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ON THE MULTIPLE VALUES AND UNIQUENESS OF
MEROMORPHIC FUNCTIONS SHARING SMALL
FUNCTIONS AS TARGETS

TING-BIN CA0 AND HONG-XUN Y1

ABSTRACT. The purpose of this article is to deal with the multiple values
and uniqueness of meromorphic functions with small functions in the
whole complex plane. We obtain a more general theorem which improves
and extends strongly the results of R. Nevanlinna, Li-Qiao, Yao, Yi, and
Thai-Tan.

1. Introduction and main results

Let h be a nonzero holomorphic function on the whole complex plane C,
expanding f as h(z) = 3.2, bi(z — 20)" around zp, then we define v (20) :=
min{i : b; # 0}. Let k be a positive integer or +oco. We set

/o it wvh(z) > k;
Vh<k(2) = { va(z), if w(z) <k.

Let ¢ be a nonconstant meromorphic function on C with reduced represen-
tation ¢ = (po : ¢1), where g, 1 are holomorphic functions on C having no
common zeros and ¢ = £2. We define v, 1= vy, vy <k := Vp, <i-

The characteristic function of ¢ is defined by

1 27 ) 27 )
o) =50 [ ollete i = o [T ioglitelan (s> ),
1/2

where [[il| = (jgol? + fr2) /2.

For two meromorphic functions f and a on C with reduced representations
f = (fo: f1), a = (ao : a1) respectively, we set (f,a) = agfo + a1 f1. The
meromorphic function @ is said to be “small” with respect to f if To(r) =
0(T(r)) as 7 — oo. Let R(f) be the set of meromorphic functions on C which
are small with respect to f. Then R(f) is a field.
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In 1926, R. Nevanlinna [1] proved that for two nonconstant meromorphic
functions f and g on C, if they have the same inverse images (ignoring mul-
tiplicities) for five distinct values, then f(z) = g(z). After his very work, the
uniqueness of meromorphic functions with shared values on C attracted many
investigations (for references, see [8]).

It is very interesting to comsider distinct small functions instead of distinct
complex numbers on C. In 1999, Li and Qiao [2] gave a generalization of the
above Nevanlinna theorem that if two nonconstant meromorphic functions f
and g on C and five meromorphic functions {a;}3_; in R(f) NR(g) satisfy
min{y(s4,),1} = min{y q;),1} (1 < j < 5), then f(z) = g(z). Recently, Thai
and Tan [3] improved strongly the above-mentioned theorems and results of Yao
[5] and Yi [6]. They obtained that if two nonconstant meromorphic functions
f and g on C and five meromorphic functions {a;}5_, in R(f) N R(g) satisfy
min{y(s 4,),<k, 1} = min{y(y 4,y <k, 1} (1 < j < 5), then f(2) = g(z) for each
k>3

In 1986, Yi [7] extended the Nevanlinna’s very work and others’ results, and
obtained a general theorem on the multiple values and uniqueness of meromor-
phic functions as follows. The concepts of 6(a, p) and O(a, ¢) are defined as in
section 2 below.

Theorem A ([7]). Let fi and fo be two nonconstant meromorphic functions
on C, let a; (j = 1,2,...,q) be g distinct complex numbers, and let k; (j =
1,2,...,q) be positive integers or co such that

by > ke > 2k

and
min{ll(fl,a].)7§k]. y 1} = min{u(f%aj)ékj, 1}(] = 1, 2, ey q)
Set
05, =Y 0(a,fi)— Y O(a;, fi), (i = 1,2),
a j=1
and
8(ar, fi) + 8(ag, fi) = k; +6(aj, f;) .
A = ~j oy, Ji) o — )
P +Z o +0: -2, (i=1,2)
j=3
If

min{Al,AQ} Z 0,
max{A;, A2} > 0.
Then f1(2) = fa(2).

It is natural to ask the following:

Problem 1. Does Theorem A still hold if a;j(j = 1,2,...,q) are q distinct
elements in R(f1) NR(f2) instead of distinct complex numbers ?
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The purpose of this article is to deal with this problem. In fact, by making
use of a recent result of Yamanoi [4], we obtain a more general result as follows,
which improves and extends strongly the results of R. Nevanlinna [1], Li-Qiao
[2], Yao [5], Yi [6], [7], and Thai-Tan [3].

Theorem 1. Let fi and fo be two nonconstant meromorphic functions on C,
a;(j =1,2,...,9) be q distinct meromorphic functions in R(f1) N R(f2), and
ki(j =1,2,...,q) be positive integers or 0o such that

(1) ki > ky > > kg
and
(2) min{y(ﬁ,a]’),gkj ) 1} = min{’/(fmaj),fkj ) 1}(.7 =1,2,...,9).
Set
O5 =Y 0(0,fi—a)— Y 00, fi —a;), (i = 1,2),
a j=1
and
4 - S0, L - ay) . 2‘1: k; +6(0, f1 — a;)
km +1 = kjt1
(m —2)kn, kn
- -2
A lcn+1+@f1 ’
n—1
A, = Zj:l 6(07f2_aj) +2q:kj+5(0,f2—aj)
kn—+1 = ki1
(n—2)k, km
- -2
ko + 1 km+1+@f2 ’
where m and n are positive integers in {1,2,...,q} and a is an arbitrary mero-
morphic function in R(f;) (i =1,2). If
(3) min{4;, 4.} > 0,
(4) max{Al, Az} > 0.

Then fi(z) = fa(2).
From Theorem 1, we obtain the following corollaries.

Corollary 1. Let fi and fo be two nonconstant meromorphic functions on C,
a;(j =1,2,...,q) be q distinct meromorphic functions in R(f1) N R(f2), and
ki(j =1,2,...,q) be positive integers or oo such that

>k > >k,
and

min{y(f1,aj),§kj > 1} = min{y(f27dj),§kj ’ 1}(.7 =12,..., q)'
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Set
(m = 2)kn, kn
A - -2,
' ka Fm+1  kn+1
- 2k, km
A - -2,
2T ka k+1 K + 1
where m and n are positive integers in {1,2,...,q}. If

min{Al,Ag} Z 0,
max{A;, 4s} > 0.

Then f1(z) = fo(2).

Corollary 2. Let f and g be two nonconstant meromorphic functions on C,
a;(j = 1,2,...,q) be q distinct meromorphic functions in R(f) N R(g), and
ki(7 =1,2,...,q) be positive integers or oo such that

klszZ"‘qu
and
min{vs.q,),<k;» 1} = min{vgay <k,, 130 =1,2,...,q).
If
q
k; -3k,
iy (m )

A=
kj+1 k, +1

-2>0,
j=m
where m is a positive integers in {1,2,...,q}. Then f(z) = g(2).
Corollary 3. Let f and g be two nonconstant meromorphic functions on C,
a;j(j = 1,2,...,q) be q distinct meromorphic functions in R(f) N R(g), and
ki(j =1,2,...,q) be positive integers or oo such that
ki 2ky>-- >k
and
min{v(s,q;),<k;5 1} = min{pyy oy <k, 110G =1,2,...,9).
If

k1+1
where m is a positive integers in {1,2,...,q}. Then f(z) = g(z).

Corollary 4. Let f and g be two nonconstant meromorphic functions on C,
a;j(j = 1,2,...,q) be q distinct meromorphic functions in R(f) N R(g), and
ki(7 =1,2,...,9) be positive integers or oo such that

ki 2k > >k,
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and
mil’l{l/(f’aj)VSkj,].} = min{y(g,aj)ék].,l}(j = 1,2, .. ,q)

Then

() if =17, then 1(2) = g(2).

(ii) if ¢ = 6 and ks > 2, then f(2) = g(2).

(iil) if ¢ =5, k3 > 3 and ks > 2, then f(2) = g(2).

(iv) if g =5 and kg > 4, then f( ) = g(2).

(v) ifqg=25, ks >5 and ks > 3, then f(2) = g(2).

(vi) if g =5, k3 > 6 and ky > 2, then f(2) = g(2).

Remark. The above-mentioned result of Thai and Tan [3] is just the special

case as ¢ = S and ki = ko = --- = ks = k > 3. Thus Corollary 4(iii) is an
improvement of it.

2. Basic notions in Nevanlinna theory

Let h be a nonzero holomorphic function on C and k be a positive integer
or k = oo. We define

Nh,gk(T)Z/ n<:()dt and Nj <x(r) = / n<,;( )dt (r>1),

where ngk(t) = Z|Z|St I/h’Sk(z) and ﬁgk(t) = lelﬁt min{l/hék(z), 1}.

Let ¢ be a nonconstant meromorphic function on C with reduced repre-
sentation ¢ = (o : ¢1). We define Ny, <i(r) := Ny, <k(r) and Ny <i(r) =
Noyo,<k(r). For brevity we write N, <o0(r) as N,(r) or N(r,v,); write

N%<00(7°)
as N, (r) or N(r,v,); and write N, <x(r) as N<k(r,v,). Set
|0, it wp(z) <k
V241 (2) —{ v(z), i va(z) > k+1.

Similarly, we can get the corresponding definitions of Ny >k+1(r), Ny, >k41(r),
etc.

Let {a;}i_, be meromorphic functions on C with reduced representations
aj = (ajo : a;1) (0 < j < q). For each 0 < j < g, we fix an index k; € {0,1}

. * . o —py . S e— a50 . G851 Sk
such that ajx;, #Z 0 and set aj = (a1 : —ajo), @; := (ajk]_ : ajk]_), a; =
241 . 450
@ik : @ik, ‘

Let f be a meromorphic function on C with reduced representation f = (f :
f1)- For each 0 < j < g, we set (f,a;) = “eletenls (1 g3) = enleenh,

aj; k a]-k].
For a meromorphic function f on C, we deﬁne the proximity function of f
by

27
mir.f)= 5= [ log* 5(re)lab
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where log® z = max{log z,0} for z > 0. Then
Ty(r) = N(r,v15) + m(r, f) + O(1).

Let a be an arbitrary complex number. We denote the deficiency of a with
respect to f by

m(r, 75) N(r,v(s,q)
= liminf ——F=27 _ 1 _7; D ASa))
0(a. /) = lminf — 55 =1~ lmsup —7- 55,
and denote the Valiron’s deficiency by
. N(’I’, Vs a))
O(a, f) =1 - limsup ———22%7
(@ f) el Ty (r)

As usual, by the notation “||P” we mean the assertion P holds for all r €
[0, 00) excluding a Borel subset E of the interval [0, 00) with [ g dr < oo.

Theorem B ([4]). Let f be a nonconstant meromorphic function on C. Let
ai, Gz, ..., aq be distinct meromorphic functions on C. Assume that a; are
small functions with respect to f for all 1 < i < q. Then for each € > 0, the
following holds

(g =2~ &)Ts(r) <ZL N(pa(r) + 0 (T4(r)) .

3. Proofs

For the proof of Theorem 1, we need give the following lemmas.

Lemma 1 ([3]). Let f be a nonconstant meromorphic function on C and a1, as
be two distinct small functions with respect to f. Then

T(f a (7‘) Tf(?") +o0 (Tf(’f‘)) .

Lemma 2. Let f be a nonconstant meromorphic function on C, a be a small
function with respect to f, and k be a positive integer. Then

— k 1
Niay(r) < 7——=N(sa,<k(r) + (f,a)( T);

F+1
and
N < Ny clr) + = T5(r) + 0 (T ().
’ PEERMEDES F+1
Proof. From
N(1.0)(r) = N(1,0),<k(r) + N(p.a) 2441 (r)
and

- 1
N(fa),264+1(r) < k—HN(f,a),2k+1(7')a
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we deduce that

— k — 1 —
Nita)(r) < —=N(sa),<e(r) + ———=N(s,0),<k(r)

_ 1
< mN(f,a),gk(T) + k—HN(f,a)(T)-

This completes the proof of the first inequality of the lemma. The second
inequality of the lemma follows immediately because of

Nis,a)(r) < Ty (r) + 0 (T (r)) -

3.1. Proof of Theorem 1

We suppose that f;(z) # f2(z). Without loss of generality, we may assume
that there exist infinitely many small functions b with respect to fi such that
©0,fi —b) > 0and b # a; (j = 1,2,...,q). We denote them by b (k =
1,2,...,00). Obviously, ®f = 372, ©(0, fi — bi). Thus there exits a p such
that 3% _; ©(0, fi —bx) > Oy, — ¢ holds for ¢ (> 0). From Theorem B we have

B) [[(p+9q—2=T5(r) <2 Nis00)1) + 2 Nsy 0y (1) + 0 (T (1))

It is easy to see that

(6) Ngp0(1) < (1 =0(0, fr — b)) Ty, (r) + 0 (T, (7)) -
From Lemma 2 we get

- ki — 1

Nifiap(r) < I_N ja;),<k; (T) + =N a;)(r)

(fl J) k]+1 (fl ]) SkJ k]+1 (f )
ki — 1
< kj—j_lN(flyaj)ySkj (T’) + m (1 - 5(()’ fl - aj)) Tf1 (T‘)
+o (T, (r)) .

Submitting the above inequalities and (6) into (5), we get
Ip+g=-2-e)Tp(r) < {Z5_,(1-0(0,f1 — b))} T, (r)

ki —
R S LUERETAG)
1
#{ot o =00 -0 b0
+o (Ty, (7))
From (1) we have
1> My ke oy kST
Tk +1 T ke +1 _kq+1_2
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Hence we can deduce that

lp+q—2-¢e)Ty,(r)

< (P—9yp +)Ty(r)
km —
+2J 1 km + 1N(f1,ﬂj) <k‘(r)
m k;
+{op (k e ) 50,1 - a) } T )
6(0, f1 -
q
+ {Ej:l kj+1 }
+0(Ty, (),
namely,
(m — Dk,
- T
H< P + B; — 2¢ fl(r)
km —
Eg 1 ko + lN(fl,aj),Skj (T) + O(Tﬁ ("')) s
where
i 600, f—a;) N k;+6(0, fi — a)
B, = == J d ! -2
' ke + 1 +]§n Kt +0p
Similarly,
(n— 1)k,
H ( kn T 1 + 32 2e sz(r)
kn, —
< 2?=1 k, + ]_N(f2’a]')7§kj (T) +o (sz (7’)) s
where

n—1
B, = 721 60, f2 — ar) N Z": k;j +6(0, f2 — a;) ro, -

kn+1 kit

j=n

H (MZ_JIF B —25) Ty (r) + (%)—fﬂ + B, —26) Ty, (r)

Hence

k, —
< Tag +1N(f1 20,k (1) + Zima 7= N (g2.0,). <4, (7)
+o(T5 (r) + Tp(r)) -
Let agp be a nonzero meromorphic function on C such that

ao € (R(f1) NR(f2)) \ {a;}]—
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Since fi(z) # f2(z), there exists 1 < j < ¢ such that (;:1’27) # %7 Without

loss of generality, we may assume that j = 1, namely (?Z;; 3 gzz(‘); From

(2), we have f; = f» on Ui_i{2 @ Yt1,a,),<k, (2) > 0}. It is easy to see that
(af,a;) =0on {z: (fl,ai)( )=0 and (f2,a;)(z) =0} (0<i<j<q).So
we deduce by Lemma 1 that

z:;1=1N(f1 a;),<k; ()

< N (ray(f],ag)_(fzm)) + Z N(r,V(az.a;))
(f1,20)  (f2,20) 0<i<j<q
= N( (F1.81) _ (2, a])) M )+ Z Naua]o—aioan(r)
(f1,30)  (F2,80) / aokg 0<i<j<q
< N(E;L{ll;;ngll;)( ) + Nay, (1)
1-.20 2,90
+ Z (N:ﬂZJO ( )+N 10(1]1( )) +0(1)
0<i<j<q 0t
< T((flv’il)_(f2»a1))(r)+T”«1(T)
(f1.ap)  (fa2.dp)
t Y (Tu 4 1) +2,00) + o)
0<i<j<q
< T(f (f1,81) ()+T(f a ( )+Ta1( )
f1, ao) (f2 ao)
+ Z ( To,(r) + T, (r)> + O(1)
0<i<j<gq
< Th(r) + Tr(r) + o (Ty () + Tpy (1)) .

Similarly,

E?:lﬁ(fz,aj),ﬂkj (T) < Tf1 (T) + Tf2 ('r) +o (Tfl (7‘) + Tf2 (’I”)) .

Hence from above discussion, we obtain

(n -1k,
- —_— -2 |T
”( o +1 ~ 4+ B 25) Tfl(T)-}— ( ot 1 + B, £ f2(7‘)

< (T ) @) + TR0 + o) + Thtr),

namely,
[(Ar = 28) T, (r) + (A2 — 26) Ty, (r) < 0(Tr,(r) + Ty (1)) -

Letting r — oo and ¢ — 0, we have a contradiction with (3) and (4). Therefore,
we complete the proof of Theorem 1.
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3.2. Proof of Corollary 1

Since O, > 0 and 6(0, f1 —a;) > 0 (j = 1,2,...,q), then it implies from
Theorem 1 that Corollary 1 follows.

3.3. Proof of Corollary 2

Letting n = m, Corollary 2 follows immediately from Corollary 1.
3.4. Proof of Corollary 3

Letting m = 3, Corollary 3 follows immediately from Corollary 2.
3.5. Proof of Corollary 4

From (1) we have

kr ko k,

1> > > >
= = kg t+1

2

DN =

ki+1 " ke+1~
Hence we can get from Corollary 3 that Corollary 4 follows.

References

[1] R. Nevanlinna, Einige Eindeutigkeitssitze in der Theorie der Meromorphen Funktionen,
Acta Math. 48 (1926), no. 3-4, 367—391.

[2] Y. H. Li and J. Y. Qiao, The uniqueness of meromorphic functions concerning small
functions, Sci. China Ser. A 43 (2000), no. 6, 581-590.

[3] D. D. Thai and T. V. Tan, Meromorphic functions sharing small functions as targets,
Internat. J. Math. 16 (2005), no. 4, 437-451.

[4] K. Yamanoi, The second main theorem for small functions and related problems, Acta
Math. 192 (2004), no. 2, 225-294.

(5] W. Yao, Two meromorphic functions sharing five small functions in the sense of
Ey (B, f) = E1)(B,9), Nagoya Math. J. 167 (2002), 35-54.

[6] H. X. Yi, On one problem of uniqueness of meromorphic functions concerning small
Junctions, Proc. Amer. Math. Soc. 130 (2002), no. 6, 1689-1697.

, Multiple values and uniqueness of meromophic functions, Chinese Ann. Math.
Ser. A 10 (1989), no. 4, 421-427.

(8} H. X. Yi and C. C. Yang, Uniqueness theory of meromorphic functions, Science Press,
Beijing, 1995.

(7]

TING-BiNy CAo

DEPARTMENT OF MATHEMATICS

NANCHANG UNIVERSITY

NANCHANG, Jianexi 330031, P. R. CHINA

E-mail address: ctb97@163.com or tbcao@ncu.edu.cn

HoNG-XUN Y1

DEPARTMENT OF MATHEMATICS
SHANDONG UNIVERSITY

JINAN, SHANDONG 250100, P. R. CHINA
E-mail address: hxyi@sdu.edu.cn



