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INTUITIONISTIC FUZZY SETS IN GAMMA-SEMIGROUPS

MuUsTAFA UCKUN, MEHMET ALI OZTURK, AND YOUNG BAE JUN

ABSTRACT. We consider the intuitionistic fuzzification of the concept of

several I-ideals in a I'-semigroup S, and investigate some properties of
such I'-ideals.

1. Introduction

The notion of a fuzzy set in a set was introduced by L. A. Zadeh [10], and
since then this concept has been applied to various algebraic structures. K.
T. Atanassov [1] defined the notion of an intuitionistic fuzzy set, as a concept,
more general than a fuzzy set (see also [2]). Using fuzzy ideals, N. Kuroki [5]
discussed characterizations of semigroups (see also [6]). K. H. Kim and Y.
B. Jun (3] considered the intuitionistic fuzzification of the notion of several
ideals in a semigroup, and investigated some properties of such ideals (see also
[4]). M. K. Sen and N. K. Saha [9] defined the concept of a [-semigroup, and
established a relation between regular I'-semigroup and I'-group (see also |7],
[8]). In this paper, we introduce the notion of an intuitionistic fuzzy I'-ideal of a

I'-semigroup, and we investigate some properties connected with intuitionistic
fuzzy I'-ideals in a I'-semigroup.

2. Preliminaries

Let S ={z,y,2,...} and I" = {a, 3,7, ...} be two non-empty sets. Then S
1s called a I'-semigroup if it satisfies

e Yy €5,

o (zBy)vz = zB(yvz)
for all z,y,2 € S and 38,7 € I'. A non-empty subset U of a I"-semigroup S
is said to be a I'-subsemigroup of S if UT'U C U. A left (right) I'-ideal of a

I'-semigroup S is a non-empty subset U of S such that STU C U (UT'S CU).
If U is both a left and a right I'-ideal of a I'-semigroup S, then we say that U is
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a I'-ideal of S. A T'-subsemigroup U of a I'-semigroup S is called an interior I -
ideal of S it STUT'S C U. A T'-bi-ideal of a I'-semigroup § is a I'-subsemigroup
U of S such that UT'STU C U. Let L[x]| denote the principal left I'-ideal of a
I'-semigroup S generated by x in S, that is, L[z] = {z} USTz. A TI'-semigroup
S is said to be regular if, for each z € S, there exist s € S and 8,y € I" such
that ¢ = zf@svyx. A I'-semigroup S is called left-zero (right-zero) if xyy = x
(zyy =y) for all z,y € S and v € T". A I'-semigroup S is said to be left (right)
simple if S has no proper left (right) I'-ideals. If a I’-semigroup S has no proper
I'-ideals, then we say that S is simple. An element e in a I'-semigroup S is
called an tdempotent if eye = e for some v € I'. Let Eg denote the set of all
idempotents in a I'-semigroup S.

By a fuzzy set p in a non-empty set X we mean a function u : X —
0,1] and the complement of u, denoted by i, is the fuzzy set in X given by
a(x) =1— p(x) for all z € X. An intuitionistic fuzzy set (briefly IFS) A in a
non-empty set X is an object having the form

A = {(xjﬂ,A(m),l/A(xn l T e X},

where the functions g4 : X — [0,1] and v4 : X — [0,1] define the degree
of membership and the degree of non-membership of the element z € X to the
set A, which is a subset of X, respectively, and

0< pa(z) +rva(z) <1

for all z € X. An intuitionistic fuzzy set A = {{x, pa(z),va(z)) | z € X} in
X can be identified to an ordered pair (ua,v4) in IX x IX where I = [0,1].
For the sake of simplicity, we shall use the symbol A = (u4,v4) for the IFS
A ={{z,pa(z),va(x)) | x € X}. Let xy denote the characteristic function of
a non-empty subset U of a I'-semigroup S.

3. Intuitionistic fuzzy I'-ideals

In what follows, let S denote a I'-semigroup unless otherwise specified.

Definition 3.1. For an IFS A = (ua,v4) in S, consider the following axioms:

(0S1) pa(@yy) > min{pa(z), pa(y)},

(['S2) va(zyy) < max{va(z),va(y)}
for all z,y € Sand v €T". Then A = (u4,v4) is called a first (resp. second)
intuttionistic fuzzy I'-subsemigroup (briefly TFT'S, (resp. IFT'Ss)) of S if it
satisfies (I'S1) (resp. (I'Sz)). Also, A = (ua,va) is said to be an intuitionistic
fuzzy T'-subsemigroup (briefly IFT'S) of S if it is both a first and a second
intuitionistic fuzzy I'-subsemigroup.

Theorem 3.2. IfU is a T'-subsemigroup of S, then U = (xv,Xxv) ts an IFT'S
of S.
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Proof. Let z,y € § and v € I". From the hypothesis, zyy € U if z,y € U. In
this case

xv(zvy) = 1 > min{xv(z), xv(y)}
and
Xv(zvy) =1 - xv(zvy)
<1 —min{xy(z), xv(y)}
= max{1l — xv(z),1 - xv(y)}
= max{Xv(z), Xxv(¥)}-
Ifx¢Uory¢U, then xy(x) =0 or xy(y) =0. Thus

xu(zyy) 2 0 = min{xy(z), xv(y)}

and
max{Xv(z), Xv(y)} = max{l — xv(z),1 — xv(y)}
=1 —min{xv(z), xv{y)}
=12 xu(zvy)-
This completes the proof. [

Theorem 3.3. Let U be a non-empty subset of S. If U = (xv,Xu) s an
IFT'Sy or IFT'Sy of S, then U is a I'-subsemigroup of S.

Proof. Suppose that U = (xv,Xv) is an IFT'S; of S and x € UT'U. In this
case, x = uyv for some u,v € U and v € I". It follows from (I'S7) that

xv(z) = xv(uwyv) > min{xv(u), xv(v)} = 1.
Hence xy(x) =1, i.e. z € U. Thus U is a I'-subsemigroup of S.

Now, assume that U = (xu, xv) is an IFT'S, of S and &’ € UTU. Then
z' = u'y"v for some v',v' € U and 4/ € T. Using (I'Sz), we get that

Xu (z) = xv (u'yv')
< max{xv(v'), xv(v')}
= max{1 — xy(u'),1 — xy(¥)} =0
and so xy(z') = 1 — xu(2’) = 0. Therefore xy(z’) = 1, i.e. o’ € U. This
completes the proof. [

Definition 3.4. For an IF'S A = (u4,v4) in S, consider the following axioms:

(LT1) pa(zvy) = pa(y),

(LT12) va(zyvy) < valy)

for all z,y € S and v € I'. Then A = (ua,va) is called a first (resp. sec-
ond) intuitionistic fuzzy left T'-ideal (briefly IFLTI; (resp. IFLT'I;)) of S if it
satisfies (LI'I1) (resp. (LI'I2)). Also, A = (ua,va) is said to be an intuition-
istic fuzzy left T'-ideal (briefly IFLT'I) of S if it is both a first and a second
intuitionistic fuzzy left I'-ideal.
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Definition 3.5. For an IF'S A = (ua,v4) in S, consider the following axioms:
(RTI) pa(zvy) 2 pa(z),

(RT'Iz) va(zvy) < val(z)

for all xz,y € S and v € I'. Then A = (u4,v4) is called a first (resp. second)
intuitionistic fuzzy right T'-ideal (briefly IFRT'I; (resp. IFRTIy)) of S if it
satisfies (RT'I1) (resp. (RI'L:)). Also, A = (ua,va) is said to be an intuition-
istic fuzzy right T'-ideal (briefly IFRIT'I) of S if it is both a first and a second
intuitionistic fuzzy right I'-ideal.

Definition 3.6. Let A = (u4,v4) bean IFSin S. Then A = (a,v4) is called
an intustionistic fuzzy I'-ideal (briefly IFT'T) of S if it is both an intuitionistic
fuzzy left and an intuitionistic fuzzy right I'-ideal.

Proposition 3.7. Let U be a left-zero I'-subsemigroup of S. If A = (pua,va) is
an IFLI'I of S, then the restriction of A to U is constant, that is, A(z) = A(y)
for all x,y € U.

Proof. Let z,y € U. Since U is left-zero, zyy = xz and yyx = y for all vy € T".
In this case, from the hypothesis, we have that |

pa(z) = palzyy) > paly),
paly) = palyyr) > pa(z)

and

va(z) = va(zvyy) < valy),
va(y) = valyrz) < va(z).

Thus we obtain pa(x) = pa(y) and va(z) = va(y) for all z,y € U. Hence
A(z) = A(y) for all z,y € U. ]

Lemma 3.8. IfU is a left T-ideal of S, then U = (xu,Xu) is an IFLTI of S.

Proof. Let x,y € S and v € I'. Since U is a left '-ideal of S, zyy e U ify € U.
It follows that

xv(zvy) =1=xuv(y)
and

Xu(zvy) =1—xv(zvy) =0=1-xv(y) = Xv(¥)
If y ¢ U, then xy(y) = 0. In this case
xv(zvy) 2 0 = xu(y)
and
Xu(y) =1-xv(y) =12 xv(zyy).
Consequently, U = (xv,Xv)isan IFLTT of S. (]

Theorem 3.9. Let A = (ua,va) be an IFLTI of S. If Es is a left-zero
[-subsemigroup of S, then A(e) = A(e’) for all e,e’ € Es.
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Proof. Let e,e’ € Fg. From the hypothesis, eve’! = e and e¢'ve = ¢’ for all
v € I'. Thus, since A = (ua,v4) is an IFLTI of S, we get that

pale) = pa(eve’) > pa(e’),
pale’) =pa(e've) > pale)

and

va(e) = va(eve’) < vale'),

va(e') =va(e'ye) < vale)
Hence we have pa(e) = pa(e’) and vy(e) = va(e') for all e,e’ € Eg. This
completes the proof. [l

Theorem 3.10. Let S be regular. If, for every non-empty subset U of S,
U = (xu,xv) is an IFLTIy (or IFLTL) of S and U(e) = U(e') for all
e,e € Eg, then Eg is a left-zero I'-subsemigroup of S.

Proof. Since S is regular, Es is non-empty. Let e = eve, ¢/ = e'v'e’ € Eg
where v,7" € I'. Because of S is regular, L[e] = STe. Since Lle] is a left I-ideal
of S, we obtain Lle] = (xL[e], XL[e}) is an TF LTIy (or IFLI'Iz) of S by Lemma

3.8. In this case, from the hypothesis, we get that
XLiel(€) = xrje)(e) =1 (or Xrjg(€') = Xre(e) = 0).
Hence e’ € Lle] = STe. Thus

¢’ = zfBe = xfB(eve) = (zfe)ve = e've

for some z € § and 3 € I". Consequently, Eg is a left-zero I'-semigroup. []

Definition 3.11. For an IFS A = (ua,va) in S, consider the following ax-
ioms:

(ITT) pa(zBsvy) > pa(s),

(IT13) va(zBsyy) < va(s)

for all s,z,y € S and 8,7 € I'. Then A = (ua,va) is called a first (resp.
second) intustionistic fuzzy interior I'-ideal (briefly IFITI; (resp. IFITL))
of §if it is an IFT'S; (resp. IFTS,) satisfying (IT'Iy) (resp. (IT'I2)). Also,
A = (ua,va4) is said to be an intuitionistic fuzzy interior T'-ideal (briefly

IFITT) of § if it is both a first and a second intuitionistic fuzzy interior I'-
ideal.

Remark 3.12. It is clear that every IFT'I of S isan IFITI of S.
Theorem 3.13. If S is regular, then every IFITI of S is an IFT'T of S.

Proof. Let A= (pa,v4) be an IFITT of S and z,y € S. In this case, because
of S is regular, there exist s,8' € S and 3,5',7v,~7" € I such that x = x8svyx
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and y = y3's'y'y. Thus

1 r_ 7

pa(za'y) = pa(za (yB's'y'y))
= pa(za'yf' (s'v'y))
> pay)
and

va(za'y) = va(zd (yB's'y'y))
= va(za'yB' (s'v'y))
<va(y)

for all o/ € I'. It follows that A = (ua,va) is an IFLLT of S. Similarly, we
can show that A = (ua,v4) is an IFRI'T of S. This completes the proof. [

Theorem 3.14. If U is an interior I'-ideal of S, then U = (xu, Xu) s an
IFITI of S.

Proof. Since U is a I'-subsemigroup of S, we have that U = (xu,Xv) is an

IFT'S of § by Theorem 3.2. Let s,z,y € S and 3, € I'. From the hypothesis,
xBsyy € U if s € U. In this case

xu(zBsvy) =1 = xuv(s)
and
Xu(zBsvy) =1 - xu(zBsyy) =0=1—-xuv(s) = Xxv(s).
If s ¢ U, then xy(s) =0. Thus

xuv(zBsyy) > 0= xuv(s)
and
Xu(s) =1-xu(s) =12 xu(zBsvy)
Consequently, U = (xv,Xu) is an IFITT of S. ]

Theorem 3.15. Let S be reqular and U a non-empty subset of S. If U =
(xu,Xvu) ts an IFITI, or IFITI, of S, then U is an intertor I'-ideal of S.

- Proof. It is clear that U is a I'-subsemigroup of S by Theorem 3.3. Suppose
that U = (xu, xv) isan IFITI; of S and £ € STUT'S. In this case, x = sfBu~t
for some s,t € .S, uw € U and 8,7 € T". It follows from (IT'I;) that

xu(x) = xu(sfurt) 2 xu(u) = 1.
Hence xy(x) =1, i.e. z € U. Thus U is an interior I'-ideal of S.
Now, assume that U = (xy, Xv) is an IFIT'I; of S and 2/ € STUT'S. Then
' = §'B'u/v't' for some §/,t' € S, v’ € U and #,7" € . Using (IT']), we
obtain
xu(a') = xv(s'Bu'y't) < xv(w) =1—xu() =0
and so xu(z') =1 — xu(2’) = 0. Therefore xy(z') = 1, i.e. ' € U. This
completes the proof. 0
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Definition 3.16. S is called first (resp. second) intuitionistic fuzzy left sim-
ple if every IFLT'I; (resp. IFLTI;) of S is constant. Also, S is said to be
intuttionistic fuzzy left simple if it is both first and second intuitionistic fuzzy
left simple, i.e. every IFLI'T of S is constant.

Theorem 3.17. If S is left simple, then S is intuitionistic fuzzy left simple.

Proof. Let A = (ua,va) bean IFLT'I of S and z,x’ € S. In this case, because
of S is left simple, there exist s,s’ € S and «,7’ € I such that z = syz' and
' = s'y'x. Thus, since A = (ua,va) is an IFLTT of S, we get that

pa(z) = palsyz’) = pale’),

pa(z’) = pa(s'y'z) 2 palz)
and

va(a) =va(syz') <vala'),

va(az') = va(s'+'z) <va(x).
Hence we have pa(z) = pa(a’) and va(x) = va(z') for all z,2" € S, that

is, A(x) = A(z) for all z,2’ € S. Consequently, S is intuitionistic fuzzy left
simple. 0]

Theorem 3.18. If S is first or second intuitionistic fuzzy left simple, then S
is left simple.

Proof. Let U be aleft I'-ideal of S. Suppose that S is first (or second) intuition-
istic fuzzy left simple. Because of U = (xu,Xv) is an IFLI'I of S by Lemma
3.8, U = (xu,Xv) is an IFLT'I; (and IFLTI;) of S. From the hypothesis,
xu (and Xy) is constant. Since U is non-empty, it follows that xy = 1 (or
xuv = 0), where 1 and 0 are fuzzy sets in S defined by 1(z) =1 and 0(z) =0

for all x € S, respectively. Thus x € U for all z € §. This completes the
proof. [

Theorem 3.19. If S is simple, then every IFIT'I of S is constant.

Proof. Let A = (ua,va) be an IFITT of S and z,z’ € §. In this case, because
of S is simple, there exist s, s’,¢t,t' € S and 3,5’,v,7" € T such that x = szt
and &’ = ¢’ xy't’. Thus, since A = (pua,v4) is an IFIT'I of S, we obtain that

pa(z) = pa(sfe’'~yt) > pa(z’),

pa(x') = pa(s'B'zy't’) > pa(z)
and |

va(z) = va(spa'yt) < va(z'),

va(z") = va(s'fey't’) <va(z).

Hence we get pa(z) = pa(z’) and va(x) = va(z’) for all z,2" € S. Conse-
quently, A = (ua,v4) is constant. []
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Definition 3.20. For an IFT'S A = (ua,v4) in S, consider the following
axioms:

(I'B1) pa(xzBsyy) > min{ua(z), na(y)},
(TBz2) va(zBsyy) < max{va(z),va(y)}

for all s,z,y € S and 3,7 € I. Then A = (ua,v4) is called an intuitionistic
fuzzy T-bi-ideal (briefly IFT' B) of S if it satisfies (I'By) and (I'Bs).

Remark 3.21. 1t is clear that every TFT'I of S is an I[FI'B of §.
Theorem 3.22. If S is left simple, then every IFT'B of S is an IFRI'I of S.

Proof. Let A= (ua,va) bean IFTB of S and x,y € S. In this case, from the
hypothesis, there exist s € S and + € I" such that ¥y = syx. Thus, because of
A= (ua,va)is an IFT'B of S, we have that

pa(zBy) = pa(zfBsyx)
> min{pa(z), pa(r)} = palz)

and
va(zBy) = va(zBsyx) |
< max{va(z),va(z)} =rva(x)
for all 3 €I'. It follows that A = (ua,v4) isan IFRI'T of S. O

Proposnlon 3.23. IfU is a D-bi-ideal of S, then U = (xu, Xv) is an IFT'B
of S.

Proof. Since U is a I'-subsemigroup of S, we obtain that U = (xv, Xxv) is an
IFTS of S by Theorem 3.2. Let s,z,y € S and 3,y € I'. From the hypothe31s
xfsyy € U if &,y € U. In this case

xv(zBsyy) =1 = min{xv(z), xv(y)}
and
Xu(zBsyy) =1 — xv(zBsyy) = 0 = max{xv(z), Xv ()}
Ifx¢Uory¢U, then xy(z) =0 or xuy(y) =0. Thus
xu(@Bsyy) > 0 = min{xy (), xu(y)}
and
max{Xxv(z), Xxv(y)} = max{l — xv(z),1 — xv(y)}

=1 —min{xy(x), xv(y)}
= 1> xu(zBsyy).

Consequently, U = (xuv,Xv)is an IFTB of S. O
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