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ABSTRACT

In recent years, experimental and theoretical studies show that turbulent flows looking
disordered have a definite structure produced repetitively with visible order. As a core structure
of turbulence, hairpin vortices are believed to play a major role in developing and sustaining the
turbulence process in the near wall region of turbulent boundary layers and may be regarded as
the simplest conceptual model that can account for the essential features of the wall pressure
fluctuations. In this work, fully developed typical hairpin vortices are focused and the associated
surface pressure distributions and their corresponding spectra are estimated. On the basis of the
attached eddy model, the overall surface pressure spectra are represented in terms of the eddy
size distribution. The model is validated by comparison of predicted wavenumber spectra with
existing empirical models, the results of direct numerical simulation (DNS) and also spatial
correlations with experimental measurements.

2 o

@ B 43 9 024 ATES FAMAH Holt URATE BAY 722 /M
4o BEHole) ZIHY ANEE T Ygd RAFT Uk AR Gt
2 BAAAT AR 328 482 e BRY B9 PR 29 gEus
Aga & 5 Qe N 292 AN Stk o] ATIE URAAZIN A4S o)
I EW s 4Y ANEYS AT FRGF UYL Bel olFe] fUlsHe A B
=YL ANSEE o 4TS B3 BIY ANPEL BT 99 712

4Y 9 ol2ANE o dojdl A3E vlwalel A £84S FHAA,

| 8 o 1B [

1. Introduction
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The pressure fluctuations induced by turbulent
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radiated sound, in many practical

in which turbulent flow wets a

hence
applications
flexible wall. The need to reduce the noise
induced by boundary layers implies a requirement
for a simple model capable of providing reliable
insights into the characteristics of the wall
pressure fluctuations.
Turbulent boundary
stress at the wall,
connection between this shear stress and the

structure of turbulent flows in the vicinity of

layers exert a shear

and there is a strong

the wall. Much recent empirical and numerical
research has shown that the region of the flow
with high vorticity near the wall appears as a
bunch of hairpin vortices and longitudinal tubes.
Head and Bandyopadhyay(“
turbulent boundary layer over a wide range of

investigated a

Reynolds number and observed hairpin vortices
which are aligned at 45° to the wall and
convected with a uniform velocity. While these
vortices are undergoing a stretching motion,
they remain straight and group together to form
large scale structures, but they do not appear to
be interacting strongly with each other. In flow
visualization studies, many authors confirmed
this feature of the hairpin vortices.

In this work, fully developed hairpin vortices
inclined at an angle of 45° to the wall are
focused, and their associated surface pressure
distributions  and
estimated. On the assumption that fully developed
governed by

corresponding spectra are

hairpin  vortices are inviscid
dynamics, an exact formulation for the stagnation
pressure is obtained, in terms of a Green
function integral along the vortex lines. The
surface static pressure is then evaluated by
subtracting the dynamic pressure from the
results of this formulation applied to the vortex
geometry.

On the basis of the attached eddy model,
which implies that the form of the wave number

spectrum can be deduced from the properties
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of a single eddy, the expressions needed for
the surface pressure spectra in terms of eddy
number-density are developed. This approach
draws on flow visualization evidence@), which
indicates that the number of eddies observed in
both stream—wise and span-wise directions of
the flow is inversely proportional to their size.
The overall wave number spectrum consists of
contributions from eddies of all sizes, weighted
by the eddy number density. The predicted
wavenumber spectra are compared with those of
empirical models and also with the results of
DNS. The model is also validated by comparison
of predicted spatial correlations with flight-test
measurements.

2. Turbulent Structure
and Wall Pressures

Many analytical approaches linking velocity

and wall pressure fluctuations in turbulent

boundary layers have been proposed. One of

them, for incompressible fluctuations, begins
with the Poisson equation:
v 2p=— Nuuy) o))

0x 0% ;

The dominant contribution to the wall pressure
fluctuations in turbulent boundary layers comes
from Reynolds stresses, and the pressure field
induced by turbulent flows is obtained by solving
this equation. However, Reynolds stresses cannot
be calculated
turbulent flow is known. The traditional approach

explicitly until the complete
consists of determining models for Reynolds
stresses based on empirical statistics so that
the Navier—-Stokes equation can be closed. The
characteristics of the wall pressure fluctuations
have been identified through spectral analysis.
Significant contributions to the high wave number
pressure components are attributed to activity in

the near wall region, while contributions to the
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low wave number components are associated
with larger structures in the outer layers.
Increasingly, the importance of the coherent
structures of turbulent boundary layers and their
contributions to the wall pressure fluctuations is
heing recognized. These features help in identifying
characteristics of the surface pressures and
in forming a model for the
field beneath boundary
layers. Hence a better understanding of the

their spectra
pressure turbulent
surface pressures induced by typical turbulent
structures is required.

3. Numerical Formulation
Here the equations is derived for determining

induced by the
regarded as

the surface pressure field
which is
symmetric thin vortex lines inclined at 45° to the
wall joined by a horizontal head (see Fig. 1).

hairpin  vortex, two

In order to satisfy the wall boundary condition,
image vortex lines are placed symmetrically
beneath them. A suitable cut-off distance (c)
and vortex core diameter (d) are adopted to
avoid the the
integral. The cut-off distance is thus taken as

singularity in self-induction
proportional to the vortex core diameter which
is also proportional to the distance between the
two legs.

Starting from the Navier-Stokes equation for an

incompressible flow and using the vector identity,

(Cusv) u= V(—%—u . %) — wx o, and introducing

Ivage Vortes 3

Fig. 1 Configuration for the hairpin vortex model

the stagnation pressure, g, t):p'+—% ol 4% the
momentum equation may be written in the form

(%7 + ox ) =—vp+uv iy @

Taking the divergence of each term in Eq.
(2) and using the continuity equation for an
incompressible flow, the Poisson equation for
the stagnation pressure can be obtained:

V 2p=—pV + ( 0X 1) &)
The solution of the Poisson equation can be

determined in terms of the Green function G(Y|X):

-1
Y- X @

—1
G(Y]X)= 4E|Y‘“X‘ +

where Y= (y,,y,,v,) is the field point, and

X*=(x,x5,—x3 1is the image point of

X=(x,,x5,x3)
The stagnation pressure is written in terms
of a volume integral over the region in which

the vorticity is not zero, and a surface integral
due to viscous effects,

nxp=[ V& oo g2,

+ fsuGV Yy qdy dy

)

Figure 2 shows the static pressure fields on
the surface for different
concludes that when [ is larger than 1gA the

aspect ratios. It

effect of the head is almost insignificant. As the
aspect ratio decreases from this value, however,
the pressure field shows marked quantitative and
qualitative differences, eventually changing from
being essentially positive in x)>g, and negative
in x<Q, to the opposite by 1/A=0.5.

4. Spectral Quantities

1(2)

In experimental works, Perry et al™ showed
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that an isolated hairpin vortex undergoes a
stretching motion in which the vortex height L
increases uniformly with time and the distance
A between the two legs of the hairpin vortex
at the wall decreases such that the product AL
remains constant. They also showed a
geometrically similar random array of hairpin
vortices exists in the turbulent wall region and
all eddy arrays have the same velocity scale
(~u,). They applied the observation that the
only velocity scale in the log-law region is the
friction velocity (y.) to each individual eddy.

Thus the typical hairpin vortex, with length

scale A, has vorticity o~ A 7! and circulation
T~y A

Flow visualization work that they cite indicates
that the number of eddies observed in both
stream-wise (x) and span-wise (y) directions
decreases like A ~!. This implies that the number
of eddies per unit area around a scale A should
be four times that around the scale 9A, and this
requirement is fulfilled by the eddy number density
nd)=Nr 73, The physical
interpretation of the increase in circulation with
size is linked to the A-! distribution of eddies in
which

with N constant.

implies

direction,

the stream-wise

rbbbbbbbbonooopoon
SAN=00O0DODODDDDD=D
~NOOQOUVWN=OQOO=2=2WADMNDOD

Fig. 2 Surface pressure contours according to different eddy aspect ratios
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combination as they evolve and grow.

The key point in deriving spectra from the
attached eddy model is that the eddies are not
correlated (on average). This implies that the
form of a spectrum can be deduced from the
properties of a single eddy. This approach is
applied to velocity auto and cross—spectra by
Perry et al®, but it can be equally well used for
pressure spectra. Here, an alternative approach
is developed, in terms of eddy number density,
to obtain expressions needed for the surface
pressure spectra. The wavenumber spectrum is
defined by

Sk o b ) =dint™ wRG, 0)e " e ™ dan ©6)

with R, ,n) the spatial correlation of the
surface pressure, where % and n are space
separations.

RG,n)= plx, »)p(x+3, y+1) ¢

It can be related to the Fourier transform of
the pressure field,

Pk, k) =dint” o p(x, e e ™ axdy ©)

via generalized function theory(B), with the result
that

(2m) %6(k 4+ £ )6k ,+k ISk k) ©
9

= Pk k)Pkok,)

The pressure field arising from all eddies is

Pk )=2P (x=% 9=y ..M 10
where (, y) is the eddy location. The
Fourier transform is thus
P(k x’ky)z gpe(kx,ky,)\)e —ik,x‘e —ik,y,
a1y

where p, is the eddy number density and

Pk, ,k, \) is the Fourier transform of the

pressure field due to an individual eddy. Note
that the ensemble average has removed all

terms involving contributions from different

eddies. Then the summation is replaced with an
integral over eddy location and scale, giving

(2m) %k 4+ £ )6k, + b )S(k,, k)
& . .
= [ dint?onP (ko kNP (B kM)

e vi(kY+k,)xte —i(k,+ky)yedx edy ed)\
12

Here A, is the scale of the smallest eddy
(around 100v/«.), and & the boundary layer
thickness which is the scale of the largest
eddy. Integration over g and k'y now yields

Stk )= aMIP (kb2 (3

the stream-wise and

span-wise spectrum are respectively expressed

In the same way,

as follow:

Stkon=0= [ [ a0IP (k..M *dsar
a9

SG=0.k)= [ [ aIPLr, by, M)
(15)

Figure 3 shows parameter studies presenting

the influence of varying X __ (A __/6) and

max max

N (M /6) values for the eddy aspect ratio,
L/A=10.0- A -1 slope clearly appears in both
stream—wise and span-wise spectra. As the
eddy (%X

level decreases and

largest scale ) decrease, the

its peak or
roll-off appears at higher wavenumber regions.

spectrum’s

When the smallest eddy scale ( X ) increases

the spectrum’s level collapses earlier.

5. Model Validation

ro
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5.1 Comparison with Empirical Models

The purely empirical models discussed in
earlier work by Graham® were those of
Corcos®, Efimtsov(e), and Smol'yakov and
Tkachenko™. Of these, the Corcos model is
compromised by having no dependence of
correlation length on boundary layer thickness,
so it is restrict to the latter two in this work.
Efimtsov follows Corcos in postulating a model

of the form

—18/A,  —Inl/A, WU,
RG,n,0)=0(a)e e e 16)
10% g
10'5'-
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i~y
e
<
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Fig. 3 Parameter study for the eddy aspect ratio

1s the point pressure
U,
dependent) convection velocity and A o A

In Eq.(16), o(w)

spectrum,  R(0,0,0), is a (frequency-

y

are correlation length scales. Corresponding

one—dimensional wavenumber frequency specira

are
2®(0)A
Sk, n=0,0)= 2 = 3 (17a)
iy [1+ALk,—0/UY "
20 (w)A
SE=0,k, 0)=—""—""""— a7
g’ [1+(£,A)7
107 ¢
10'5—
10 50viu 5 A
E 100v/u 5 e
N - 300v/us |\'-‘
" 500v/u_s FLHE
L ~ 700vius T
E o
E it
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Bk,
)
10° g
E
104- T RPN R OTI BRI SO 11 N YA A
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3k,
(d

L/A=10.0. Stream-wise wavenumber spectra: (a)

varying the largest eddy scales from 1.414 to 0.141; (b) varying the smallest eddy scales from
50 to 700v/u.5; Span-wise wavenumber spectra; (c) varying the largest eddy scales from 1.414

to 0.141; (d) varying the smallest eddy scales from 50 to 700v/« 5
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The one-dimensional wavenumber frequency
spectra of Eq.(17a) and (17b) are unaffected by
this choice, but the two-dimensional spectrum
becomes

Stk by, 0)=
(o)A A (18)

[1+ A%k, —0/U )2+ (kA ) D]

Many authors have proposed curve fits for this
quantity; for consistency, an initial choice for
the model is that proposed by Efimtsov;

10% g
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E
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10°g.
“, 10"
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X, E
= "
& 0%k
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T
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Sk

(b
Fig. 4 Comparison of predicted wavenumber
spectra with  empirical models. (a)
stream-wise; (b) span—wise

48 0.01%
e [140.02(06/u ) ¥

D g(o)= 19

This form, however, has a major drawback, in
that its integral is undefined. However, a form
that addresses these issues is also desirable,
and here the modified expression is used.

126 2n8.28(w8 *fy ) 8
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Fig. 5 Comparison of predicted wavenumber

spectra with DNS results. (a) stream—wise;
(b) span-wise
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R —————— e — = = ]
e

where §* is the boundary layer displacement
thickness. Eq.(20) is Ahn’s estimate® of the

® smooth wall data.

best curve-fit to Blake’s

The associated one—dimensional spectra are
shown over a wide range (and hence on
logarithmic scales) in Fig.4. Here it is first
clear that the agreement is best for the lateral
spectrum, with the two best-fit pairs matching
closely in both initial level and rate of roll-off.
An extended %! region is clearly visible. In
contrast, the longitudinal spectra derived from
empirical models show either no such region
(using @ (o)) or a very limited one (using
® 4(0)). The attached eddy model spectra

again have an extensive %! region, and hence

roll off less quickly than their empirical

counterparts.

5.2 Comparison with DNS Results
The difficulty in making comparisons with DNS

can be illustrated by closer consideration of the
limits for the scale integrals of Egs.(13), (14)
and (15). Recall that, on physical grounds, it is
X me=100/R,, and X =VoM/L,
where R, =u.8/v. For R, ~100, typical of

expected

the DNS, there is thus no range of eddy scales
to integrate over if [/AyV2. Physically, then,
the concept of a hierarchy of eddies, central to
the attached eddy model, is dubious at these
With  this
agreement between the model is investigated,

Reynolds numbers. caveat, the

using low values of /A, and the DNS data of
Choi and Moin®, for which R, («.5/v)=180.
For eddies with [/A=1, it has X = (.556 and
K= 1.414; increase in  [L/A
would make this range unfeasibly small, so

any significant

higher aspect ratio eddies are not considered.
The overall levels of the predicted spectra are
set by the that they should
integrate same mean

requirement
to give the square

pressure as the DNS, which, because of the

412/#2 LSS =2F/A 178 A5, 2007

low Reynolds number, is only (1.5t,)% The

results are compared with the DNS data in Fig.
5, where it shows generally good agreement for
the longitudinal spectra, except at low
but a slightly early
roll-off in the lateral prediction. A small change
X and R, to 0.389 and
1.272 respectively, reduces this discrepancy to
some extent, but it has no physical justification
for this choice. Note also the oscillations in the

wavenumber regions,

in the parameters

predicted lateral spectra, remnants of the lobed
structure seen in the corresponding universal
spectrum, which has not been fully averaged
out in this limited scale integral.

5.3 Comparison with Experimental Data
Here the predictions of the model with data

measured by NASA Langley Research Center
are compared. NASA measured fuselage surface
pressures, panel vibrations and interior noise
levels on a Tu-144LL aircraft (see Rizzi et al™”
for details). The corresponding boundary layer
parameters required for the model are set out
in Tablel. Note that no measurements of
boundary layer thickness are available; the
values given here are calculated from empirical
American (6 ,) and Russian (6 ) expressions
cited by Rizzi et al."?

Figure 6 shows the resulting model predictions,

for [/A=1 and 2 (with & set accordingly),

max

data.
correlation function is plotted against %/§ and n/§

and the experimental The normalized

so the same absolute experimental separation

Table1l Boundary layer parameters used in the

model
Mach number ( A9 0.74
Altitude 5.0km
Free stream speed of sound ( o) 320.545 m/s
Kinematic viscosity (v) 2.2x107°m¥/s
Reynolds number ( j{J/v) 5.574x10°

where jis the distance from aircraft nose, and (7= pxg-
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Fig. 6 Comparison of spatial correlations. (a)
stream-wise; (b) span-wise

gives rise to two experimental points,

corresponding to the American and Russian
boundary layer thicknesses. Similarly, & varies
according to the choice of 6, but this has an

almost negligible effect on the predictions.

Changing the aspect ratio is much more
influential; increasing /A from 1 to 2
noticeably decreases both longitudinal and

lateral correlation lengths. These aspect ratios
span the variation in experimental data due to
the different estimates of &; the use of &,
gives results closely predicted by the L/A=1
curve, while &, leads to values in agreement

6. Conclusions

In this paper it is applied the formulation for
the pressure field associated with a given
vorticity distribution in an incompressible fluid
to calculate the wall pressures associated with
a typical hairpin vortex. The attached eddy

then the
wavenumber the
pressures due to an ensemble of such eddies of
The form of
three

hypothesis  is used to derive

instantaneous spectra  of

size. these spectra
depends on parameters; the
minimum and maximum eddy size, and the
aspect ratio, /A, of the ensemble members.
Specifically, the

increases spectral levels at high wavenumber,

varying
model

reducing minimum  Size
while increasing the maximum size does the
same at low wavenumber. Increasing the aspect
ratio introduces a peak in the intermediate
wavenumber region of the longitudinal spectrum,
but has minimal effect on the shape of the
lateral spectrum.

The model was tested by comparison with: (i)
high Reynolds number instantaneous spectra
empirical  expressions  for

derived  from

wavenumber frequency spectra; (i) low
Reynolds number instantaneous spectra from
DNS results; (iii) high Reynolds number spatial
correlations measured in flight tests. In all
cases, the level of agreement is encouragingly
good, given the simplicity of the model.
The paper that this

structure model shows considerable promise in

concludes coherent

describing wall pressures undemeath high
Reynolds number turbulent boundary layers, and
is therefore potentially useful for investigating
details of their structure that are currently
inaccessible via other techniques. However, more
detailed validation against high spatial resolution
experimental data is probably required before it

can be employed with complete confidence.
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