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SOME REMARKS ON COTORSION ENVELOPES OF
MODULES

HAE-sik KIM AND YEONG-MOO SONG

ABSTRACT. In this paper we prove that the extension of pure injective
module is pure injective if and only if the cotorsion envelope and the pure
injective envelope of any R-module M are isomorphic over M. And we
prove that if the product of pure injective envelopes of flat modules is a
pure injective envelope and the product of flat covers is a flat cover, then
the product of cotorsion envelopes is a cotorsion envelope.

1. Introduction

Throughout this paper, R denotes any ring with identity and all modules
are unitary. A left R-module P is called pure injective if every diagram

0—>N M L 0

s

P

with the upper row pure exact can be completed to a commutative diagram.
Equivalently, Homg(M, P) — Hompg(N, P) — 0 is exact whenever N is a pure
submodule of M. We let P be the class of all left pure injective modules. Then
P& is contains all injective modules and closed under isomorphisms, finite direct
sums, direct summands, and direct products.

We say that a left R-module C is cotorsion if Exty(F, C) = 0 for all flat
left R-modules F. We let C be the class of all cotorsion modules. Then C is
closed under isomorphisms, extensions, finite direct sums, direct summands,
and direct products. And every pure injective module is cotorsion (see [5, pg.
52]).

We first recall the definitions of envelopes and covers.

Definition 1.1 ([5]). Let X be a class of R-modules that is closed under
isomorphisms, direct summands, and finite direct sums. An X-envelope of a
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module M is a linear map ¢ : M — X with X € X (or briefly X) such that
the following two conditions hold :

(1) Hompg(X,X') - Hompg(M, X') — 0 is exact for any X' € X' ;
(2) Any f: X = X with f o ¢ = ¢ is an automorphism of X.

If $ : M — X satisfies (1), and perhaps not (2), ¢ is called an X-preenvelope
of M.

In particular, if ¥ = C, X-(pre)envelopes are called cotorsion (pre)envelopes.

Dually, an X-precover of M is a linear map 3 : X — M with X € X
such that Homg (X', X) - Homg (X', M) — 0 is exact, and if an X'-precover
¢ : X — M of M satisfies that any f : X — X with ¢ o f = ¢ is an
automorphism of X, then ¢ : X — M is called an X-cover of M.

Note that an X-envelope, if it exists, is unique up to isomorphism and any
cotorsion (pre)envelopes and pure injective (pre)envelopes are injections.

Proposition 1.2 ([5, Theorem 3.4.6]). For any ring R every left R-module
has a cotorsion envelope if and only if every left R-module has a flat cover.

Since it is known that every module has a flat cover([1]), every module M
has a cotorsion envelope C(M).

We recall that for a class X of modules, X'+ consists of all modules N such
that Extp(X,N) = 0 for all X € X and *X consists of all M such that
Exth(M,X) =0for all X € X.

Lemma 1.3 (Wakamatsu, [4] or [5, Lemma 2.1.2]). Let X' be closed under
extensions. If ¢ : M — X is an X-envelope of M, then coker¢ € +X.

Conversely, if ¢ : M — X is an injection with X € X and E = coker¢ € 1 X,
then for any X' € X, Homg(X,X') — Hompg(M,X') = Extz(E,X') = 0 is
exact. So ¢ is an X-preenvelope of M. Such a preenvelope is called a special
X-preenvelope of M.

2. Main results

Let ipg : M — C(M) and jp : M — P(M) be a cotorsion envelope and
a pure injective envelope of an R-module M, respectively. Since P(M) is
cotorsion, there exists a morphism 7 : C(M) — P(M) with wo iy = ju.

Proposition 2.1. If a morphism n : C(M) — P(M) with moiy = jum is an
isomorphism, then any morphism o : C(M) — P(M) with 0 oip = ju 15 an
isomorphism.
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Proof. Consider the following two diagrams ;

P(M) | C(M)
e
C o) M 2% Py
e DL
P(M) C(M)

Since 77 oo ojar = jar and jar is an envelope, 7! o¢ is an isomorphism. Sim-
ilarly, since com ™ 0ips = ip and ipy is an envelope, oor~! is an isomorphism.

So o is an isomorphism. O

Proposition 2.2. Let CP be the class of all R-modules M such that any linear
map mpr 2 C(M) — P(M) with mag oiar = jar is an isomorphism. Then CP is
closed under direct summands and finite direct sums.

Proof. Let N be a direct summand of an R-module M € CP andlet M = N K
for a submodule K of M. For any map 7y : C(N) — P(N) with myoin = jn,
consider the diagram ;

where m : M — N and 4 : N — M are the natural maps. Since C(N) is a
cotorsion envelope of N, for ipr0i : N — C(M), there exists f : C(N) — C(M)
such that foiny = ip o4, Similarly, for jy o7 : M — C(N), there exists
g: P(M) — P(N) such that go ja = jy o, since P(M) is a pure injective
envelope of M. So gompso foipy = gomproipoi = gojpoi=jnomoi = jn.
Let ¢ = gomaro f. Then ¢ : C(M) — P(M) satisfies ¢ o iy = jn.
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On the other hand, for mp %, there exist h : P(N) — P(M) and k :
C(M) — C(N) such that hojy = jpoi and koiy =iy o7,

1

Sokomy tohojny =komp lojyuoi=koiyoi=iyvomoi=in. Let
Y = komp ! oh. Then ¥ maps P(N) to C(N) and we have popoin =in
and ¢ o) o jy = jy. Since iy and jy are envelopes, 1 o ¢ and ¢ o ¢ are
isomorphisms. So % is an isomorphism, and thus N € CP.

Now let M, N € CP and let M ® N = K. By [5, Theorem 1.2.5], C(K) =
C(M)®C(N)and P(K) = P(M)®P(N). Since mpy : C(M) — P(M) and 7y :
C(N) — P(N) are isomorphisms, 7y @ 7wy : C(M) & C(N) - P(M) & P(N)
is an isomorphism. So M & N € CP. O

We now extend a result of Xu ([5, Theorem 3.5.1]).

Theorem 2.3. For any ring R, the followings are equivalent ;

(1) For any exact sequence of left R-modules 0 — P' — P — P" — 0 with
P’ and P" pure injective, P is also pure injective.

(2) For any left R-module M, P(M)/M is flat.

(3) Ewvery left cotorsion module is pure injective.

(4) For any left R-module M, wpr : C(M) — P(M) is an isomorphism.

Proof. Since (1) & (2) < (3) by [5, Theorem 3.5.1], it suffices to show that (3)
= (4) and (4) = (2). ,

For (3) = (4), assume that every left cotorsion module is pure injective.
Then C(M) is pure injective. So there exists 6 : P(M) — C(M) such that
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6a(m) = m for all m € M. Consider the diagrams ;

C(M) | P(M)
e 2
M =% P(M) M —% C(M)
N P
C(M) P(M)

Since (Op o mar) oipr = ipg and ipr : M — C(M) is a cotorsion envelope,
Or o war is an isomorphism. Similarly, since jpr : M — P(M) is a pure
injective envelope, mas o 8y is also an isomorphism. So 7y is an isomorphism.

Now we want to prove (4) = (2). Let ipr : M — C(M) be a cotorsion
envelope of M. Then by Lemma 1.3, P(M)/M = C(M)/M € C*. So P(M)/M
is flat by [5, Lemma 3.4.1]. a

Example 2.4. Every von Neumann regular ring trivially satisfies the condi-
tions of the previous proposition since every module over such a ring is flat.

Proposition 2.5. If R is a right coherent ring, then for every flat R-module
F, any linear map 7p : C(F) = P(F) is an isomorphism.

Proof. By [5, Theorem 3.4.2) C = C(F) is flat. So by [5, Lemma 3.1.6], P(C)/C
is also flat. Then the exact sequence 0 - C — P(C) — P(C)/C — 0 is
split. Thus C is pure injective. From the proof of the previous Proposition
7F : C(F) = P(F) is an isomorphism. O

It is an important and intriguing question when taking envelopes and covers
commutes with taking direct products or sums. For example, taking injective
envelopes commutes with direct sums if and only if the ring is left Noetherian.
See (3] for consequences of such commutativity and [2] where this problem
is considered for torsion free covers over an integral domain and products.
We think a basic question is when taking cotorsion envelopes commutes with
taking products. The next result is just a small initial step in trying to give a
satisfactory answer to this question.

Theorem 2.6. Let R be a right coherent ring. If the product of pure injective
envelopes of flat modules F; is a pure injective envelope of [[F; and if the
product of flat covers is a flat cover, then the product of cotorsion envelopes is
a cotorsion envelope.
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Proof. Consider the pushout diagram of a flat cover ¢; : F; — M; and a pure
injective envelope o; : F; = G;

Ll

(51
Gi——Ci

.

Then it is also a pullback diagram of a cotorsion envelope 7; and a flat cover

¥; by [5, Theorem 3.4.8]. Let # = [[m;,0 = [[oi,¢ = [[ ¢, and o = [[s.
Then

[1F —* 1 M;

NG ——T11C

is also a pullback diagram of 7 and .
Consider the full pullback diagram ;

0 0
0 —>T1Ki 2> F; —2>[[M; —>0
0_>HKi—ﬂ>H — I1C; 0
f g
HDi——__HDz
0 0

where K; = kery;, D; = cokern; and f, g, o, 8 are the natural maps. Since R is
right coherent, [| F; and [] G; are flat modules. So [] D; is flat, and thus « is a
cotorsion preenvelope. Now let 7 be an endomorphism of [[ C; with 7o = 7.
Since ¢ is a flat cover, there exists 6 : [[G; — [] G; with 7ot = ¢p08. Consider
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the pair of linear maps oo : []F; = []G; and ¢: [] F; - [1 M,.

15 —2> M,

R

N6 —I¢ —TI¢

G

Since Yofog = Tothos = mog, there exists a linear map k : [[ F; = [1 F; such
that ook = foo and ¢ok = ¢. Since ¢ is a flat cover, k is an isomorphism. And
since o : [T F; — []G; is a pure injective envelope, there exists 8’ : [[Gi —
[1G:withook™ =0 05. Soo=00ckok™' =fogok ! =fcf oo. Since o
is a pure injective envelope, § 0 §' is an isomorphism and so § is surjective. Tt
follows that 7 is a surjection. Moreaver, if 7(x) = 0 for some x € [[C;, there
exists y € G; with = = ¢(y). S0 0 = 7{z) = T o Y(y) = ¢ o 4(y) = ¥(y), and
then there exists z € [[ K, with y = 8(z) = 0(2). So & = ¥(y) = ¥ o 3(z) = 0.
Thus 7 is an isomorphism, and hence 7 is a cotorsion envelope. a

Example 2.7. If a ring R is left perfect and right coherent, then an R-module
F is flat if and only if it is projective. So all modules are cotorsion and C'(M) =
M for any R-module M. Moreover, for every flat module F, P(F) = C(F)
by Proposition 2.5. Thus R is an example of a ring satisfying the condition of
Theorem 2.6.

An open question. We would like to prove the advanced Theorem : Let R be
a right coherent ring. If the product of pure injective envelopes of flat modules
F; is a pure injective envelope of [] F;, then the product of flat covers is a flat
cover if and only if the product of cotorsion envelopes is a cotorsion envelope.
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