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THE BONDAGE NUMBER OF C; x C,,

Moo YOUNG SOHN, YUAN XUDONG*, AND HYEON SEOK JEONG

ABSTRACT. The domination number 7(G) of a graph G = (V, E) is the
minimum cardinality of a subset of V such that every vertex is either in
the set or is adjacent to some vertex in the set. The bondage number
of b(@) of a graph G is the cardinality of a smallest set of edges whose
removal from G results in a graph with domination number greater than
4(G). In this paper, we calculate the bondage number of the Cartesian
product of cycles C3 and C,, for all n.

1. Introduction

Let G be a finite, undirected, simple graph with vertex set V = V(G) and
edge set E = E(G). A set D of vertices of G is a dominating set if every vertex
of V — D is adjacent to at least one vertex in D. The domination number v(G)
of G is the minimum cardinality among all dominating sets of G. A dominating
set D with |D| = v(G) is called a minimum dominating set. The Cartesian
product G' x H of graphs G and H is the graph with vertex set V(G) x V(H),
and (a, ) is adjacent to (b,y) if and only if a = b and x,y is adjacent in H or
z =y and a,b is adjacent in G, where z,y € V(G) and a,b € V(H). Let C,
denote the cycle of n vertices. The edge between x and y will be written as zy.

One measure of the stability of the domination number of G under edge
removal is the bondage number b(G) defined in [4]. The bondage number b(G)
of G is the cardinality of a smallest set of edges whose removal from G results in
a graph with domination number greater than v(G). Dunbar et al. [2] surveyed
results on the bondage number. Moreover, there are so many results on the
domination number of graphs and an excellent survey on the bondage number
can be found in [2]. But, in contrast, there are only a few results on the bondage
number of a graph.

Fink et al. [4] computed that the bondage numbers of cycles, paths and
complete multipartite graphs and showed that b(T) < 2 for any tree T. The
bondage numbers for other graphs have been studied in several papers (see [5],
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(6], [7])- Recently, Kang et al. [8] showed that the bondage number of the
Cartesian product of cycles Cy and C,, (n > 4) is equal to 4.

In this paper, we show that the bondage number of the Cartesian product
of cycles C3 and Cypyr is equal to 2if r = 0; 4if r = 1 or 2; and 5 if » = 3,
where k > 1land 0 <r < 3.

2. Bondage number of C35 X Cyp4, for r # 3

We consider C3 x C,, as a 3 x n array of vertices {v;; | 1 <4 < 3,1 <
j < n} where V; = {vy;,v25,v3;} induces a C3 for each 1 < j < n, and
H; = {v;1,vi9,...,vin} induces a C, for each 1 < i < 3.

An edge e in C3 x C, is said to be vertical (horizontal) depending on whether
it belongs to the induced subgraph (V) ((H;), respectively). The cycles (V;)
and (H;) are also called vertical and horizontal, respectively.

Notice that S. Klavzar et al. determined in [9] the domination number of
Cm x Cy, for some m,n, they obtained that v(C3 x Cp) =n — | %] for n > 4.

To compute b(C3 X Cyp4,) for 0 < r < 2 (k > 1), we begin with the following
lemma.

Lemma 1. For a positive integer k,

(1) b(C3 x Cypq1) <4 and b(C5 x Capga) < 4,
(2) b(C3 X C4k) < 2.

Proof. (1). It suffices to show that 7(C3 x Cagy1 — v3ar+1) > 3k +1 = y(C3 x
C4k+1) and ’7(C3 X Capyz — U34k+2) >3k+2 = ’)’(03 X C4k+2). First let
G’ = C3 x Cyp+1 — v3ar+1 and we prove the following assertion. O

Assertion 1. There is a minimum dominating set D of G' such that |DNV;| <
2 foranyj=1,2,...,4k + 1.

Proof. Let Do be a minimum dominating set of G’ such that | DoNV;; | = 3 holds
fort Vi, wherel <t < 4k, 1 < j < t. We now construct a minimum dominating
set Dy with |D;| = |Do| such that only ¢ —1 V; have 3 vertices in common with
D,. Let |DoNV;| = 3. Clearly, j # 4k + 1. We first assume that j # 1,4k. If
Dorﬂ/j_l = @ = DO“VH—ly we let D1 = DO—‘/}U{Ulj_l,vgj+1,1}3j+1}, then we
obtain the desired dominating set of G'. If DoNV;_y # @ or DoNVjy1 # 0, say
vij+1 € DoNVjy1 # 0, as Dy is a minimum dominating set, then V;_1 N Dy = 0.
Let Dy = Do — {v;;} U {vij—1}, we also obtain the desired result. If j = 1 or
4k, we can use the same technique to obtain the desired result. This completes
Assertion 1.

Now let D be a minimum dominating set of G’ such that |D| < 3k and
IDNV;| < 2forany j = 1,2,...,4k + 1, we deduce a contradiction. Let s
be the number of V; such that D NV; = §. Since no two V; with DNV; =0
are adjacent, kK + 1 < s < 2k. As each V; with DNV, = § is dominated
by exactly two V; which are adjacent to Vj, there are at least |£] V; with
|DNVi| =2. Thus, |D| > 2|5] +4k+1— 5] —s=4k+1-[£]>3k+1,a
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contradiction. Hence, y(Cs X Cagt1 — v3a54+1) > 3k + 1 = y(Cs x Cyp11). This
implies b(C?, X C4k+1) < 4.

Next let G' = C5 X Cyp12 —vg4k+2. Similarly, there is a minimum dominating
set D of G’ such that [DNV;| <2 forany j =1,2,...,4k+ 2. Now let D be a
minimum dominating set of G’ such that |D| < 3k+1 and |[DNV;| < 2 for any
J=1,2,...,4k+2. Let s be the number of V; such that DN V; = 0. Similarly,
we have that k+1 < s <2k+1and |D| > 2| $]+4k+2—|$] —s = 4k+2-[£].
If s < 2k, then |D| > 3k +2, a contradiction. If s = 2k +1 and DN Vi # 0,
as no two V; with DNV; = § are adjacent, then there are at least k+1 V; such
that |[DNV;| = 2, and thus |D| > 2(k+1) +k = 3k+2, a contradiction. Hence,
s =2k+1and DN Vyyo = 0. Clearly, we have DN Vo, = B for 1 < ¢ < 2k
and [DNVi| =1 and |D N Vyeq1| = 1. We may assume that DNV, = {vy1},
Dn V4k+1 = {U24k+1}- Then we set

D' = {v24k11,v145-1,V34k—1, V243, - - ., V25,011 } C D.

Note that {vaz, va3, v13, V23, V33, v14,v34} are not dominated by D'. As |D|—
|D'| = 2, we must use two vertices to dominate these vertices. It is straight-
forward to verify that it is impossible, a contradiction. Hence, 7(C3 X Cypiz —
VU3.4k42) > 3k +2 = 7(Cs x Cypy2), implying b(Cs X Capyz) < 4.

(2) Let €1 = V311V12,€2 = V13V14 and G' = Cg X C4k — {61,62}. It is known
that y(Cs x Cyr) = 3k. If 4(G') = 3k, then we can similarly deduce that G’
has a minimum dominating set D such that [DNV;| < 2 for j = 1,2,...,4k.
As shown in the proof of Theorem 2.3 of [9], there are 2k of V; such that
DNV; =0 for j =1,2,...,4k. Then, there are two of Vi, Vs, Vi, V, such that
DnV; =0 for j =1,2,3,4. Tt is straightforward to verify that there is no

such dominating set with 3k vertices in G'. Hence, we have v(G') > 3k + 1,
implying b(G) < 2. O

Lemma 2. b(Cg X C4k+1) > 4, b(Cg X C4k+2) > 4, and b(Cg X C4k) > 2.

Proof. First let G = C3 x Cyr+1 and we show that v(G — {e1,e2,e3}) = 3k +1
for any three edges ei,ez,e3 of G. Let G' = G — {e},es,e3}, we divide our
discussion into four cases.

Case 1. All of ey, e9, e3 are vertical edges of G.
By symmetry, we suppose e; € (V1). If both e, e3 also belong to (1), let

D, = U?;&{UMH-Q, V24542, V34(i+1) } U {3441},
then D, is a dominating set of 3k + 1 vertices of G'. If e; € (V1) and e3 € (V})
(j # 1), then, for j #4t for 1 <t <k or j # 4k + 1, D; is still a dominating
set of G'. Otherwise, we may suppose that ez = vy4:v34; for some 1 <t < k or
€3 = U14k+1V34k+1. Let

k—1
D, = Uji=o {U14j+2, U345+2, U24(j+1)} U {vaak+1}-

Then, D, is a dominating set of 3k + 1 vertices of G'. For the remaining
cases, by symmetry, we suppose that ex € (V;) and e3 € (V}) and j # 1,1 # 1
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and j # I. If both j and [ are not equal to 4¢ for 1 < ¢t < k and 4k + 1, then
D, dominates G'. Otherwise, we may assume ey = v14;V34; for some 1 <t < k
O €2 = V14x11U34k+1. Let

Dy = U= {v1aj41, vsaj1, vaajs } U {vaai }-

If i =4t + 3 for some 0 < ¢ < k— 1, then Dy dominates G'. If | # 4t + 3
any 0 < t < k— 1, then D3 is a dominating set of 3k + 1 vertices of G'.
Hence, in any case we can choose a dominating set of 3k + 1 vertices of G',
and thus v(G') < 3k + 1. On other hand, v(G') > v(G) = 3k + 1, implying
v(G') =3k + 1.

Case 2. Two of ey, ez, e5 are vertical edges and one is horizontal edge of G.

We may suppose e3 = v3;v34x+1- Then, we only need to consider the follow-
ing two subcases, because the set Dy dominates G’ for the remaining cases.

Subcase (2.1) Both of e;,es belong to (Vysyo) for some 0 < ¢t < k — 1;

Subcase (2.2) At least one of e, e2 belongs to (V) for some 1 <t < k or

(Vak+1)-
If the subcase (2.1) appears, then

D, = U?;é {v1454+1, V24541, V34543 } U {vsar }
dominates G'.
If the subcase (2.2) appears, we first suppose e; € (Vy;) for some 1 <t < k.

By symmetry, we may suppose e; = v14;v24¢ for some 1 < ¢t < k. Now if
e2 € (Visys) for some 0 <t <k —1or es € (Va), then

k-1
Dy = Uj=o {v14j41, V24543, V34543 } U {v14k+1}
dominates G'. Otherwise D, dominates G'.

Next let e; € (Vapt1). If es = vags43v34¢13 for some 0 < ¢t < k—1 or
€9 = 24} U34%, then

Dg = U5 {vagjt2, Via(j+1), Vaagi+1) U {21 }
dominates G'. Otherwise D, dominates G'. By the same reasoning, we have
v(G") =3k + 1.
Case 3. Only one edge of e, es,e3 is vertical edge and two are horizontal
edges of G.
We assume that e; is vertical and ey, e; are horizontal. Assume that e5 =

V11V14k+1. For convenience, we denote the set of edges between Vj, V41 by E;
for 1 < j < 4k and E41 denote the set of edges between Vygy1, V1. Note that

Dy = U?;& {va4j41, V34541, V14j43} U {viar}

dominates G — {e3}, we can assume that e; or e, is incident to some vertex of
D. Tt divides into two subcases.

Subcase (3.1) e; is incident to a vertex of D-.

Since ey is vertical, e; € (Vig41)U(Viry3) for some 0 < ¢ < k—lore; € (Vyz).
If ey € (Vag41) for some 0 <t < k — 1, then D still dominates G — {e1, e3},
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and thus we can assume that e, is also incident to a vertex of D;. First we
assume ey € (Hy) N Eyji9. Now if e; = o441 1034641 for some 0 < ¢ < k — 1,
we choose

Dg = U?;& {v14j41, V24543, V34543 } U {viant1 };
and if €1 = vy4441v24¢41 for some 0 < t < k — 1, we choose

Ds = {U31} U?=1 {'U34(j—1)+27'014j71124j}§

and if €1 = vy4441v34¢41 for some 0 < ¢t < k — 1, we choose

Ds = {v21} Uf=1 {v24(j—1)+271)14j,v34j}-

It is straightforward to verify that Ds is a dominating set of 3k + 1 vertices
of G’ in each case. Next let ey € (H1) N Eyj43 for some 0 < j < k—2 or
ey € (H1) N E4. Then,

Ufz_é {v14512, V24542, Vaa(i+1) } U {v3apt1}

dominates G'. Finally we assume that e is incident to a vertex of Hs U Hj.
By symmetry, we only consider that e, is incident to a vertex of Hy. If e €
(H2) N E4j11 for some 0 < j < k — 1, then

USZo {v14j42, V34542, V205 } U {02451}
dominates G'; if e; € (Ha) N Ey; for some 1 < j <k —1or es € (Hy) N Egpy1,
then
Uf;é {v14542, V24512, V345 } U {34111 }
dominates G'.
If e, € (Vigys) for some 0 <t<k—1lore € (Vag), then

k—1
Dy = U; 25 {viaj+1,v24543, V3443 } U {v1ak41}
is a dominating set of 3k + 1 vertices of G — {e;,e3}, and thus we can assume

that e, is incident to some vertices Dgy. If ey is incident to some vertices of
H; N Dy, then es € (Ha) N (Eyiya U Eyiy3) for some 0 < i < k — 1. It follows

Dy = Uf;é {v24j41, V14543, V34543 } U {v24k4+1 }

dominates G'; and if e, is incident to some vertices of H3N Dy, we can similarly
choose a dominating set of 3k + 1 vertices of G'. If e, is incident to a vertex of
H; N D3, then Dy dominates G'.

Subcase (3.2) e is not incident to any vertex of D; and e, is incident to
some vertices of Dy.

Let

1 k—1
Dy = Ui=o {'Ul4j+1"U24j+37'U34j+3} U {vigk+1}-
Clearly, D! dominates G’ unless e; = V14xV14k41 O €1 = U14kt1U24k+1 OF

€1 = V14k+1V34k+1-
First we consider ez = vi4v14341. Now if ey = U14k+1VU24k41, then

US 20 {vs4541, V1aj3, V2ajas } U {vsak11 )
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dominates G'; if e; = v14511V3484.1, then

U?Q& {v24j41, V14543, V34543 } U {vasrs1}

dominates G'; if 1 = va4rt1vV34k+1, then

{vi2} Ule {v14j—1, V24541, V34541 }
dominates G'; if e; € (Var41), by noting that e; is not incident to any vertex
of D7, then -
U?;& {v34541, V14543, V2443 } U {vsak41}/
dominates G'.

Next we assume that es # vispViag+1 and €1 = Uigpt1V24p+1 O €1 =
V14k+1V34k+1. By the symmetry of vy; and vigr+1, we can similarly obtain
a dominating set of 3k + 1 vertices of G' as in (3.1).

Combining (3.1) and (3.2), we obtain y(G’) = 3k + 1 for this case.

Case 4. All of e1, ez, e3 are horizontal edges of G.

We suppose e3 = vi1v1ax+1. If €1 is incident to vy and es is incident to
V14k+1, then

Uf;& {vaajs1,V14j43, V3aj43} U {v2ar41}

dominates G’. By symmetry, we assume that neither e; nor es is incident to
V14k41- Let

1= U?;& {vi4j41, V24543, v34j43} U {v1ak1 }
Djy = UhZ3 {vaaja1, vaajun, visjas } U {vrai}-

Note that D] is a dominating set of 3k + 1 vertices of G — {es}, at least one
of e1, ez is incident to some vertex of D] — v14x+1. Let €1 be incident to some
vertex of D} —vi4x+1. Then, D} dominates G —{e1,e3}, and thus e is incident
to some vertex of D} — v14. We divide our discussion into three subcases.

Subcase (4.1) Assume ey € (H1) N Eyyy for some 0 < ¢ <k —1.

If e; € (H1) N Egj42 for some 0 < j < k-1, then

{va1} UL, {va4j—2,v14;,v345}
dominates G'; and if ey € (H;) N Eqj43 for some 0 < j < k — 2, then
U§~=o{7124j+1,1134j+1,U14j+3} U?;,}H {v145, V24 42, Vaai+2} U {v1ar }
dominates G'; and if e; € (Hz), then
Dy = U2 {vs4j41, V14j43, V2443 + U {Usap41 }

dominates G'. If es € (H3), by symmetry of H, and Hs, we can similarly
choose a dominating set of 3k + 1 vertices of G/

Subcase (4.2) Assume e; € (H;) N Ey; for some 0 <t <k —1.

If e; € (H1) N Eygj42 for some 0 < j < k —1, then

{v12} U§=1 {v245, V345, v14542} Uf:tﬂ {v145-1,V24541, 34541}
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dominates G'; and if es € (H1) N Eg3 for some 0 <t < k — 2, then

{voars1} Ule {v1aj_2,V34j_2, V245 }
dominates G'. If e; € (Hs), then Dj dominate G'. If eo € (Hs), we can
similarly choose a dominating set of 3k + 1 vertices of G'.
Subcase (4.3) e1 € (Hs) U (H3). By symmetry, we only consider e; € (Hj).
We divide two cases.
(i) Assume €) € (Ha) N Eys12 for some 0 <t <k —1.
If e2 € (H1) N Ey;42 for some 0 < i <k —1, then
D} = {vs1} U?:1 {v34j—2,v145,V245}

dominates G'; and if es € (Hy) N Ey;43 for some 0 <i < k — 2, then

k—
Uj:(} {vi4j42, V34542, V245 } U {v2a41}
dominates G'.
If e € (Hy) N E4i41 for some 0 < i < k — 1, then D} dominates G'; if
ez € (Ha) N Ey; for some 1 < ¢ < k — 1, then
U;:1{1)14j—2, V34j—2, V245 } U;:tl {v24j+1, V14j43, V34543 } U {vosr41}

dominates G'; and if es = v91 V2441, then

U?;é{”%j—‘,-l , V1443, V3443 } U {Vadkt1 }
dominates G'.
If e5 € (H3), we can similarly choose a dominating set of 3k + 1 vertices of
G'.
(ii) e1 € (Ha) N Eyyy3 forsome 0 <t < k—1.
If eo € (H1) N Ey542 for some 0 < i < k —1, then
{va1} Ule {v245—2, 145,345}

dominates G’; and if es € (Hy) N Ey;43 for some 0 < i < k — 2, then

U;:é {vi4js2, V24542, 345} U {v3apt1}
dominates G'.
If es € (H3) N Ey; for some 0 < i < k — 1, then
{va1} Ule {vasj_2,v145,v345 }

dominates G'; and if e € (H3) N Eg;41 for some 0 < ¢ < k — 1, then

t—1 k—1
Ui—o1v24j+1, V14543, V34543 } U {vaarq1} U=y {v2aji42, V1aG+1)5 VaaGi+1) }

dominates G'; and if es = vo1v945+1, then

k-1
Uj:() {Uz4j+1 y V14543, U34j+3} U {Uz4k+1}
dominates G'.

If e5 € (H3), we can similarly choose a dominating set of 3k + 1 vertices of
G'. This proves v(G') = 3k + 1 for this case. Summarizing above, we obtain
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¥(G') = 3k + 1, implying b(C3 x Cyrs1) > 4. Similarly, one can deduce that
b(03 X C4k+2) > 4.

Now, we will show that b(C3 x Cy) > 2. Let e = v11v12 Or € = v11V21.
Clearly,

U;:é {v34j41, V14j+3,V24j43}
is a dominating set C3 x Cyr,—e. By symmetry, we have that y(C3xCyy,—e) = 3k
for any edge e € C3 x Cyx. Hence b(C3 x Cyz) > 2. It completes the proof. O

Now, by Lemmas 1 and 2, we have the following theorem.

Theorem 1. For any positive integer k, we have

b(Cg X C4k) = 2, b(C3 X C4k+1) = 4, and b(C3 X C4k+2) =4.

3. Bondage number of C3 X Cypys (k> 1)

In this section, to complete the computation of b(Cs x C,,), we will compute
b(C3 X C4k+3).

Lemma 3. b(C3 x Cay3) > 5 for every k > 1.

Proof. Let G = C3 x Cypy3(k > 1). We will prove that y(G — E') = v(G) =
3k + 3 for any set E' of four edges e1,es,e3,e4 of G. Let G' = G — E'. We
divide our discussion into five cases.

Case 1. All four edges of E' are vertical edges.

First we assume that U%_; (V;11) U5, (Viir3) contains at most one edge of
E'. By symmetry, we suppose UX_ (V4;,3) N E' = (). Then,

k
Uj=o {v14j+1, V24541, V34543 }

is a dominating set of 3k + 3 vertices of G'.

Next assume that U¥_; (Vi;42) US| (V4;) contains at most two edges of E'.
If U¥_ (Vairo) contains two edges of E', we assume that e; = V144, 420244, 42,
€2 = V144, 42V34i,+2 fOr some 0 < i1,i5 < k, then

k-1
U;Zo {v14j42, V34542, Vaagin) } U {va1, vigkta, vaanto}

is a dominating set of 3k + 3 vertices of G’. For other cases, we can similarly
choose a dominating set of 3k + 3 vertices of G'. If U, (Vy;) contains two
edges of E', we first assume that e; = V14, U244y, €2 = U14i,U34i, LOr SOmME
0 <i1,i2 <k, then

k
Uizt {0145, V345, V24542 } U {022, V1443, V3akt3 }

is a dominating set of 3k + 3 vertices of G’. For other cases, we can similarly
choose a dominating set of 3k + 3 vertices of G'. If UE_, (V;) contains at most
one edge of E' and U¥_; (Viiy2) contains at most one edge of E', then it is also
easy to choose a dominating set of 3k + 3 vertices of G'.

Case 2. There are three vertical edges and one horizontal edge in E'.
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We may suppose that e; = v13v145+3 is the horizontal edge of E'. Since
there are only three vertical edges in E', either U?QJ{I (Va;) contains at most
one edge of E', or U?Egl (Vaj41) contains at most one edge of E'.

For the former case, if U¥_ (V4;12) contains one edge of E’, then
k
szl {11141‘—2, V24 -2, U34j} ) {Ul4k+27 V24k+2, U34k+3}
is a dominating set of 3k + 3 vertices of G'; if U*_, (V4;) contains one edge of
E', then Ule{vmj_z, V245, V345 } U {V14k+2, V24843, V34k+3} is a dominating set

of 3k + 3 vertices of G'. For other cases, we can similarly obtain a dominating
set of 3k + 3 vertices of G' .

For the latter case, by symmetry, we may suppose U* o (Vii3) N E' = §,
then U?ZO{U14j+1,1)24j+1,’1)34j_|_3} is a dominating set of 3k + 3 vertices of G'.

Case 3. There are two vertical edges and two horizontal edges in E'.

We assume that e; = v11v14x43 1S a horizontal edge of E' and e4 is another
horizontal edge of E'. First we assume that U¥_j (Vi;11) UE_, (Vaiys) contains
at most one edge of E'. By symmetry, let U*_, (V4;41) N E' = 0. Note that

D, = U?:o{vl4j+1,'U24j+3,v34j+3}
dominates G — {e1, €3, €3}, we can assume that e, is incident to some vertices
of D;. If e4 is incident to a vertex of H; N Dy or Hy N Dy, then
Uj—o{vzaj1, V14543, 34543}
dominates G'; if e4 is incident to a vertex of Hs N D4, then
US_o{Usaj+1,V14j43, Vaajs}

dominates G'.
Next we assume UZ51! (Va;) N E’ = §. Then,

k
Dy = Uj:1{1)14j~2,v24j—2, U34j} ) {'U14k+2a U24k+2,U34k+3}
is a dominating set of 3k + 3 vertices of G — {ey, e2,e3}. Similarly, if e, is
incident to a vertex of Hy N D4, then
k
Uj=1 {v145-2, V245, V345 } U {V14k+2, V2ak+3, Usak+3 }

dominates G'; if e4 is incident to a vertex of H3 N Dy, then

k
Uj_1{v14j-2, V3452, V245 } U {V14k+2, V3ak+2, V2akt3}
dominates G’; if e, is incident to a vertex of H; N D5, then
k
Uj:l {U24j-—2> V14j, U34j} u {U24k+2, V14k+3; U34k+3}
dominates G'.

Case 4. There are one vertical edge and three horizontal edges in E’.

Let e1 = v11014%+3 and ez be the vertical edge. We may assume ey ¢
U%_y (Vaitr1)- Then,

k
D3 = Uj:(){v14j+15 U24j+37 ’U34j+3}
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dominates G — {e1,e2}. Similarly, we can assume that e; or e4 is incident to
one vertex of D3. We distinguish two subcases.
Subcase (4.1) e is incident to a vertex of H; N Dj.
Let Dy = Ufzo{v24j+1,v14j+3,v34j+3}, then D, dominates G — {ej,ez,e3}.
If e4 is incident to a vertex of Hy N Dy or H3 N Dy, then
k
Uj—o1v34541, V14543, V24543 }
dominates G'. If e4 is incident to a vertex of Hy N D4, we distinguish the
following four cases.
(1) €3 = V14i,+1V14i, 42, €4 = V1aiy12V14ip 43 for some 0 < iy, iy < k. Clearly,
k
Ujo1 {vadj—2,v145, 0345 } U {vo1, Voaki2;, V2ak+3}
or
k
Uio1{vs4j2, V145, V245 } U {vs1, U34k+2, V3ak43 }
dominates G’ unless e; = wvo4i42V34i12 for some 0 < i < k. But if ey =
U2442V34i+2 for some 0 S ) S k, then, for ’i2 = 0,
k
Ui—1 {U14j—17'U24j+1 ’ U34j+1} U {v31,v12, Viak43}
dominates G'; for is = k,
k—1
Uj:o {U34j+171)14j+37 v24j+3} ) {U34k+1 » U14k+2, U14k+3}
dominates G'; for 1 < i < k —1,
in—1
U;?:o {vs4jt1, v1gj43, V24543 } U {U34i541, V14ip 42, Viin 43}
k
Uizip 41 V2441, V34541, V14543 }
dominates G'.
(i) es = vi4i,+1V14i142,€4 = V14iy4+3V14(ip+1) fOr some 0 < iy <k, 0 <4y <
k — 1. We first assume 1 < ¢, < k — 1, then
i1—1 k
Ujlzo {U14j+1;v24j+3: V34j43} U {Ul4i1+1} Uj=is+1 {11141‘—2, V24, U345}
U {v14k+2, Viakt3}
dominates G’ unless ey € (Vi;42) for some 1 < i < k or e; € (Vigys). If
e2 € (Vary3), we can easily choose a dominating set of 3k + 3 vertices of G'. If
e € (Vyiq2) for some 1 <4 < k, then for i; < i,
; k
U;'Z:o{v34j+1,U14j+371)24j+3} Uj:i2+1 {U34j,U14j+2aU24j+2}
dominates G'; for i; > iy,
; k
{v12,v22, 34} U;‘1:2 {v14j—2,v24j-2,V34;} Ujmip+1 {vaajs1, vV14j43, V3443 }
or
i k
{v12,v22,v34} Ui, {vi4j43,V2uj43, V3441 } Ujmiy+1 {V34541, V24542, Usaji3 }

dominates G'. For i, = 0 or iy = k, we can similarly choose a dominating set
of 3k + 3 vertices of G'.
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(i) €3 = V14, V14i, 11, €4 = V14iy43V14(3ip11) for some 0 < i3 <k, 0 < iy <
k—1.Ifes ¢ U?:O (V4i+2>, then

{Uu} U§:1 {11143'—2,1)24;', 034]'} U {U14k+271}14k+3}

dominates G'; and if e2 € (Vy;12) for some 0 < i < k, then

{v12,v22} Ule {v345, V14542, V2442 } U {v3ary3}
dominates G'.

(iv) €3 = V14i, V145,41, €4 = V14i,420V14i43 for some 1 <4y < k,0 < iy <k.
First let 49 = 0. If e € (V4;) for some 1 < i < k, then

{v11,v12, 013} Ule {v24541, V3441, V14543}
dominates G'; if e5 & (Vy;), then

k
{v31,vs2,vs3} Uiy {V345, V14542, V24j12}
dominates G', where s is 1,2 or 3 according to es. For i3 > 0, we can similarly
choose a dominating set of 3k + 3 vertices of G'.

Subcase (4.2) e is incident to a vertex of H,N D3 or H3ND3. By a symmetry,
we suppose that es is incident to a vertex of Hy N D3. Then,

Dy = U?:(){'U24j+1a V14;+3,U34j+3}
dominates G — {e1, ea,e3}.
First suppose that e4 is incident to a vertex of H; N Ds. Now, if es ¢
UE o (Viiys), then
Ui _o{v1aj41,v24541, V34513 }}
dominates G'. If es € (Vy;43) for some 0 < i < k, then ey # vagpi3V34k13-

Thus, if e3 = v14i, 42V14i1 13, €4 = V244, 43V24(ip+1) fOr some 0 < iy < k, 0 <
iQ S k— 1, then

{v21} U?:1 {v24j_2,v145,v345 } U {V2akt2,V2ar+3}
dominates G'. For other cases, we can similarly choose a dominating set of
3k + 3 vertices of G'.
For that e4 is incident to a vertex of Hs N Dy, we can similarly choose a
dominating set of 3k 4+ 3 vertices of G' as above.
Case 5. All edges of E' are horizontal edges.
By symmetry, we may suppose that

| (H1) N E'| > | (H2) N E'| > | (H3) N E'|.

Then, | (Hq) N E'| > 2. We always assume e; = v11V14+3- Since (H;) con-
tains at least two edges of E', we may assume that ez = v14i41V14i42 OF
€2 = V14it+2V14;+3 for some 0 < ¢ < k, or ey = v14i_1V14; OF €2 = V14iV14i41
for some 1 < i < k. By symmetry, we only suppose that es = v14;41v14i42 for
0 <i<kores =wyg_1v14; for some 1 <4 < k. In the follow, it divides into
three subcases by the number of | (H,) N E'|.
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Subcase (5.1) | (H1) N E'| = 2. Then, either |(Hs) N E'| = |(H3)NE'| =1
or |[{He) NE'\=2and HsNE' = 0.

First we assume | (Ha)NE'| = | (H3)NE'| = 1 and e3 = v14441V14i+2 for some
0 < i < k. Note that D’l = U.?:O{’l)24j+1, 'U34j+1,’l)14j+3} dominates G—{el, 82},
e3 or ey is incident to Hy N Dy or H3 N D;y. By symmetry, we assume that es
is incident to a vertex wvg4it+1 for some 0 < i < k. Then,

b= U?:Q{U34j+1 s V14543, V24543 }

dominates G — {e1, ez, e3}. Thus, we only need to consider that e, is incident
t0 V34441 for some 0 < i < k.

If e3 = v244, 410244, +2 for some 0 < i; < k and e4 = v31v32, then

{vs1} Uf=1 {v34j—2, V145, V245 } U {vsap+2, V3akt3}
dominates G'. If €3 = V244 +1V24i; +2 for some 0 < 1 < kand eqs = VU34ig+1U34i942
for some 1 < iy < k, then
{vs1} U;?:l {v14j-1,v245-1,V34541} Uf=i2+1 {v34j—2, V145, V245 } U {34k +2, V3443 }
dominates G'. If e3 = vo4i, +1V24i,+2 for some 0 < iy < k and e4 = v34iV34i41
for some 0 < i < k, then
{va1} Uf:1 {v345-2, 145, V245 } U {v34k+2, V3ak+3}
dominates G'. If e3 = v24i,V24i, 41 for some 1 < 43 < k and es = vs4i,V34ip4+1
for some 1 <4y <k, then, if ez = vi4p11V14812,
k—1
Uj:o {1)14j+1 y V24543, 1134j+3} U {U14k+1 s V14k+2, Ul4k+3}

dominates G’; otherwise,

{v21,v31, 013} Uf;ll {v145, V24512, V34542 } U {v1ak, Viak1, Vidk2}

dominates G'. By symmetry, we can similarly choose a dominating set of 3k+3
vertices of G’ for another case of e, e4.

Secondly, we assume that |(Hs) N E'| = 2 and (H3) NE' = () and e; =
V14i+1V1444+-2 for some 0 S i S k. Also note that

! k
1 = Ujo{vadjs1, V34541, v14543}
dominates G', by assuming that e is incident to vg4;4; for some 0 < i < k, we
obtain that
[ k
Dy = Ui o{v34j41, V14543, V24543}
dominates G’. Similarly, we assume that e, is incident to wa4;43 for some
0<i1<k.
Now if e3 = v244; 110244, +2 for some 0 < 47 < k and ey = va4;,1V244, for
some 1 < i2 < k, then, for i; = 0,
k
{va1} U1 {veaj—2,v145,v345 } U {vaap+2, Vaakt3}
dominates G';for 1 < iy < k-1,

{va1} U?zl {v145-1, V3451, V24541 } U?:,~1+1 {vagj—2,v14j,34; YU{v24k+2, V2ak+3}
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dominates G'; for 1=k
) ’

k-1
U: 2o {U24j+1, V14543, U34j+3} U {vz4k+1, V24k+2, v24k+3}
J

dominates G'.
If €3 = V244, +1V243,+2 for some 0 S il S k and €4 = V24i542V244i5+3 for some

0 S 7:2 S k, then
{U31, U32,V14,V24, - - -, Vi4k, V24K, U34k+2, 'U34k+3}

dominates G'.
If e3 = v24i, V245,41 for some 1 < 47 < k and e4 = v24i,_1V24;, fOr some

1 <19 <k, then
{1121, V22,V14,V34, - . -, V14k, Usdk, U24k+2, U24k+3}

dominates G'.

If €3 = V243, U244, +1 for some 1 S il S k and €4 = U244,4+2V244543 for some
0 <2 <k, then

31—1 k—1
Uf:o {U24j+1,v34j+1,7114j+3}U {'U24i1} Uj=i1 {024j+1,014]’+3,v34j+3}
U {vo4k+1,Viaks2}

dominates G'.
Thirdly, we assume that | (Hy) NE'| = |(H3) N E'| =1 and ey = v145_1V145
for some 1 <4 < k. Note that

' k
Dy = Uj_o{v14j41,v24543,V34543}

dominates G — {e;,e2}, we can assume that es or e4 is incident to a vertex

H,;N D, or H3N D,. By symmetry, we assume that e3 is incident to vay;, 3 for
some 0 < i < k. Then,

A
5 = Ui o{v145+1,Voa541,V34543}

dominates G' — {e1, e2,e3}. Thus, e, is incident to vs4;,3 for some 0 < i < k.

If es = va4i42v24i43 for some 0 < i < k and e4 = v34512V34i43 for some
0 <i <k, then

k
Uj1{v14j-2, V245,345 } U {V14kt2, V24k 13, Usak+3}

dominates GI. If €3 = VU24;42V24i+3 for some 0 S 7 S k and €4 = v34i+3U34(i+1)
for some 0 < i <k —1, then

k
Uj:1{1)14j—2’v34j—2, Uz4j} U {U14k+2,v34k+2,024k+3}

dominates G'. 1If e3 = wva4iy3v94¢;41) for some 0 < 4 < k—1 and e4 =
V34i+2V34543 for some 0 < ¢ < k, then

k
U5 {U14j—27 V245-2, U34j} U {U14k+2, U24k+2, 'U34k+3}
J
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dominates G'. If e3 = wa4i13v24(i41) for some 0 < 4 < k-1 and ey =
U34i+3VU34(i+1) for some 0 < ¢ < k — 1, then, by assuming e; = v14;, 10144,
for some 1 <i; <k,

i1—1 k-1
U}lzo {U24j+1 » U34j+1, U14j+3} U]‘:il {Ul4j, V24542, U34j+2}U {Ul4k, Vi4k+1, U14k+2}

dominates G'.
Finally, we assume that |(Hy) N E'| = 2 and ez = wv14;—1v14; for some
1 < ¢ < k. Note that

] k
Dg = Uj_o{v14j41, V24543, V34543 }
dominates G — {e1,e2}, we assume that e3 is incident to vs4;43 for some 0 <
1 < k. Note that
7 k
D7 = Ui o {14541, V24541, V34543 }
dominates G — {e1, e2,e3}. Thus, e, is incident to v24;41 for some 0 < i < k.
If €3 = V24i42V24:4+3 for some 0 S ) S k and €4 = UV24i+1V24i42 for some

0 < i<k, then

k

Uj:l {U14j—2, U345-2, U24j} u {7)14k+2; U34k4-2, U24k+3}
dominates G'. If e3 = 944, 120244, +3 for some 0 < i1 < k and e4 = VagiVogit1
for some 1 <7 < k, then
i1—1
Uilo {v14j+1,V24543,V34543}
k
U {v14i,4+1, V24i, 42, V24i, 43} Ujiy 41 {V145401, V34541, V2aj13}
dominates G'. If e = V24i;+3Va4(i; +1) for some 0 < 43 < k and eq =
V24i+1V24i+2 for some 0 S ) S k, then
i k

{va1 }Uf:l {v14j-2, v2aj—2, V345 JU{V14i, 42, U24i1+3}Uj=i1+1 {v24j, V14542, V3aj12}
dominates G'. If e3 = v24i13V24(s41) for some 0 < ¢ < k—1 and es = va4iv24i11
for some 1 < i <k, then

k

Uj:l {Ul4j—2, V2452, 1134j} U {U14k+2a V24k+2, U34k+3}

dominates G'.

Subcase (5.2) | (H1) N E'| = 3 and (H>) N E'| = 1. We distinguish two cases.

(1) e2 = v14i41014i42 for some 0 < i < k.

Note that D} = ;?:0{1)24]'4_1,U34j+1,014]'+3} dominates G — {61,62}, €3 Or
e4 is incident to a vertex of Hy N D, or H, N D;.

We first assume that es is incident to a vertex vi4;43 of H; N D;. Now if
€3 = V14i+2¥14i+3 for some 0 < ¢ < k, then

7 k
Dz = {1)31} Uj:l {U34j—2,1114j,U24j} u {'U34k+27'U34k+3}
dominates G — {e1, e2,e3}. Thus, e, is incident to vay; for some 1 < i < k, and
it follows
. ‘
{va1} Uiz {vaaj—2,v145, V345 } U {v2akt2, Voart3}
dominates G'.
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If e3 = v145_1v14; for some 1 < i < k, and es = v11v12, then

{vi1} U;?:l {v14j-2, V245, V345 } U {V14k+2, V1dkt3}

dominates G — {e1, €2, e3}. Thus, e, is incident to va4; for some 1 < i < k. and
it follows

k

{va1,v32} Uj=1 {vs4j—1, V14541, V24541 } U {vsar+3}
dominates G’ for ey = vg4;_1v94; for some 1 < i < k; and

k

{va1,v22} Uj=1 {v24j—1, V14541, V34541 } U {v2ak43}

dominates G’ for e4 = vg4;v24;11 for some 1 < § < k.
If e3 = v14i,+1V14i, 42 for some 1 < 4; < k — 1, then
i k

{vu1} Uf:l {Uz4j—1 1 U345~1, V14j+1} Uj=i 41 {v14j-2,v245, 'U34j}U{U14k+27 Vidk+3}

dominates G — {e;, ez, e3}. Thus, ey is incident to vag;—1 for some 1 <7 < 4;—1
or vaa; for some i3 < ¢ < k. For the former case, if €4 = v94i_2v24;_1 for some
1<i<i4; —1, then

U§1=1 {v1aj-2,v345_2,v245}
U {v14s, 41} U?=1-1+1 {v14j-2, V245, 345 } U {V14k42, V2ak+3}
dominates G’; if e4 = vo4;_1V24; for some 1 < i <4y — 1, then
Uj-lzl {v14j—2,v245-2,v345}
U {U34i1+lav34i1+27 1234z'1+3} U§=i1+1 {U14j+1 y U24541, U34k+3}
dominates G’. For the latter case, if ey = vo4;_1v24; for some iy < ¢ < k, then
U;’;o1 {v14j41, V24543, U3aj+3} U {v14i, +1, V14is +2, Usi, +3 }
U Ub i {01ai4, 02041, U344}
dominates G'; if e4 = v94;v24;41 for some 41 < i < k, then
U?:_;ll {U14j+1 » V24543, 'U34j+3} U {11141'1 +1, V14442, U244 +3}
U Ui, 41 {vigj415 V3441, V24543 }
dominates G'.
If ey = v14k41V14k+2, then
U;?:o{'UMj—i-l s U24543, V3443
dominates G — {e1, €2,e3}. Thus, e4 is incident to vo4;43 for some 0 < i < k-1,
and it follows
U§:1 {v14j-2,v34j—2, V245 } U {v2ak-+1, V2ak+2, Voak+3}

dominates G’ for e4 = v2444 2024i13 for some 0 < i <k — 1; and

k
Uj=1{’v14j—2, U24j—2,U34j} U {v34k+17'U34k+2, U34k+3}

dominates G’ for eq = V24i43V24(i+1) for some 0 <1 <k~ 1.
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Secondly we assume that e3 is incident to a vertex of Hy N Dy. Then,

1k
3 = Uj—o{V34j41, V14j43, V2ajt3}

dominates G — {e1,e2,e3}. Thus, e, is incident to vy4;,3 for some 0 < § < k.
If €4 = Vi14442V14443 for some 0 S ) S k, then

k
{vs1} Ujoy {vsaj—2,v145,v245} U {vsakt2, v3akt3}
dominates G’ for e3 = vo4;41v24i12 for some 1 <4 < k, and it follows
k
{va1} Uiy {v245-2,v145, 0345} U {voakt2, Vaakss}
dominates G’ for e3 = v94;v24;41 for some 1 < i < k.
If e4 = v14i13V14(i41) for some 0 < ¢ < k—1, and e3 = va4441v24i42 for some
0 < ) < k, then, for €2 = V11012,
k
{vi} Ujmy {vigj-2,v245,v345} U {v14kt2, V1k13}
dominates G'; for ez = v144; 410144, 12 for some 1 < ¢ < k — 1,
i k
{Uu} Ujlzl {'U24j—17'U34j—la U14j+1} U]-:,-1+1 {Ul4j—2, V245, 'U34j}U{U14k+27 Ul4k+3}
dominates G'; for ez = vi4k+1V14k12,
k—1 :
Uji=o {v14511, Y2443, V34543 } U {01411, V14k+2, Vidk+3}
dominates G'. If e3 = va4;v24,41 for some 1 < i < k, and ey = v11U12,
{va1, V22, Vaary3} Uy {vaaj1, V14541, V34541 }
21, V22, U24k+3 1 Uj—q 1V245-1, V14541, V34541
dominates G'; if €3 = v14i, +1v14i, 42 for some 1 <i; < k —1,
11 \
Ui=o {v14j41, V24543, V34543 } U {V14i, 41, V14i, +2, V24i, +3}
k
Uj=i, {v14j41, V34541, V24543}
dominates G'; if €2 = V14k+1V14k+2,
k—1
Uj=0 {v14j+1,1124j+3, U34j+3} ) {1114k+1,1114k+2, vl4k+3}
dominates G'.
(i) ez = vi4i—1v14; for some 1 < ¢ < k. Note that
t ok
4 = Uj—o{V14j41, V24543, V34543 }

dominates G — {e;, e}, €3 is incident to a vertex of D;. First we assume that
es is incident to vi4i41 for some 0 < i < k. For the case e3 = V14i41V14i+2 for
some 0 <z <k, it has the same situation as some case in (i) which has been
verified. If e3 = v14;v14;41 for some 1 < ¢ < k, then

k
Uj:l{v14j—27 V2452, U34j} U {'U14k+2; V24k+2, U34k+3}

dominates G — {e1,e2,e3}. Thus, ey is incident to Ug4i+2 for some 0 < i < k.
Then,

k
Uiy {U14j—2, U34j-2, 1124]'} U {U14k+2, U34k+2, U24k+3}
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dominates G'. Next we assume that es is incident to vo4;13 for some 0 <4 < k.
Then,
k
Ui_o{v145+1, Vaaj41, V34543 }

dominates G — {e1, e2,e3}. Thus, e, is incident to vy4i41 for some 0 < 4 < k.
If e4 = v14i41V14i12 for some 0 < i < k, the same situation has appeared in (i)
which has been verified. If e4 = v14;v14:41 for some 1 < i <k, then it is also
easy to choose a dominating set of 3k + 3 vertices of G' as above.

Subcase (5.3) | (H1) N E'| = 4, we also distinguish two cases.

(1) €2 = V14;41V14i+2 for some 0 S ) S k. Note that

1= U?:(){U24j+1’v34j+1,7)14j+3}
dominates G — {e1, ez}, e3 is incident to vy4;43 for some 0 < ¢ < k. First let
€3 = V14i4+2V14i+3 for some 0 < ¢ < k, then
k
{va1} Uiz {vs4j—2,v145, V245 } U {V34k+2, V3ak+3}

dominates G — {e1, e2,e3}. Now if e4 = v14;—1v14; for some 1 < ¢ < k, then
k
{v21,v22, V2ak43} U szl{v24j—1;U14j+17v34j+1}
dominates G for es = v11v19;

{v11,v23,v33, - - -, V14i, 41, U344y 12, V341435 V14(41+1)+15 V2461 +1)+15 - - - ,V34k+3 }

dominates G’ if €2 = vy4i; 41145, 42 for some 1 <4 <k —1;

E—1
Uj:o {Ul4j+1,U24j+3, U34j+3} U {U14k+17v14k+27 U14k+3}

dominates G’ for ea = vi4p+1Viakre. If €4 = v14iV14i41 for some 1 < i < k,
then, by symmetry, we can similarly choose a dominating set of 3k + 3 vertices
of G' as above.

Next let e3 = v14;—1v14; for some 1 <4 < k. Now if es = v11v12, then
1 _ k
Dy = {v11, V1442, V14k+3} Uj=1 {v1aj-2,V24j, V345, }

dominates G — {e1,ea2,e3}. Thus, e, is incident to v14,42 for some 0 < ¢ < k.
Then, for €4 = V14i+2V14i+3 for some 0 S ) S k- 1,

k
{112171)22,024k+3} szl {v24j—1,1114j+1,7134j+1}

dominates G'; for e4 = v14i41V14542 for some 1 < i < k, by assuming e =
V14i,—1V14s, fOr some 1 < iy <k,

ia—1 k-1
Ufzo {v24j41, V34541, V14543 } Ui, {v14j,V24j 42, Vsajr2 FU{V14k, V1gkt1, Vidnt2}

dominates G'.
If es = Vi4k41V14k42, then

1 k—1
D3 = Uj:() {Ul4j+1 , U24543, U34j+3} U {U14k+17 Ul4k+2,1114k+3}
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dominates G —{e1, ez, e3}. Thus, e, is incident to v14;41 for some 0 < ¢ < k—1.
By assuming e3 = v14i, 10144, for some 1 < i < k, and eq = V1441 V14442 for
some 0 < ¢ < k — 1, it follows
iz—1 k—1
Uilo {U24j+1,U34j+1,U14j+3} U U, {v145, V24542, V34542 }
U {viak, V1ak+1, Vidk+2 }

dominates G'; for that eq = v14;v14541 for some 1 <4 < k — 1,

k
Uj=1{v14j-2,V245-2,V34; } U {v34k-+1, V3ak+2, U3kt }

dominates G'.
If e2 = V144, 41144, 42 for some 1 < i; < k — 1, then

o il—l
s = Ui {v14j41, V24543, V34543 }

k
U {V14i,+1, V14i, +2, Viak+3 } Uiz, {245, V345, 14542}

dominates G — {e1, €2, e3}. Thus, eq4 is incident to V14i+1 for some 0 < i <4y or
U14i4+2 for some ’l:l S i S k. If €4 = V14441V14i+2 for some 0 S ) S 2.1 - ]., then

U;?:_o1 {v2441, V34541, V14j+3 } U {01445, V1dki1, Viak+2}
Uit {0245-2, V3452, 0145}
dominates G'; if e, = v14;v14i41 for some 1 < ¢ < i1, then
Uil {v14j-2, Vaaj—2, U345 }U{014i, 41, Vigks2, 34k 43} Uf; 11 {v14j-2, V245, V345 }
dominates G'; if eq = v14i4+2v14i13 for some iy < i < k, then
U;J:_ol {'U14j+1, V24543, v34j+3} U {1)14i1+1, V144142, U34k+3}
Uiy {93451, 014541, 024511
dominates G'; if e4 = v14;41v14i42 for some i; + 1 <4 < k, then
U250 {Vaai41, Vaajs1, viajas } USZE {0145, V34540, Vsajpn}
U {14k, V14k+1, Viak+2}

dominates G'.

(i) ez = v14i-1v14; for some 1 < i < k. Note that Dj = U5_g{v14j11, V24543,
v34j+3} dominates G — {e1, es}, es is incident to V14541 for some 0 <7 < k. If
€3 = U14i+1V14i+2 for some 0 < ¢ < k, the same situation has appeared in (i)
which has been verified. If e5 = v14;v14541 for some 1 < i < k, then

ke
Dg = Uj_1 {v14j-2,v245, V345 } U {V14k12, V24kt3, V3ak+3}

dominates G—{e1, ez, e3}. Thus, ey is incident to Vi4s+2 for some 0 < ¢ < k. By
symmetry, the same situation also has appeared in (i) which has been verified.
This completes the proof. O

Theorem 2. b(C5 x Cypy3) =5 for every k > 1.
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Proof. By Lemma 3, it suffices to show that b(Cs x Cyry3) < 5. Let E' =
{v11V14k 43, V31 V34843, V13014, V23024, V24025 }. We will show that v(G — E') >
3k +4 > v(G). Let G be the induced subgraph of G — E' by V; UV, U V3 and
G2 = (G- E') - (V1 UVLUV3). Tt is easy to see that at least three vertices are
needed to dominate the vertices V(G1) — {v21,v33}. On other hand, by using
the idea of Lemma 1, we can show that at least 3k + 1 vertices are needed to
dominate V(G3) — {vs34,V24k+3}. Let D be a dominating set of G — E'. Since
there are only two edges va; vo4x43, V33034 between V(G;) and V(G2) in G~ E',
lD N (V(Gl) - {’()21,1)33})‘ > 3 and ‘D N (V(Gz) - {‘1)34, U24k+3})| >3k+1. By
the construction of G; and Gq, we can see that v(G — E') > 3k+4 > v(G). It
completes the proof. O
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