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Modified Ranked Ordering Set Samples for
Estimating the Population Mean

Hyun Gee Kim" and Dong Hee Kim?

Abstract

We propose the new sampling method, called modified ranked ordering
set sampling (MROSS). Kim and Kim (2003) suggested the sign test using
the ranked ordering set sampling (ROSS), and showed that the asymptotic
relative efficiency (ARE) of ROSS against RSS for sign test increases as
sample size does. We propose the estimator for the population mean using
MROSS. The relative precision (RP) of estimator of the population mean
using MROSS method with respect to the usual estimator using modified
RSS is higher, and when the underlying distribution is skewed, the bias of

the proposed estimator is smaller than that of several ranked set sampling
estimators.

Keywords: Biased estimator; modified ranked ordering set sampling (MROSS); relative
precision (RP); skewed distribution.

1. Introduction

Over recent decades many authors studied several modification for the ranked set
samples (RSS), first proposed by McIntyre (1952) for estimating the population mean.
Samawi et al. (1996) used the extreme ranked set sampling (ERSS) to estimate the
population mean. They showed that the ERSS estimator is more efficient than the
simple random sampling (SRS) estimator. Sinha et al. (1996) used the median ranked set
sampling (MRSS) to modify the RSS estimators of the population mean. Muttlak (2003)
studied the usage on the MRSS to estimate the population mean more efficiently than the
usual RSS method. Muttlak (2003) suggested the percentiles ranked set sampling (PRSS)
to come up with estimators that are more efficient if the underlying distributions are
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skewed. Muttlak and Abu-Dayyeh (2004) suggested the weighted extreme RSS (WERSS)
and Weighted median RSS (WMRSS). The ranked ordering set sampling (ROSS) method
is introduced by Kim and Kim (2003), they studied that ROSS is more efficient than
RSS for sign test statistics.

In this paper, we propose the modified ranked ordering set sampling method. The
population mean estimator using the modified ranked ordering set sampling (MROSS)
is more efficient than the estimators of modified RSS[ERSS, MRSS, PRSS, WERSS and
WPRSS].

2. Sampling Method

2.1. Brief review of ranked ordering set sampling

In order to use more informations than RSS, we introduce a Ranked Ordering-Set
Sampling (ROSS). On RSS, we use one of k observations and the remaining k— 1 observa-
tions are returned to the population, but on ROSS, k —1 observations are not returned to
the population. We use them by the following methods. We take a sample of size k from
a specified population and an expert ranks the observations using a visual ordering of the
observations or using the ordering of a concomitant variable in samples. This process is
repeated until we have k different samples each having k ordered units ; X (11)5 - - - » X(1k)
X1y X(2k)se - - s X(k1)s- - - » X(kk), Where X(ij) is the jth order statistic in sample 3. At
this stage we perform another ordering among the units having the same ranking from
different sample, i.e. X(y;),... y X(kj), for j = 1,..., k and measure the j¢" ordered units
for quantification. The quantified observations will be denoted by X ((J]..))l, i=1,...,k
This sampling method is explained in Figure 2.1.

2.2. Modified ranked ordering set sampling

Now we introduce the new sampling method, which we call it Modified Ranked
Ordering-Set Sampling (MROSS). The MROSS method is similar to ROSS, but the
quantified observations for MROSS are not ordered and independent in each cycle. The
sampling method is as follows.

We take a sample of size k from a specified population and an expert ranks the
observations using a visual ordering of the observations or using the ordering of a con-
comitant variable in the samples. This process is repeated until we have k different sam-
ples each having k ordered units; Xany, - Xakys X(21)s - - > X2kys - s X (k1) oo ey X(kky
where X(;;) is the 7" order statistic in the " sample. At this stage, we perform an-
other ordering among the units having the same ranking from different sample, i.e.
Xjys-- s X(kj)» for § = 1,..., k and measure the (k — j + 1)** ordered units for quan-
tification. The quantified observations will be denoted by X ((]].C)Ij +1) yj=1,...,k For
example, if j is 1, we judge the largest observation among X, (11)5 - « - » X(%1), Which will be

denoted by X ((f))l. Figure 2.2 explains this sampling method well.
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Figure 2.1: Display of k measurement observations of the first cycle (ROSS)
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Figure 2.2: Display of k measurement observations of the first cycle (MROSS)

2.3. The population mean estimators for the several RSS sampling
First, the unbiased estimator of the population mean using RSS is defined as
Knss = 23 X,
RSS = niZI (i:m)-

The variance of X pssis given by

Var XRSS 20(1 n),

where U(Qi:n) = E[X(i:n) — E(X(3:))]?. For more details, see Dell and Clutter (1972).
Second, the estimator of the population mean using the extreme ranked set sampling
(ERSS) is defined as

_ 1<
XERss = sz(i:e),

i=1
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where X(;..) denote the smallest of the i** sample (i = 1,2,..., L) and the largest of the

th sample (i=L+1,L+2,...,n) if the sample size n is even. Also denote the smallest
of the i** sample (i = 1,2,...,L;), the median of the 5** sample (i = (n+1)/2) and
the largest of the i*" sample (i = L; + 2,L, + 3, ..., n) if the sample size n is odd. The
variance of X grgg can be written as

Var(XERSS Zd(z ie)?

where a(zi:e) = E[X(i.ey — E(X(i:¢))]. For more details, see Samawi et al. (1996).
Third, the estimator of the population mean using the percentile ranked set sampling
(PRSS) is defined as

- 1w

Xprss = E;X(i:p)v
where X(;.,) denote the (p(n + 1)) order statistic of the i** sample (i = 1,2,...,L;)
and the (g(n + 1))*® order statistic of the i*" sample (i = L; +1,L; +2,... ,n) if the
sample size n is even, where ¢ = 1 —p and 0 < p < 1. Also denote the (p(n +1))** order
statistic of the :** sample (i = 1,2, ..., L,), the median of the it* sample (i=(n+1)/2)
and the (g(n + 1))** order statistic of the i** sample (i = Ly + 2,Ly + 3, ... ,n) if the
sample size is n odd. The variance of X prgs can be written as

VaI‘(XpRSS Zo(z p)?

where 0(21.:1)) = E[X(i.p) — E(X(i:))]?. In this paper, we will consider the case of p = 3
only. For more details, see Muttlak and Abu-Dayyeh (2004).

Fourth, the estimator of the population mean using the weight extreme ranked set
sampling (WERSS) is defined as

XwEerss = ZX(z 1y + ZX(z ) )

i=1

where n; = nw,n; =n(l —w) =n—n;, and 0 < w < 1, is the weight to be chosen to
make Xw grgs unbiased estimator of the population mean. The variance of X wrnrss is

1
Var(Xwgrss) = [wa(l) +(1 - w)afy),

where 0(21) and 0(2”) are the variance of the smallest and the largest order statistic,
respectively. For more details, see Muttlak and Abu-Dayyeh (2004).

Last, the estimator of the population mean using the weight percentile ranked set
sampling (WPRSS) is defined as

_ 1 ni n2
XwpRrss = E(ZX(i:k) + ZX(i:n—k-H))y

i=1 i=1
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where k = p(n+1)andn—k+1=¢g(n+1), whereg=1—pand 0 < p <1, and
ny =nw,ny = n(l —w) =n —nq, and 0 < w < 1, is the weight to be chosen to make
Xw prss unbiased estimator of the population mean. The variance of Xwprss is

- 1
Var(XWPRss) = ;l—[’wO'%k) -+ (1 — W)O'(zn_k+1)],

where of;y and of ;. are the variance of the k™ and (n — k + 1)*" order statistic,
respectively. For more details, see Muttlak and Abu-Dayyeh (2004).

3. The RP of Estimating the Population Mean
using Proposed Estimators

We now introduce the estimator of the population mean using modified ranked or-
dering set sampling (MROSS). The mean estimator is defined as

7 1 - (n—k+1)
X =-Y'Xx ,
MROSS TL; (k)

where X ((g)_kﬂ) denotes the (n — k + 1)** order statistic in the k" ordered sample.
The variance of the mean estimator using MROSS is also defined as

n

— 1 -
Var(X mross) = ﬁZ[UgZ) R,

i=1

—k+1 —k+1 —k+1 . : n—k+1
where [O'EZ) 2 = E[X ((,':) N _EB(X ((;:) ]2 . The density function hgk) )(t) of
the random variable X ((,?)—Hl), represents the pdf of the (n — k + 1)** order statistic of
a sample distribution, H)(t), where Hy)(t) is the cdf of the kth order statistic from a
set of size n, i.e. the density is of the form ;

n—k n! n— _
K0 = Gy e O~ B 01 )

! 2
B (k_l)!(z—k+1)! His (0

x[1 = Hoo (0)]* T H()* 1 [1 - H®)" " 'h(t)

where H, (1) = fioo hky(z)dz, hi(t) is the k™ order statistic of pdf h(t).

To compare MROSS estimators with WERSS, WPRSS, PRSS, ERSS, RSS and SRS
estimators of u, four skewed probability distribution functions are considered for the
populations: exponential, gamma, Weibull and half normal. The variance or the mean
squre error of the sample means for the MROSS, WERSS, WPRSS, PRSS, ERSS and
RSS are calculated for the above distributions using the moments of the order statistics.

The relative precision (RP) of MROSS, WERSS, WPRSS, PRSS, ERSS and RSS
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with respect to SRS can be obtained as follows:

respectively.

Results are summarized as the RP and biases in Table 4.1-4.6 for RSS, PRSS, ERSS,

RP(Xsrs, Xrss) =

RPy(Xsrs, X prss) =

RP3(Xsrs, Xerss) =

RPy(Xsrs, Xwprss) =

RP;(Xsrs, XwERss) =

RPs(Xsrs, X mRrosS) =

Hyun Gee Kim and Dong Hee Kim

Var(YSRS)
Var(X RSS) ’

Var(X srs)

MSE(X prss)’

Var(YSRS)

MSE(Xgrss)’
Var(X srs)

Var(Xwprss)’
Var(fs RS)

Var(XwErss)’

Var(fsgs)

WPRSS, WERSS and MROSS with respect to SRS.

For each population calculations were done with sample size n = 4,5, 6, 7. We obtain
RP for each distribution using software MATHCAD 12.0. From Table 4.1 to 4.6, a gain
in efficiency is obtained by using MROSS for different values of for all the distributions
except exponential distribution in this study. From tables, we know that the proposed
estimator is more efficient than the other estimators for all distributions and sample sizes

in study.

Table 4.1: The RP values for estimating the population mean using RSS, PRSS,
ERSS, WPRSS, WERSS and MROSS for sample size and the bias of each esti-

mators for exponential distribution.

MSE(X mross)’

4. Result and Discussion

sample | RSS PRSS ERSS WPRSS | WERSS MROSS

sizen | RP1 | RP2 Bias | RP3 Bias RP4 RP5 RP6 Bias
4 1.920 | 1.455 0.166 | 1.171 0.333 2.581 1.615 2.907 0.236
5 2.190 | 2.620 0.144 | 1.322 0.150 2.934 1.705 2.629 0.242
6 2.449 | 3.030 0.308 | 0.752 0.097 | 3.169 1.779 | 2.372 0.243
7 2.700 | 3.309 0.280 | 2.813 0.076 | 3.360 1.844 | 2.163 0.241
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Table 4.2: The RP values for Gamma(r = 2, A = 1) distribution.

sample | RSS PRSS ERSS WPRSS | WERSS MROSS

sizen | RP1 | RP2 Bias | RP3 Bias RP4 RP5 RP6 Bias
4 2.096 | 1.313 0.175 | 1.452 0.492 2.623 1.720 3.777  0.248
5 2.424 | 2.858 0.158 | 1.665 0.158 3.051 1.903 3.798 0.255
6 2.742 | 3.243 0.325 | 1.089 0.097 | 3.346 2.006 3.663 0.256
7 3.052 | 3.577 0.297 | 1.188 0.081 3.585 2.092 3.485 0.254

Table 4.3: The RP values for Gamma (r = 4, A = 1) distribution.

sample | RSS PRSS ERSS WPRSS | WERSS MROSS

sizen | RP1 | RP2 Bias | RP3 Bias RP4 RP5 RP6 Bias
4 2.100 | 1.222 0.180 | 1.782 0.713 2.642 1.892 4.615 0.254
5 2.575 | 3.033 0.162 | 1.955 0.162 3.126 2.048 5.175 0.260
6 2939 | 3.392 0.333 | 1.476 0.100 3.452 2.176 5.422 0.261
7 3.292 | 3.764 0.304 | 1.628 0.083 3.721 2.286 5.475 0.260

Table 4.4: The RP values for Weibull (a = 1,b = 2) distribution.

sample | RSS PRSS ERSS WPRSS | WERSS MROSS

sizen | RP1 | RP2 Bias | RP3 Bias RP4 RP5 RP6 Bias
4 2.325 | 1.168 0.029 | 1.987 0.166 | 2.559 2.117 | 4.893 0.041
5 2.744 | 2.999 0.026 | 2.333 0.026 | 3.042 2.376 | 6.055 0.042
6 3.155 | 3.399 0.054 | 2.038 0.016 | 3.434 2.603 | 6.976 0.042
7 3.561 | 3.816 0.050 | 2.272 0.013 | 3.871 2.808 | 7.689 0.042

Table 4.5: The RP values for Weibull (a = 1,b = 4) distribution.

sample | RSS PRSS ERSS WPRSS | WERSS MROSS

sizen | RP1 | RP2 Bias | RP3 Bias RP4 RP5 RP6 Bias
4 2.383 | 1.034 0.002 | 2.135 0.092 | 2.531 2.139 | 5.772 0.004
5 2.830 | 3136 0.002 | 2.536 0.003 | 3.106 2.401 | 8.064 0.004
6 3.243 | 3.493 0.004 | 2.615 0.001 | 3.496 2.634 | 9.763 0.004
7 3.671 | 3.927 0.004 | 2.981 0.001 | 3.847 2.845 | 13.46 0.004

Table 4.6: The RP values for Half-normal (1) distribution.

sample | RSS PRSS ERSS WPRSS | WERSS MROSS

sizen | RP1 | RP2 Bias | RP3 Bias RP4 RP5 RP6 Bias
4 2.239 | 1.257 0.065 | 1.768 0.211 | 2.441 2.096 | 3.695 0.118
5 2.628 | 2.721 0.058 | 2.048 0.058 | 2.875 2.362 | 3.969 0.121
6 3.010 | 3.198 0.120 | 1.456 0.034 | 3.268 2.599 | 4.006 0.122
7 3.386 | 3.594 0.109 | 1.599 0.028 | 3.633 2.813 | 3.958 0.121
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5. Further Work

In this article, we propose the estimator of the population mean using modified
ranked ordering set sampling. But, the proposed estimator has slightly small bias. We
are working about the unbiased estimator of modified ranked ordering set sampling using
weights.
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