),

(1) V(x)

lim u(a) = f(¥).

where A is the Laplacian on M.

2. Proof of main theorem

Let M be a 2-dimensional Cartan-Hadamard manifold and fix a point 0 € M.
Let us denote M (o0} to be the boundary at infinity of M which is the set of
asymptotic classes of unit speed geodesic rays. Then it is topologized with the
cone topology in the sense of Eberlein-O’Neill [3]. Note that we may identify
M (00) with the unit circle S* € T, M.

As mentioned before, Choi [2] solved the following asymptotic Dirichlet prob-
lem for harmonic functions:

Theorem 2.1. Let M be a 2-dimensional Cartan-Hadamard manifold. For
each point x € M, suppose that Kar(z) < —a® for some a > 0. Then the
asymptotic Dirichlet problem for harmonic functions is solvable.

Remark. For a given continuous function f: M(oo) = R, let h be the solution
of the asymptotic Dirichlet problem for harmonic function with the boundary
data f. Then for each v € M(o0), we have

(2) lim h(z) = f(v).
Now consider a C*°-function w defined by
1
3 -
®) ) = Ay

for x € M \ {0} and é > 0, where r(z) = d(o,z) denotes the distance from a
fixed point 0 € M.

Lemma 2.2. For a given continuous function f : M{o0) — R, let h be the
solution of the asymptotic Dirichlet problem for harmonic function with the
boundary data f and w be given by (3) with 6 € (0,1) N (0,7). Then h+ w is
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a supersolution and h —w is a subsolution for the Schridinger operator A —V
in M \ Bg(o), where R = R(a,d) > 0.

Proof. Since M is a 2-dimensional Cartan-Hadamard manifold whose sectional
curvature bounded above by —a?, from the Hessian comparison theorem,

Ar(z) > acoth(ar(z)).
Thus for each sufficiently large r(z) > R; = Ri(a), we have

Ar(@) 2 7 -fj“(.z’) !
hence
SAr(z) 5(1 4 6)|Vr(z)|?
(4) A’UJ(II) = - (1 T T(:E))H"‘; (1 T 7’(:17))2+6
< _ 26 5(1+9)
- 1+ r@)H1+r(z)  (1+r(x))?e
(-4 <0

- (1+r(x)?
whenever 0 < § < 1 and 7 > R;. Since h is bounded, by (1) and (4), we have

(A-V)h+w) = Ah-Vh+Aw-Vuw
= —-Vh+Aw-Vuw
C 31 -9)
S Ter@p  @rr@pes <
if § € (0,1)N(0,7) and r > R = R(a,9).
Arguing similarly, we have
(A-V)h-w) = Ah—Vh-Aw+Vw
= -Vh-Aw+Vw
> - ¢ L0020
= (Q4r@) o 1 +r()*
if 6 € (0,1)N (0,7) and r > R = R(a, ). This completes the proof. O

Proof of Theorem 1.1. Let f : M(cc) — R be a continuous function. There
exist nonnegative continuous functions f; and fy such that f = f1 — fa. If
there exist solutions u; and us for the Schrédinger operator A —V on M such
that for each v € M(o0),

lim u;(z) = fi(v), i=1,2,

TV .
then ¥ = uj — ug becomes the desired solution. Therefore, we have only to
solve the problem in the case that f is a nonnegative continuous function on
M (o0). For such an f, choose a constant 0 < A < 1 such that

1
<
)‘s}\l}) hs (1+ R)%’
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where h is a continuous function on M U M (o0) such that

Ah=0 on M;
limg_,y h(z) = f(v) for each v € M(o0),

and R and § are given above.

Arguing similarly as Lemma 2.2, Ak + w is a supersolution and A — w is
a subsolution for the Schrédinger operator A — V, respectively in M \ B R (0)»
where R' = R'(3,)) > 0.

For each ¢ € N, define a function u; € C(M) such that u; is a solution for
the Schrédinger operator A —V on Byig(0) and u; = Ah on M \ B,ig(0). Since
Ah=0and h>0o0n M, 0 < u; < Ahon Byig(o). Hence, \h—w < u; < Ahon
OBRr(0) U0Byig(0). Applying the maximum principle, we have A —w < u; <
Ah on Byig(o) \ Br(o). Since {u;} is monotone decreasing, there is a solution
u for the Schrédinger operator A — V on M such that (1/A)u; converges to u
on M. By definition of h, w and (2),

(5) lim u(z) = f(v)

TV
for each v € M(00).

To prove the uniqueness, let 4 and v be solutions of the Schrodinger equation
on M satisfying (5). We can choose sequences {¢,} and {r,} such that €, — 0
and 1, 2> 00 asn — 00, ju— f| <€, and |v — f| <€, on M\ B, (0). Hence
|lu —v| < 2, on 8B, (0). Since (A — V)e, < 0, by the maximum principle,
lu —v| < 2€, on B, (0). Consequently, u=v on M. O
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