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This paper analyzed the social cost function of a congestion-prone service system, which is developed from the social
cost minimization problem. The analysis focused on the following two issues that have not been explicitly explored in
the previous studies: the effect of the heterogeneity of value-of-travel-times among customers on the structure of cost
functions: and the structure of the supplier cost function constituting the social cost function.

The analysis gave a number of findings that could be summarized as follows. First, the social marginal cost for one
unit increase in system output having a certain value-of-travel-time is the sum of the service time cost for that value-of
-travel-time and the marginal congestion cost for the average value-of-service-time of all the system outputs. Second,
the marginal congestion cost equals the marginal supplier cost of system output under the condition that supplier compensates
the customers for the changed service time costs which is incurred by the marginal capacity increase necessary for economically
facilitating an additional system output. Third, the compensated marginal cost is the multiple of the marginal capacity
cost and the inverse of system utilization ratio, if the service time function is homogeneous of degree zero in its inputs.
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I . Introduction

Congestion pricing is a special kind of marginal
cost pricing, which deals with the public service
exhibits congestion causing economic losses to its
customers, due to the limited service capacity.
Congestion pricing estimates the optimal pricing
and investment rule for the congestion prone
public services. The existing studies for congestion
pricing have mainly targeted highways being the
typical public service systems having congestion
phenomena. Recently the application of this pricing
is extended to the other types of congestion prone
transportation systems which have the service time
function different from that of highways in Moon
and Park (2002Db).

However all the previous studies for congestion
pricing has a serious shortcoming in that its pricing
rule does not carry any specific information about
the supplier costs. The optimal price under congestion
pricing is expressed by the multiple of the following
three factors: value of service time (or value-of-
travel-time); system output; and partial derivative
of service time function with respective to system
output. However this well known formula estimating
the optimal price has no explicit linkage with the
supplier cost, which might be a more important
concern of the supplier.

Another shortcoming is the specification of the
value-of-service-time in the pricing rule. This term
in the existing studies is developed from the social
welfare maximization problem constructed under
the assumption that all the users have the identical
value-of-service-time which implicitly refers to the
average of value-of-service-times. However no
attempt has been made to explicitly validate such
a specification can be applicable to the case when the
congestion—prone transportation system facilitates
users with value-of-service-time heterogeneous one
another.

The optimal price under congestion pricing

equates the total cost experienced by each user to

the social marginal cost. Therefore one simple way
to identify the relationship between the optimal
price and the supplier cost could be to analyze the
social cost function developed from the social cost
minimization problem of congestion-prone service
system. Such an approach is similar to that which
develops the cost function of the neoclassical firm
from the cost minimization problem. However the
detail of the former is significantly different from
the latter.

Specifically, the congestion—prone transportation
system considered in this study is a synonym to
a queuing system which facilitates the random
arrivals of customers. The queuing system with a
given capacity can facilitate customers up to the
level such that the mean arrival rate of demands,
called the system output, does not exceed the
capacity determining the upper limit of system
outputs yielded. Also the queuing system generally
exhibits the average service time per customer,
which is monotonically increasing in the mean
arrival rate of customers, and monotonically
decreasing in the capacity of the system.

Therefore it is certain that the queuing system
has the cost structure different from that of the
neoclassical production system. The cost function
of the neoclassical firm estimates the cost for the
independent variable of final outputs. Also the cost
function of the firm can readily be developed from
the cost minimization problem which is the dual
to the profit maximization problem of the
neoclassical firm. The application of such an
approach to the queuing system calls for the use
of the cost minimization problem which has to
accommodate the service process, and therefore
gives the cost function different from that of the
neoclassical firm.

The objective of this paper is to develop the social
and supplier cost function of a congestion-prone
transportation system with respect to system
output. The cost function is developed from the

social cost minimization problem under the
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assumption that the transportation system
facilitates the random arrivals of demands. Also
the consumers of the transportation system are
assumed to have the value-of-travel-time different
one another.

The social cost minimization problem of the
queuing system is expressed by the non-linear
programming problem with constraints, as will be
shown in Section 2. The minimization problem is
used to find the capacity and its inputs, which
minimizes the total social cost incurred in
facilitating a given system output. The choice of
inputs to capacity has to satisfy the constraint for
the production possibility range of capacity with
respect to its inputs available in markets: whereas,
the choice of capacity has to comprehend its effect
on the service time being the function of capacity
and system output. Also the total social cost is
expressed by the sum of the supplier cost for the
inputs to the capacity and the user cost for the
service time of the queuing system.

Subsequently, in Section 3, the various cost
functions for the independent variable of system
output are developed from the social cost
minimization problem. Such a cost analysis puts
emphasis on estimating the marginal social and
supplier cost functions for each system output
endowed with its peculiar value-of-service-time.
The marginal social cost is developed in the manner
analogous to that which estimates the cost in the
previous studies for the case when all the customers
have the identical value-of-service-time. Also the
marginal supplier cost is developed from the social
cost minimization problem in a fashion similar to
that which estimates the marginal social cost.

It is followed in Section 4 by the analysis to
illustrate the structure of the social and supplier
marginal cost functions with the two specific
examples of service time functions. One example
illustrates the various cost functions of the
congestion-prone transportation system which has

the service time function being homogeneous of
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degree zero in capacity and system output. Another
example analyzes the various cost functions of the
scheduled transportation service which has the
non-homogeneous service time function. The final

section offers the summary and concluding remarks.

Il. Social Cost Minimization Problem

1. Service time function

The service time function of a queuing system
has the functional structure that estimates the
service time being sensitive to capacity and system
output. The service time function is supposed to
estimate the expected value of the service time from
its commencement to its completion, which is com-
monto every customer of the queuing system. The
service time is the sum of the net service time and
the delay time due to the congestion.

The service time function of a queuing system
depends upon the characteristics of the service
procedure, termed the service technology, such as
service priority, number of service channels, etc.
The service time function is generally increasing
in the mean arrival rate: that is, the net service
time is usually constant irrespective of the mean
arrival rate, but the delay time exhibits such a
property. The delay time is taken place, even in
the case when the mean arrival rate is smaller the
capacity, due to the randomness of the service time
and the time gaps between arrivals.

There are many queuing systems analyzed in
the available literature of queuing theory dealing
with the estimation of the expected service time
or the expected value of queue. However, only a
few queuing systems can have the closed-form
solutions of the expected service time. Nonetheless,
it can be confirmed that every queuing system
shares the common property that the service time
is increasing in the mean arrival rate, but

decreasing in the capacity. Based on such findings
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of the previous studies, we postulate the service
time function of various queuing systems below.

Assumption 1: The service time function of a

transportation system, denoted by 7 , has the
following structure.

(1) The system, which facilitates customers on
the first-in—first-out basis, has the service time
function homogeneous of degree zero in system
output during the analysis period, denoted by s,
capacity during the same period, expressed by e,
such that

t= T(s/c): 0+ T’(s/c)

where t is the expected service time per customer,
t° is the net service time, and 7 the delay time
function.

(2) The system, which serves customers with
the vehicles operated under a schedule controllable
by the supplier, has the non-homogeneous service

time function such that
T(s.c) ="+ 2 T9(s/c)+ T (s/c)
2y

where 7¢ and 7¢ are delay time functions
homogeneous of degree zero, ¢ the service frequency
of the systemanalyzed, and y is the total service
frequency being the sum of the frequencies of all
the suppliers in competitions, including the system
being the target of the analysis.

(3) The functions 7¢, 7¢ and 7¢ are positive,
convex and differentiable in s and c. They are also
monotonically increasing in s, but monotonically
decreasing in c.

Prior to the main discussion, we explain the
difference between 7'(s/c) and 7T (s/c), in asso ci-

ation with the expression of service time functions

in the forthcoming discussion. The service time
function 7'(s/c) is the expression specific to the
homogeneous function only. By the same token,
the delay time function 7'%(s/c) is used in order
to clarify that the delay time function is
homogeneous. On the other hand, the function
T (s/c) is an inclusive expression of all kinds of
service time functions. This expression is used when
it is not necessary to make a distinction whether
it is homogenous or not.

The key feature of the conditions in Assumption
1 is that the delay time function 7 is homogeneous
of degree zero. This function satisfies the condition
such that

T%(s/c) = T (a s/ac) or (1)

67’1(5/(:) _c I°] Td(s/c)

a8 oc

where o is a positive constant. This condition i-
mplies that the delay time depends only upon the
system utilization ratio, estimated by s/,
irrespective of system output and capacity. Number
of examples satisfying this condition is presented
below.

A large group of transportation systems
facilitates the steady flow of demands on the
first-in—first-out basis introduced in Assumption
1(1). This group has the service time function which
usually satisfies the degree-zero homogeneityl).
One approximation of such service time functions,

which is widely applied to this group, is

Js/c

T(s/c) =t° +t¢ T—s/c

(2)

where 0¢ 7{ 1 is a parameter characterizing the
queuing systems?2). This formula for the case of J=1

becomes the exact solution to the queuing system

1) The examples of service time function for the first-in-first-out queuing systems are available in many literatures dealing
with stochastic process and queuing theory, such as Cinlar (1975).
2) The approximation formula is called the Davidson formula available in many books dealing with transportation planning

such as Manheim (1980).
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(Figure 1) Configuration of homogeneous service
time function

with a single channel. Also the formula has a smaller
value of J as the system with a larger number of
channels3). The configurationof the formula
isillustrated in {Figure 1).

The transportation system, which facilitates the
peaking demand on the first-in-first-out basis,
should have the service time function that can
estimate the service time for the mean flow rate
exceeding the capacity at the peak period. Such
a service time function can be estimated either by
the empirical study or by the approximation metho
d4) One example of the empirical study is the

highway service time function such that
T(s/c):t“+t"(%) , (3)

where 4.0<a<6.0 (Highway Capacity Manual,
1999).

Subsequently, the service time function of
scheduled transportation services considered in

Assumption 1(2) generally does not have the
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closed-form solution®). One possible approximation
of the service time function could be the expression
of 7(s,c) in the assumption. The first part
(2y)"! T?(s/c) estimates the mean waiting time
before finding the seat available. The second part
Td(s/c) represents the delay time experienced at
terminal and/or vehicle.

One simple example of such an approximation
is the service time function of urban public transit
which offers the service in a monopolistic position,
such that

T(s/c) =t° +2ic(1+ 1{5!}::1:) (4)

where and 7 is the seat capacity per vehicle being
a constant. Here the term 1/2¢ estimates the mean
waiting time under the condition that the passenger
can board the first vehicle that arrives, and the
remaining term in the parenthesis represents the

waiting time caused by not boarding the full vehiclest).

2. Specification of social cost minimization
problem

Here we present the specification for the social
cost minimization problem of a queuing system
facilitating the steady flow of random arrivals. The
social cost minimization problem has the structure
almost identical to that of the problems considered
in the previous studies, which analyze the social

cost of highway services under the assumption that

3) The fact that 7 has a smaller value, as the number of service channel increases implies that 7 is a function
decreasing in capacity. However, the specification that 7 is a decreasing function in the capacity results in

the non-homogeneous service time function.
4) One approximation formula is

T (s/c) = TiH»i

5=tp5te-)

where 7 is the delay caused by the queue at the moment when the peaking period starts, and ¢ is the ratio of the peak period

to the total analysis period. This equation is estimated by reorganizing the delay time function for the approximation model
of the queuing systemserving the peaking demand in Parzen (1962).
5) The queue length of this queuing system is estimated in Boudreau, Griffin, and Mark Kac (1962). Note that the

estimated queue length is not a closed-form solution.

6) This approximation formula is available in many books dealing with transportation planning such as Manheim (1980).
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the mean flow rate is constant throughout the
analysis period. However the former has one
distinct difference from the latter in that the value-
of-service-time differs by customers demanding the
service.

The queuing system being the target of the social
cost analysis is supposed to facilitates the given
system output, expressed by a vector s =(s',...s'),
where s’ is the demand of consumer i€ <1, 7> for
the service. It is assumed that the value-of-
service-time perceived by consumer i is a
deterministic term v'. It is also assumed that this
system output s forms the steady flow of random
arrivals to the service system with a mean rate

s estimated by Y,.5".

The supplier of the congestion—prone service is
supposed to minimize the total social cost which
is the sum of supplier and user costs. The supplier
cost estimates the cost of inputs necessary for the
construction of an arbitrary capacity: whereas, the
user cost is the value of service times incurred in
facilitating the system output s. The supplier is
also supposed to have two different kinds of choice
variables the capacity and its inputs. Such a social
cost minimization problem of the supplier is
specified below.

Assumption 2: The transportation system, which
facilitates the given system output s of random
arrivals forming the steady flow, satisfies the
following conditions.

(1) The expected service time per random arrival,
denoted by ¢, is a function of the aggregated system
output s=Y,.s', and is identical across all the
arrivals. This expected service time and is
estimated by

t= T(s,c).

For this expected service time, the user cost is

User Cost=tY,v' s'=tuvs,
i

where v is the average value-of-service-time
estimated by v=Y] 0" 57 /s.

(2) The production of capacity ¢ satisfies the
condition such that

c< F(z)

where z=(z,,..,z,) is the vector of inputted
goods and services , and # is the production
function which is increasing and differentiable
in . This production incurs the cost to the

supplier, estimated by

Supplier Cost= Y p; ;.
7

where p; is the price of input j.

The social cost minimization problem specified
above that the variable cost of supplier for system
output is zero. That is, the supplier cost defined in
the assumption consists only of the capacity cost
which estimates the cost of inputs consumed in
constructing the certain capacity of the queuing
system. This assumption neglects that most of
transportation services spend the variable cost
constituting the large portion of the total supplier
costs. Such an unrealistic assumption is adopted only
to simplify the expression associated with the
inclusion of the variable cost, which does not cause
any basic change in the forthcoming analysis to
estimate the various types of social and supplier costs.

Finally, Assumption 2 does not specify the
functional form of the production technology,
expressed by the function #. The production function
F can be either a convex function or a concave
function, each of which leads to the different returns-
to—scale of the congestion—prone transportation
system in capacity. Also the reason why not to
specify the returns-to-scale of the production
function is that the forthcoming cost analysis is

free from the returns-to-scale.
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3. Orptimality conditions for social cost minimization
problem

Under Assumptions 1 and 2, the social cost
minimization problem of a congestion—prone
transportation system can be expressed by the

Lagrangian, denoted by Z°, such that

Z°(x,c,t, 1) = min{ijpj+thi si} (5)
+plc— Flz))+ p(T(s,c) —t),

where ¢ >0 and ¢ >0 are Lagrange coefficients.
Arranging the Kuhn-Tucker conditions for the
problem Z° gives the optimal investment rule
presented below.
Proposition 1: The optimum solution to the
problem Z° for the independent variable of s,
denoted by Z°(z, ¢, t, ¢, 1), satisfies the following
two conditions.

(1) One is the investment rule for the inputs

to system capacity, such that

, -y _0KC(c) — , oF(x)
MiC (o) = ===l =5,

7vj

where MKC is the marginal capacity cost estimating
the marginal increase in the social cost for one unit
increase in c. Here the terms ¢ and z are the
abbreviations of functions ¢(s) and x(s)
respectively, and estimates the optimal value of
¢ and = for an arbitrary s, respectively.

(2) The other one is the investment rule for

capacity, such that

MKC(;):,;SM
ac

Proof. (1) The equality that aKC(¢)/ac+¢ follows

from the fact that ¢ equals the marginal supplier

cost for the increase in one unit of ¢. The second
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equality is none other than the first order conditions
for Z° with respect to z.

(2) Substituting the first order condition of Z°
with respect to ¢ into the first order condition with
respect to ¢ gives the investment rule in Proposition
1(2). Q.E.D.

Proposition 1 introduces the two investment
rules which are sufficient to determineall the
unknowns in the social cost minimization problem.
These two conditions are identical to the optimality
conditions for the two sub-optimization problems
of the original optimization problem in Eq. (5).
Using these two sub-optimization problems, the
economic implications of the two optimality
conditions are considered below.

The first sub-optimization problem is the cost
minimization problem to find the optimum solution
of inputs = necessary for the production of an
arbitrary capacity c¢. This optimization problem,
denoted by Z', is

ZMz, go):min{;pjacj}Jrap((;—F(x)) (6)

This sub-optimization problem has the first order
condition with respect to z;, which is identical to
the optimality condition in Proposition 1(1).

The value of the Lagrangian Z* for the optimum
solution, expressed by Z'(z, ), estimates the
minimum supplier cost necessary for constructing
a certain capacity ¢. Hence the capacity cost
function, denoted by KC(c), is

KC(e)= Z' (. 9) =3P 2+ ¢ (c=F(z)  (T)

where z and L; are functions estimating the optimum
solutions of = and ¢ for a given capacity c,
respectively.

Substituting the above capacity cost function
into Eq. (5) gives the second sub-optimization
problem, denoted by Z°, such that
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Z e, t, p) = min{KC (e)+t Evi s‘}
J

+u(T(s, ¢)—t) (8)

This minimization problem Z* has the first order
conditions with respect to ¢ and ¢, which are identical
to the conditions for the original problem Z°. Hence,
the optimum solution of (¢, t) to the problem Z? is
identical to the solution to the problem Z°.

The fact that social cost minimization problems
2z° and Z? have the identical optimum solution of

¢ implies the following:

z(s)=x(c(s)) 9)

Here the function z estimates the solution of =
to the Lagrangian Z° for variable s. On the other
hand, the function z estimates the solution of «
to the Lagrangian Z' for variable c. Also the term
c(s) is the optimal capacity of the problem Z*, which

is identical to the solution of ¢ to the problem Z°.

. Marginal Cost Of System Output

1. Social marginal cost function: Uniform value-
of-service-times

The social marginal cost of system outputs refers
to the additional minimum social cost necessary for
increasing one additional system output. Thissocial
marginal cost can be estimated from the social cost
minimization problem specified in Assumption 2.
Such an analysis to estimate the social marginal
cost is illustrated with a simplified version of the
social cost minimization problem below.

Suppose that the all the random arrivals to a
transportation system have the identical value-of-
service-time, denoted by v. Reflecting this assumption
to the social cost minimization problem Z°gives the

amended version, denoted by Z*, such that

Z3(gr,., c, t,p, p): min{ij.z'lJr tvs} (10)

+ole=F(z))+p(T(s, c)t)
For this minimization problem, the total social cost
function, denoted by 75C, is

75C(s)= 2% (z, ¢, ¢, o, 1) (11)

Here, the term z is the function estimating the optimal
value of zfor the varying value of s, and the other terms
with a bar has the same property with = .

Hence the social marginal cost function, denoted
by SMC, is estimated by

02 (@, t, . 1)

SMC(s) = - (12)
This definition of SMC gives

SMCts) = LusT(sie) =oTts, o)+ 2150 (13)
where 7'(s; ¢)is an abbreviation of 7'(s; ¢)| _-,, in

c=c(s)
which ¢ is a constant being equal to c¢(s).
To prove Eq. (13), we first develop the alternative
expressions of ¢ and p from the Kuhn-Tucker

conditions for the Lagrangian Z*, such that

, and p=wvs
(14)

Subsequently, i) differentiating Z° (z, ¢, ¢, @, 1) Wwith
respect to s, ii) replacing the Lagrange coefficients
in the result of the previous step with the alternative
expressions in Eq. (14), and iii) simplifying the result
of the second step leads to Eq. (13)

The function SMC in Eq. (13) estimates the
additional increase in the total social cost for an
increase in system outputs from s to s+1. This
function is composed of two terms. Those two terms

in common estimate the effect of the marginal increase
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in system outputs on the user cost at the optimal
capacity, but reflect the different kinds of the effects.
The first term v 7(s, ¢) is called the marginal

user cost, and is denoted by
MC(s)=vT(s, ¢)>0. (15)

The function MUC estimates the social marginal
cost of the service system, under the assumption
that the facilitation of the additional output would
not change the service time. The function MUC is
the product of the value-of-service-time v and the
expected service time 7'(s, ¢ (s)), both of which are
common to all the system outputs. This estimate
of the marginal user cost equals the average user
cost which is the average time cost per user.
The second term vsaT'(s, ¢)/as is called the mar-

ginal congestion cost, and is expressed by

. T (s; ¢)

MCC(s)=v.
os

>0 (16)

The function MCC represents the additional social
cost for the marginal increase in service time
estimated by a7(s, ¢)/as. The facilitation of an
additional system output increases the service time
of the existing consumers as well as the additional
consumer by the margin o7(s, ¢)/as which is
common to all the demands. Therefore the social
marginal cost for this effect is estimated by

multiplying a7 (s, ¢)/ds to wvs.

2. Social marginal cost function: Heterogeneous
value-of-service-times

In the above, we estimated the social marginal
cost function of system output under a restrictive
assumption that all the random arrivals have the
identical value-of-service-time. However, in reality,
the congestion—prone service systemof a service

option usually facilitates its consumers who have
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value-of-service-times different one another, as
specified in Assumption 2. We therefore extend the
previous analysis for the special case to a more
realistic case specified in Assumption 2.

The optimum solution of (z, ¢, ¢) to Z° can be
expressed by the function of aggregated system
output s=Y, s, instead of s=(s', ..,s'), as in the
case of Z*. Hence the function 7SC for the case

of Z° can be expressed by
75C(s)=2(%, ¢ t, @, 1) (17

Differentiating Z°(z, ¢, ¢, ¢, 1) with respect to
s'gives the social marginal cost specific to consumer

i, as shown below.

Proposition 2: The social marginal cost specific
to consumer iwho has the value-of-service-time v',
denoted by SMC (s), has the expression such that

SMC' (s) = i,Zvi s T(s;c) = ;Lci (s)+ MmoC(s)
as' 5

where

aT (s;c)
as '

MUC (s)=vT(s;¢c), and MCC(s)=vs

Proof. Differentiating Z° with respect to s’, and
arranging the result of the previous step a manner
analogous to that which led to Eq. (14) gives the
Q.E.D.

The function SMC(s) estimates the marginal social

above expression of SMC"(s).

cost increase incurred in the process to facilitate one
more unit of system output s'having the value-of-
service-time /. The function SMC’(s) has the
expression identical to that of the special case in Eq.
(13), except for differences associated with the
heterogeneous value-of-service-times among customers.
Focusing on the difference between them, we examine

the economic implications of SMC(s) below.
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The first term v’ 7'(s,c) represents the marginal
user cost for the demand of customer ¢ who has
the value-of-service-time v’. This marginal user
cost estimates the additional user cost incurred in
facilitating one more unit of system outputs
demanded by customer i, under the assumption
that the facilitation of the marginal output would
not change the service time. This social marginal
cost v'7T(s,c) equals the multiple of the
value-of-service-time v’ specific to consumer i and
the expected service time 7'(s,¢) common to all the
system outputs.

The second term vsaT(s,c)/ds is the marginal
congestion cost for the demand of consumer i. This
marginal cost estimates the additional social cost
which estimates the value of the marginal service
time increase by one unit increase in the demand
of consumer ¢. This marginal congestion cost is
identical, irrespective of the value-of-service-time
of marginal system outputs. This result is the
consequence of the following: the facilitation of an
additional system output increases the service time
of the existing consumers as well as the additional
consumer by the margin a7(s,c)/as which is
common to all the demands.

Subsequently, we consider the amended version
of the cost minimization problem Z°, such that the
user cost is expressed by tvs, instead of tYv' s,

This cost minimization problem, denoted by Z*, is

7 (z, o t, ©, u) = n1in{2pj T; +tus (18)
tolel F)) + u(T(s,0)—t)

This optimization problem has the identical
structure with the Lagrangian Z%in Eq. (11), except
for one difference that the value-of-service-time
is expressed by the average value v. Therefore,
it is immediate from the previous analysis for the
Lagrangian Z* that the Lagrangian Z* gives the

social marginal cost introduced below.

Proposition 3: The social cost minimization
problem Z* has the social marginal cost function

which satisfies the following equality:
SMC(s) = %Zsi SMC'(s) = MUC(s)+ MCC(s),

where

aT(s;¢)

MUC (s)=v1(s, ¢) and MCC(s) = vs s

Proof. The above results directly follow from Eq.
(13). Q.E.D.

Proposition 3 shows that the function SMC(S)
of Z* equals the arithmetic average of the functions
SMC!(S) of Z* for every i. Specifically, the function
MUC(s) estimated by v 7'(s, ¢) is the arithmetic
average of MUC' (s) estimated by v’ 7' (s, ¢) for all
the system outputs amounting to Y, s*. On the other
hand, the function CC(s) of the problem Z'has

the expression identical with that of problem Z°.

3. Marginal private cost function

The social cost minimization problem of a queuing
system, which is specified in Assumption 2, includes
the supplier cost in its objective function. However,
the expression of the social cost function in
Proposition 2 does not carry any tangible
information about how the social cost function is
related to the supplier cost. We therefore here
introduce one way to construct the supplier cost
functions, and then identify the relationship with
the marginal capacity cost function.

Picking up the portion of the supplier cost from
the total social cost function for the Lagrangian
Zz° gives the supplier cost function, called the total

cost function and denoted by 7°C, such that
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TC(S) =27Z° (5’ Ea Ev ;7 ﬁ)izivisj (19)

Epa: + o (= FE ) +u(7(s,

The function 7°C is identical with the function 7°SC,
except for one difference that the former does not

include the term Ef v's’ estimating the user cost.

It means that, for example, the function = is
identical to the function estimating the solution
of zto the Lagrangian Z°.

Differentiating 7°C with respect to system output
§ gives the marginal cost of aggregated system
output § , called the marginal private cost function
and denoted by MPC, such that

aTC(s)

s (20)

MPC(s)=

This marginal private cost function satisfies the
relationship with the marginal capacity cost

function identified below.

Proposition 4: The marginal private cost function

MPC satisfies the following equalities:

aTC(s)

as'

MPC(s)=

=MKC(c ) v oo,
as

Proof. The first equation is immediate, since
5= E st
Eq. (20), as shown in Appendix A. Q.E.D.

. The second one is developed by arranging

The marginal private cost is equivalent to the
marginal cost of a neoclassical firm. This marginal
cost is common to every random arrival, irrespective
of its value-of-service-time, as shown in the first
equation of the proposition. The marginal cost has
the relationship with the marginal capacity cost
shown in the second equation of the proposition.
This expression of the marginal private cost

however does not give any tangible information
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about the marginal congestion cost constituting the
social marginal cost estimated in Proposition 2. For
this reason, we search for another version of the

supplier cost function.

4. Compensated marginal cost function

Another way to construct the supplier cost
function is to pick up the portion of the supplier
cost from the total social cost function, under the
condition that the service time ¢ is fixed to the
optimum solution of ¢ to the original social cost
minimization problem Z°. This supplier cost
function, called the compensated total cost function
and denoted by CTC, can be expressed as follows:

CTC(s) = 2° (z, c, ;, ; t)— ng’s" (21)

S+ (o= PED (G2 -0,
The function CT'C has the expression identical to
the function 7'C, except for one difference that the
term * is not a function of s but a constant. Also
the term ‘compensatedis introduced so as to reflect
the condition that the service time is fixed.

Differentiating C7C with respect to system
output s gives the marginal cost of system output,
called the compensated marginal cost function and
denoted by CMC, such that

CMC(s)= s

(22)

This compensated marginal cost function has the
relationships with the other marginal costs shown below.

Proposition 5: The compensated marginal cost

function CMC satisfies the following equalities:

aCTC(s)

CMC(s) = -
as’

=MCC(s)=MPC(s)+MEC(s),V i
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where MEC stands for the marginal external cost

function, defined by

MEC(s) = ;SM
oL

oT(s;¢) — aT(s,¢) dc
=0vs +uvs —
as oc o8

Proof. See Appendix B.

The compensated marginal cost function is a kind
of the marginal supplier cost function. This
marginal cost of system output is common to every
random arrival, irrespective of its value-of-service-
time, as in the case the marginal private cost. The
compensated marginal cost is equal to the marginal
congestion cost constituting the marginal supplier
cost, as shown in the second equation of the
proposition. Also the compensated marginal cost
is the sum of the marginal private cost and the
marginal external cost, estimated by MEC(s), and
this relationship can be interpreted as below.

The marginal private cost, defined by 2 7C/ s,
refers to the marginal supplier cost under the
condition that supplier can choose the service time
minimizing the total social cost without constraint.
Whereas, the marginal external cost, estimated by
vsdT/os, is the marginal increase in user cost, which
is triggered by the supplier's action to adjust the
capacity in response to the marginal increase in
system output so as to minimize the total social cost.
Hence it can be said that the compensated marginal
cost equals the marginal supplier cost under the
condition that supplier compensates the customers
for the change in service time costs, which is incurred
by the marginal capacity change necessary for
facilitating an additional system output.

Proposition 5 shows that the marginal compensated
cost equals the marginal congestion cost. However,
the marginal congestion cost estimated in Proposition

2 is expressed using the service time function which

has no direct relationship with the supplier cost.
For this reason, we examine the possibility to
identify the relationship between the compensated

marginal cost and the marginal capacity cost.

Proposition 6: The functions CMC and MKC
satisfy the following relationship.

(1) In the case of the transportation system with
the homogeneous service technology defined in
Assumption 1(1), the relationship is

CMC (5)= < MEC(¢).

s

(2) In the case of the system with non-homogeneous
service technology defined in Assumption 1(2), the

relationship becomes

CMC (s)= f (MEC (&)= MWT ()

where

vSs
272

MWT (c)=

T (s/¢c),

and y (s) is the value of y, in which the capacity
of the system analyzed is c(s).
(3) The cost functions CMC(s) estimated above
satisfy the second equality of Proposition 5.
Proof. See Appendix C.

The above expressions of CMC in Propositions
5(1) and 5(2) have the following two advantages.
First, the functions are expressed using the terms
all of which are directly observable or statistically
estimable. Second, the economic implication of the
expressions is clear. For example, the expression
for homogeneous service technology shows that the
compensated marginal cost equals the multiple of
the marginal capacity cost and the inverse of system

utilization ratio, estimated by ¢/s.
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5. Long- versus short-run social marginal cost
functions

The capacity in the social cost minimization is
a long-run choice variable. Therefore the function
SMC estimates in nature a long-run cost ¢ that
is, the function estimates the social marginal cost
of system output under the condition that the
supplier adjusts the capacity optimally to the
change in system output. On the hand, the
short-run social marginal cost function, denoted
by SRSMC, estimates the social marginal cost of
system output under the condition that the capacity
being a long-run variable is fixed. We examine the
relationship between SMC and SRSMC with the
social cost minimization problem for aggregated
system output Z* below.

To begin with, we consider the social cost
minimization problem under the condition that the
capacity is a fixed term ¢ ¢ such that 9= ¢ (s°).
This short-run social cost minimization problem,
denoted by SRZ*, is

SRZ* (t,;¢°) = IIliIlKC‘(c°> +5ts+u(7’(s,c") -1)(23)

For this cost minimization problem, the function
SRSMC(s; ) is expressed by

4 (7 7. 0o
SRSMC(s; &) = % (24)

SRMUC(s;¢°) + SRMCC(s;¢°)
where

SRMUC (s;¢)=v T (s;¢’), and

SRMCC (s; &)= 5576](;;0 )

The function SRSMC (s;c¢®) is composed of two
terms, SRSMC(s;c®) and SRMCC(s;c’). The
function SRMUC (s;c°) estimates the short-run
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marginal user cost of the queuing system with the
capacity ¢® for varying value of s. This function
is positive and monotonically increasing in s, since
T is monotonically increasing and convex in s, as
specified in Assumption 5.1(3). On the other hand,
the function SRMUC (s; ¢®) estimates the marginal
congestion cost of the service system with the
capacity ¢’ for varying value of s. This function,
expressed by vsa T(s;i¢®)/as, is also positive and
monotonically increasing in s, since 7' is mono-
tonically increasing and convex in s.

Subsequently, we consider the relationship
between the long- and short-run social marginal
cost functions. By the condition that c°=¢(s?),
it is certain that the long-run social marginal cost
at system output s °, denoted by S3C(s°), equals
SRSMC (s°c°):

SMC(s°) = SRSMC (s °;c® (25)

g0 partilaT(s%¢)

=vT(s% &)+v
os

This implies that

SRMUC(s° ¢°)= MUC(s°) and

SRMCC(s°:c°) = MCC(s°) (26)

The above results show that that the long- and
short-run social marginal cost functions have the
identical value at the point (s°, ¢’) These two
relationship can be seen in the literature dealing

with the congestion pricing of highway service, such
as Wohl (1972) and Moon and Park (2002).

V. Specific Examples

1. An example of homogeneous service time
functions

The service time function in Eq. (2) is an
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approximation which could be applicable to most
of transportation systems offering services on the
first-in-first-out basis. Using this service time
function, we here illustrate the procedure to
estimate the optimal capacity and the various cost
functions from the social cost minimization problem
for the aggregated system output in Eq. (18).

Substituting this service time function in Eq.
(2) into the social cost minimization problem in
Eq. (18) gives

Z4 ety o, ) = min{KC(c)-i—Ets} (27)

Js/c
1—s/c

+ulto+t? —tRIGHT)

For the above minimization problem, the optimality
investment rule in Proposition 1(2) has the

expression such that

(28)

MKC(c)= aKacc(E) :EJ( ;/2/_ )

From this investment rule, we develop the specific
expression of the function to estimate the optimal
capacity for the varying value of s below.

Let 6 (s)denote that

_ MKC(¢)

0 (s) — (29)
vJ

Then Eq. (28) can be rearranged as follows:

)= 1= (30)

This equation depicts that the optimal capacity ¢(s)
should be larger then the system output sby the
ratio (1+1/V0).

The formula (30) could be interpreted as follows.
First, the ratio (1+1/v8) becomes smaller as the
value of MK C(c) is larger that is, the transportation
system which has the larger value of 7&K C(c) should

have the optimal capacity larger then the system
output § by a smaller margin. Second, the ratio
(1+1/ v8) becomes larger as the value of v is larger
that is, the service system which serves the
customers having larger value-of-service-time
should offer the optimal capacity larger than the
system output by a larger margin.
Subsequently, we find the specific expressions
of the various cost functions. By Proposition 3, the

function SMC satisfies the following relationship:

SMC(s)= MUC(S)+ MCC(s) (31)

Also substituting Eq. (30) into the function MUC

in Proposition 3 gives

s/c

MUC(s) =€t +vtdJ =
1—s/c

vt® +t¢ Vo JMKC(c)

Subsequently, it follows from Proposition 5 that
MCCis equal to CMC being a kind the marginal
supplier cost function. By Proposition 6, the
function CMC for homogeneous service time
function in Eq. (2) satisfies the following

relationship:

CMC(s) = S MKC(@) (33)

Substituting Eq. (30) into the right side of Eq.
(33) gives

CMC(s) = MKC(€) + /v J MKC(E) _ (34)

This shows that the function CMC can be expressed
as the function of MKC(c).

Finally, we depict the configurations of SMC(s)
under the following conditions: MKC(c) is locally
convex in s, and has a minimum at the point s°.

Then it is immediate that vV MEC(¢) is also convex
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in s, and has the minimum at s°. Hence it follows
from Egs. (32) and (34) that both of MUC(s) and
CMC(s) have such properties. Therefore, it is clear
that SMC(s) being the sum of MUC(s) and CMC(s)
shares the same properties. Such results are
schematically illustrated in (Figure 2).

(Figure 2) also illustrates the following relationships
between long- and short-run marginal costs, which
are depicted in Egs. (25) and (26). First, the
functions SRMUC(s;¢’) and SRMCC(si&’) are
increasing in system output as explained
previously in connection with Eq. (24). Therefore
the function SRSMC(s;c’) is also increasing in s.
Second, the value of SRMUC(s;’) at the point s°
is v7(s°/¢’) which equals MKC(s°), as shown in
Eq.(26). Third, the value of SRSMC(s;’) at the point
s’equals the value of CMC(s) at that point, as
claimed in Eq. (25).

2. An example of non-homogeneous service
time function

The service time function in Eq. (4) could be
a plausible approximation of the urban public
transit or shuttle service in a monopolistic position
on a certain corridor. This service time function
is not homogeneous of degree zero in its variables
of s and , due to the presence of the term 1/2ec.

For this service time function, we carry out a series

Cost

SMC(s) = MUC(s) + CMC(s) = SRSMC(s;c”)
./ = SRMUC(s3¢°)
+SRMCC(s;¢°)

MUC(s) — CMC(s”) -~ SRMUC(s3¢°)

0 5° °

(Figure 2) Social marginal cost function for
homogeneous service technology
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of analyses in the fashion analogous to the analyses
for the homogeneous service time function in Eq.
(2).

For that service time function, the social cost
minimization problem for the aggregated system

output can be expressed as follows:

7zt (c,t.,(p,u)i {KC(C) —‘r;ts} (35)
y t"+%(l+ T(s/7)) —t

Here the delay function 7'¢ is defined by

d _Jsfte _ Jp_
r (S/Tc)_l—s/z'c_l—p (36)

where p=s/ is the system utilization ratio of the

transit system considered here. It is also assumed that

KC(c)=a+fc (37)

where @20 and £)0, in order to simplify the
analysisto figure out the configuration of SMC(S).

For the social cost minimization problem defined
above, the optimal investment rule in Proposition
1(2) has the expression such that

B=7s [2%(1#“ (s/rz))fiaTd(S/fE)]
=

2 dc (88)
Differentiating the above equation with respect to
s, and estimating o¢/és from the result of the previous

step gives

‘a—sl
Os

ol

0 (39)

(YR

as shown in Appendix D. These inequalities implies
that
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Hence it can be concluded that the system
utilization ratio A(s) is diseasing in s that is, the
optimal capacity ¢¢) approaches to system output
s, as output sincreases.

Subsequently, we estimate the specific
expressions of the wvarious cost functions. By

Proposition 3, it follows that

SMC(c) = MUC(s)+ MCC(s) (41)
Also, by Proposition 6(2), it holds that

_ L
MCC(s) = CMC(s) < > (492)

This implies that that the marginal supplier cost
SMC(S) is smaller than the average supplier cost
of system output, estimated by 8/7p(s). However,
this inequalityis not sufficient to figure out the
configuration of SMC(S). We therefore carry out
the two different kinds of analyses.

The first kind of the analysis to estimate the
limiting values of MUC and CMC. Such an analysis
shows that

. . JB
lim MUC(s) = _JP
fim MUC(s) = 0 imemcw==5 (g
lim MUC(s) = ¢, lim CMC(s)= liméMKC(E) s
§—0 N s sawp T

(44)

as proved in Appendix E. The second kind of the
analysis to estimate the slope of MUC and MMC.
Differentiating these two functions with respect to

s gives

MUCG)

os (45)
ACMC(s)
s 0 (46)

as shown in Appendix E. Using the above results,

Cost

SMC(s) = MUC(s)+ CMC(s) >~ SRSMC(s;c”)

MUC(s) ™~ SRMUC(s;¢°)

CMC()

Er

0 s° c°

(Figure 3) Socialmarginal cost function for
non-homogeneous service technology

the configurations of various cost functions are
depicted in (Figure 3).In addition, the relationships
between the long- and short-run marginal costs in
Eags. (25) and (26) are also illustrated in the figure.

V. Summary And Concluding Remarks

This paper analyzed the various marginal cost
functions of congestion—prone transportation systems,
all of which are developed from the social cost
minimization problem. The cost analysis of this paper
for congestion—prone transportation systems has the
following peculiar aspects differentiated from that
of the previous studies. First, the service time
function of the congestion—prone service system is
formulated in a generalized format so that the
analysis can be applicable to as many as possible
number of congestion—prone systems. Second, the
social cost minimization problem is constructed
under the condition that each consumer has a value-
of-service-time different from the others. Third, the
relationship between the marginal congestion and
marginal supplier costs are explored.

One important finding of the cost analysis is that

the social marginal cost specific to individual I ,
denoted by SMmC(S), is expressed by

SMC' (s) = T(s,8)+ MCC(s)  and
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McC = (m)@
A)

where s' is the demand of consumer i, s=2;s" the

aggregated system output, v’ the value-of-service-

time perceived by consumer i, and V:Zi"isi/s
the average value-of-service-time of all the
customers.

The right side of SMC'* is composed of the two
terms, each of which estimates the different effect
of the marginal increase in system output on the
user cost. The first term, called the marginal user
cost, estimates the social marginal user cost for
an additional increase in the demand of consumer
i, under the condition that the facilitation of an
additional system output does not change the
service time. On the other hand, the second term,
called the marginal congestion cost, estimates the
social marginal cost for the service time increase
caused by the one unit increase in system output,
under the conditionthat the capacity is not changed.

Another finding is the relationship between the
marginal congestion cost and the two different kinds
of the marginal supplier cost. One kind of the
marginal supplier cost is the marginal private cost
of the supplier, denoted by MPC, such that

MPC(s) = MKC(E)%C
A

where MKC(c)=0KC(c)/0c is the marginal capacity
cost function estimating the marginal supplier cost
necessary for increasing one unit of capacity C .
Another kind of the marginal supplier cost is the
compensated marginal cost, denoted by , which

satisfies the following relationship:

CMC(s) = MCC(s) = MPC(s) + Vs%s’é)
S .

Here, the last term, called the marginal external
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cost function, estimates the marginal user cost
increase caused by one unit growth in system output
under the condition that the supplier adjusts the
capacity optimally to a marginal increase in system
output.

The marginal private cost MPC is equivalent
to the marginal cost of the neoclassical firm. The
expression of MPC however has a shortcoming in
that it does not contain any information about
SMC 'introduced previously. On the other hand,
the compensated marginal cost is the marginal
supplier cost under the condition that the supplier
compensates the customers for the change in service
time costs, which is incurred by the marginal
capacity increase necessary for facilitating an
additional system output. The marginal cost CMC
equals to the marginal congestion cost MCC
constituting the social marginal cost SMC’.

The other finding is the relationship between CMC
and MKC. This relationship for the service system

with homogeneous service technology is

CMC(s)= 1 MKC(7)
p(s) ,

where P(s)=s/¢(s) is the optimal system utilization
ratio. On the other hand, the relationship for the
scheduled transportation service with non-homo-

geneous service technology is

CMC(s)= }(MKC(E) - MWT(s))
p(s) .

Here, 7 'MWT(s) is the external benefit for the
marginal waiting time decrease common to all the
customers, which is accrued by the marginal
capacity increase necessary for facilitating one
more system output.

Subsequently, the analysis presented in this paper
can readily be extended to the more generalized cases
of congestion—prone transportation systems. One
direction of the extension could be to accommodate

the system which consumes the variable costs which
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is usually an increasing function of system output.
This extension can be approached by simply adding
the variable cost term to the supplier cost side of
the social cost minimization problem. Another
possible direction could be to extend the analysis
for the single period problem to the multi-period
problem which covers the congestion-prone

transportation system serving the peaking
demand. One way of the extension could be to
expresses the user and supplier cost of the social
cost minimization problem in the fashion analogous
to that of Moon and Park (2002a).

Finally, we consider the utility of the analysis
presented in this paper. The analysis has the
significance in that it shows the more detailed
structure of the various marginal cost functions,
especially the relationship between the social
marginal cost function and the compensated
marginal cost function. Also the analysis can be
incorporated into the social welfare maximization
problem that estimates the optimal pricing and
investment rule of the congestion-prone tran-

sportation systems operated by the public agency.
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Appendix A: Proof of Proposition 4

The total cost function of the supplier, and
denoted by 7C, is defined as follows

TC(s)=2 p,%; +§ (€~ F(D)+ A1 (5.0)~7) (A1)

Here the optimal values of ¢ and p satisfies the

following equality:

5y [T L OT(,0)
a, vj TV T and E

1]
<I
©

>
r©

as shown in Eq. (18) of the text.

Differentiating 7C with respect to s, and
substituting Eq. (A.2) into the result of the previous
step gives the marginal private cost function MPC
such that

oTC(s) 576/- ,60 _0F(x) 0%,
———==MPC(s)= : —L
Os ) Zp, as  Pas /qJ ox; 0Os
_0T(s;¢) _0T(s,c)oc _oT(s,c) _oc
TR | OT6R) 5 oT6E) o
0Os oc 0Os oc os (A.3)

Substituting (A.2) and Proposition 1(2) sequ-
entially into (A.3) gives

60 0T (s,c) oc _.oc
—=MKC(c)—
6? s oc  Os @ Os (A4)

Appendix B: Proof of Proposition 5

(1) Prove first that CMC(s) =MPC(s)+MEC(s) |
The compensated total cost function and denoted
by CTC, is defined as follows:
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F®)+a(T(,6)-1)

CTC(s):Zp,f,+<5(E_ = (B.1)

Differentiating CTC with respect to s, and
arranging the result in the manner that led to (A.3)

gives
OCTC(s) — CMC(s) = ¢E+ i 0T (s;¢) +E oT(s,c) Oj
Os s 0s oc Os
_0T(s; c) 0T (s,c) Oc
=MPC(s)+u —
(s) 0s tH Oc 0Os (B.2)

Substituting the relationship #=Vsin (A.2) into
the second and third terms of (B.2) respectively

gives the term MEC(s) in the proposition.
(2) Prove next that MCC(s) = MPC(s) + MEC(s)

Since the function STC(s) defined in Eq. (17) has

an additional term X, 7v's" than the function TC(s)

in Eq. (19), it is immediate that

SMC' (s) = MUC' (s) + MCC(s)

_MUC'(S)+Z i 'aT(S c)+MPC(s) (5.3
This equality implies the assertion.
Appendix C: Proof of Proposition 6
(1) By Proposition 5, it follows that
_ 0T (s/c;c=C)
CMC(s)=vs———"———=
($)=vs—7 (.1)

Substituting Eq. (1) and Proposition 1(2) into the
right side of (C.1) sequentially gives

CMC(s) = vé(— s aT(s/E)) _ T IKC(@)
N N

oc oc (C.2)
(2) By the homogeneity of 7¢ and 7%, it follows
that
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oT(s,c) _ 1 Gﬂd(s/c)+6T2d(s/c)

0Os 2y 0Os os
e[ 1 o'/ o (sfe)
T osl2y e oc (C.3)

Using the above relationship, the optimality
condition in Proposition 1(2) can be rearranged as

below:

L Tﬁ(s/a)_%m_wj
2y 2y dc oc

MKC(@) = w[

=V

P d(of =
iz Tld(S/E)-#éVs 17 T (s/c;e c)_*_aT2 (s/c;e=0)
2y c 2y Os Os

Vs
2y?

J _ s
T (5/@) + = MCC(s) (C.4)

(3) Prove first that the function CMC for the
homogeneous service technology in Proposition
6(1) satisfies the relationship in Proposition 5. The
first term of MEC in Proposition 5 equals CMC.
Replacing this function CMC by the alternative
expression of CMC in Proposition 6(1), and
substituting Proposition 1(2) into the second term
of MEC gives

MEC(s) = (g - %) MKC(@) ©.5)

Substituting MPC' in Proposition 4 into (C.5), and
substituting again the result of the previous step
into Proposition 6(1) gives the equality such that
CMCis the sum of MPC and MEC, as claimed in
Proposition 5.

Prove next the case of non-homogeneous service
technology. Substituting Proposition 6(2) into the
first termof MEC in Proposition 5, and substituting
Proposition 1(2) into the second term of MEC gives

¢ oc .z _
MEC(s)—(;—ajMKC(c)—;MWT(c) ©.0

Here the term ©/s)MWT(©) represents the marginal

external benefit which estimates the value for the
waiting time decrease brought by an addition of
Substituting
Proposition 4 into (C.6), and substitutingagain the

one more service frequency.

result of the previous step into Proposition 6(2)

gives the equality in Proposition 5.

Appendix D: Proof of Eq. (39)

(1) Outline of the proof: We first estimate 9¢/0s

from the following optimality condition:

_ (1 =4\ 10T
ﬁ—vs(ZCz(l+T ) = 66] D1

where T7=T7(s/e). Differentiating (D.1) with

respect to s yields

_1+T* _1+T%0¢c _ 1 oT* _ 1 oT‘oc
0=V———-Vs—— VS— +Vs—;
2¢c ¢’ 0Os 2¢” 0s 2¢° Oc Os
_10T" 1 oT'o0c _ 1 0°T“ 1 0°T* o¢
-V Vs—s —Vs— —-Vs—
2¢ Oc 2c® Oc Os 2¢ dsdc 2¢ dc¢* Os
(D.2)
Estimating 9¢/0s from (D.2) gives
sac_4
26s B (D.3)
where
1 =4 s 0T 10T s 0*T*
A=—\1+T" |+ -
252( ) 2¢% 0s  2¢ o0c 2¢ dsoc (D.4)
1+7Y 18T* 16°T*
B: — - +— 0
c ¢ dc 2 oOc (D.5)

By rearranging terms in (A.4) and (A.5), it will
be shown that
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7<77<1 (D.6)

(2) Rearrangement of (D.4) and (D.5): Since
the function 7%is homogeneous, the last term of
(D.4) can be rearranged as follows:

_iﬁzfdzii_éfd_sﬁ c@T
2¢ 0sO0c 2c Oc 0s 2¢ oc\s dc
_iafd +162Td

2¢ dc 2 oc* . (D.7)

Subsequently, multiplying vs to A in (D.4), and
substituting (D.1) and (D.7) into the result of the
previous step gives

VsA= ﬂ+iaT +§afd +§szd
2¢% 0s  2¢ Oc 2 oct (D.8)
vs 0*T"
=f+— 0
p 2 9c? ) (D.9)

Note that the (D.8) is simplified into (D.9) using
the fact that the function 7 is homogeneous. Finally,
multiplying vs to Bin (D.5), and substituting (D.1)
into the result of the previous step gives

- 2m5d
vw:zm%‘aa; Y0

(D.10)

(3) The proof of the inequalities in (D.6):
Substituting (D.9) and (D.10) into (D.3) gives

s oc vs 0°T¢ vs o' T
2% g+ 2 s
¢ Os (ﬂ 2 ac? J/[ B+ 2 oc? J

Since the second term of the numerator and

(D.11)

denominator is positive, it is clear that (s/¢)dc/as(1/2
On the other hand, when ¢ approaches to s, it follows
that

2Js212/(z'5)3 _
s g(l-s/@)’

(D.13)
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It will be shown in Appendix E that, when s
approaches to 9 | the term ¢(s) also approaches

to s.

Appendix E: Proof of Egs. (43)~(46)

(1) Proof of Eq. (43): The proof is worked out
using the special solution to the differential
equation in (D.1), such that

c(s)= (ij sV =as?

28 (E.1)

Note that this special solution satisfies the equality
in (D.1) under the condition that s approaches to
0 from the right.

Using the above special solution, the value of

lim MUC(s) - . .
lim MUCE) {5 estimated below:

11m MUC(s) =lim — v Jsje
s>+02¢ 1-s/c

v Js/wzsl/2

=lim——m——F—
s> g s 1-s/ra s
—lim—S o
s>+ 752 (zas'? — 5) (E.2)

Finally, the value of VHE)CMC(S)

— ~Fd
lim CMC(s) = lim 25 L~
540 s—>+02¢c  Os s—>+0 72 Oc
. v Jrs

= lim ——— >

s—>+0 D (TC — S)
—lim Jt ﬁ

H02 (‘ra sl/z) T (E.3)

(2) Proof of Eq. (44): The proof is worked out
using the special solution to the differential
equation in (D.1), such that
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s vJ 2 _ S 12
g(S)_T+[2ﬂj s _T+as (E.4)

Note that this special solution satisfies the equality
n (D.1) under the condition that § approaches
to oo.

Using the above special solution, the value of

lim MUC(s) - .
lim MUCK) 45 ostimated below:

— 12
hmMUC(s)— lim v 7 JS/T(S/T+aS 12)
son g/t +as 1-s/t(s/t+as")
= lim ¥— Js =0
o0 ars (s/r+as ) (E.5)

On the other hand, the value of limCMC(s) g

v2,[;’Jrs ﬁ

hmMCC s)=lim—
(=) 222 V) T T (E.6)

(3) Proof of Eq.(45): It is obvious from (E.2)
and (E.5) that MUC(s) is decreasing in s. However,
it appears to difficult to prove this assertion by

evaluating the sign of OMUC(s)/0s | as shown below:

MUCK) __ ¥\, gy, ¥ T o v et

Os 2¢?2 0s 2c Oc Os 2c Os

= 7l[ﬂE7CMC(S))
s Os

Z“[ﬂa‘;ﬂ *T‘]

(E.7)

__lefg(s0c |\, ¥ Fa
B ss(ﬂ[c()’s 1]+25T )SO (E.8)

The above result does not provide concrete

information about the sign of @MUC(s)/és
Specifically, the first term of (E.7) is positive;
whereas, the second is negative. In contrast, the
first term of (E.8) is negative; whereas, the second
term is positive. Therefore it is difficult to find
clear—cut information about the sign from the above
results.

Nonetheless, we can infer from the above

expressions information necessary for figuring out

the configuration of MUC(s) | which is depicted
in {Figure 3). First, if shas the value near to zero,
the absolute value of the first term of (E.8) is
significantly smaller than that of the second term
being infinitely large. That is, the sign is negative
when s is small. Second, it is certain that the
absolute value of the first term of (E.7) approaches
to the absolute value of the second term, as s grows

to infinite. That is, the value of OMUC(s)/0s

approaches to zero, as s grows to infinite.

(4) Proof of Eq. (46):

ocMC(s) _ v oT* (| sab) wsT!(| sae
Os 2c 0Os 2¢ os®

— _
o (1—§a—cjzo
2c Os Os? C 0Os by (D.6).

c 0Os c Os
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