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GENERALIZED JENSEN’S
EQUATIONS IN A HILBERT MODULE

JONG SuU AN, JUNG RYE LEE* AND CHOONKIL PARK

ABSTRACT. We prove the stability of generalized Jensen’s equations
in a Hilbert module over a unital C*-algebra. This is applied to
show the stability of a projection, a unitary operator, a self-adjoint
operator, a normal operator, and an invertible operator in a Hilbert
module over a unital C*-algebra.

1. Introduction

Let E7 and E5 be Banach spaces, and f : E; — F5 a mapping such
that f(tx) is continuous in ¢ € R for each fixed x € F;. Assume that
there exist constants ¢ > 0 and p € [0,1) such that

1z +y) = f(@) = FW)I < e(ll][” + [[y]])

for all z,y € Ey. Th.M. Rassias [14] showed that there exists a unique
R-linear mapping 7' : E; — FE5 such that
2€

1) = T(@)] < 5=

|1

for all x € F.

Throughout this paper, let A be a unital C*-algebra with a norm
-], Ay ={a€ A| |a| = 1}, A7 the set of positive elements in AL, Aiy
the set of invertible elements ir21 A, As, the set of self-adjoint elements
in A, RT the set of nonnegative real numbers, and oH a left Hilbert
A-module with a norm || - ||.

We prove the Hyers-Ulam-Rassias stability of generalized Jensen’s
equations in a Hilbert module over a unital C*-algebra.
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2. Stability of generalized Jensen’s equations in a Hilbert
module over a C*-algebra

In this section, let ¢ : AH \ {0} x aH \ {0} — [0,00) be a function
such that
Z 37*p(3%z, 3%y) <

LEMMA 2.1. Let F': s4/H — aoH be a mapping such that
1
I2F(az + 5y) — 2aF(z) = F(y)| < ¢(z,y)
for all a € AT U {i} and all z,y € aH \ {0}. If F(tz) is continuous

2
int € R for each fixed x € o’H, then there exists a unique A-linear
operator T': 4 H — 4H such that

(i) |F(z) = F(0) = T(z)|| < 3(p(x, —2) + ¢(—x, 32))

Wl =

for all x € 4H \ {0}.

Proof. Let a = 1 € A7 in the statement. By [11, Theorem 1], there
2

exists a unique additive mapping T : 4 H — aH satisfying (i). The
mapping 1" : 4H — aH was given by

T(z)= lim M

n—oo 3n

The additive mapping T given in the proof of [11, Theorem 1] is similar
to the additive mapping 7" given in the proof of [14, Theorem]. By the
same reasoning as in the proof of [14, Theorem], it follows from the
assumption that F(tx) is continuous in ¢ € R for each fixed x € 4H
that the additive mapping T : 4H — aH is R-linear.

Since a = % € Aé’,

1 1

2F (52 + 5y) - F(z) - F)I < p(.y)
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for all z,y € 4H \ {0}. For each a € AT U {3},
2

1 1
||2F(§2aa: + §x) — F(2ax) — F(x)|| < ¢(2az,x)

for all z € 4H \ {0}. So

|F(2ax) — 2aF (x)| <||2F (ax + %a:) —2aF(z) — F(x)||

+|12F (az + %x) ~ F(2az) — F(2)|

<@(z,z) + ¢(2az, x)

for all @ € AT U {i} and all z € aH \ {0}. Thus 37"||F(3"2az) —
2aF(3"x)|| — 0 as n — oo for all a € AT U{i} and all z € 4H \ {0}.
2
Hence
T(2az) = lim 37"F(3"2az) = lim 37"2aF(3"z) = 2aT(x)
for all a € AT U{i} and all z € o4H\ {0}. But T(2ax) = T(ax +az) =
2
2T (ax) since T is additive. So T'(az) = aT(z) for all a € AT U {i}

and all x € 4H \ {0}. Since T is R-linear and T'(az) = aT(x) for each
a€ AT U{i},
2

) = 2l D) = 2l S T0) = a7

T =T(2|a|-

for all positive elements a € A\ {0} and all z € 4H. Thus

T(ax) =aT(z),
T(ix) =iT(z)

for all positive elements a € A and all x € 4 H.
For any element a € A, a = a1+ias, where a; = and az = 457
are self-adjoint elements, furthermore, a = a1 — a1~ + ias™ — iay ™,

at+a*
2
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where a1, a17, az™, and ay~ are positive elements (see [3, Lemma
38.8]). So
T(az) =T(a1"x —a; "z +ias ™z —iay " x)
=a1 T (x) —a;" T(x) + ax " T(ix) — az” T(ix)
=a1 T (z) — a1 T(z) +iay T (x) —iag~ T (z)

=(a1T — a1 +iat —iay”)T(x) = aT(x)
for all @ € A and all x € 4’H. Hence
T(ax + by) = T(ax) + T'(by) = aT'(x) + bT'(y)

for all a,b € A and all z,y € oAH. So the unique R-linear operator
T: AH — 4H is an A-linear operator satisfying (i), as desired. O

COROLLARY 2.2. Let p < 1 and F : /H — AH a mapping such
that

1
I2F(az + 5y) — 2aF(z) — Fy)|| < [l«|” + [lylI”

for all a € AT U {i} and all x,y € aH \ {0}. If F(tx) is continuous

2
int € R for each fixed x € oA'H, then there exists a unique A-linear
operator T : sH — a'H such that

3+ 3P
|F(z) - F(0) ~ T(a)]| < 5o

[l ?
for all x € 4H \ {0}.
Proof. Define ¢ : sH\{0} x sH\ {0} — [0,00) by o(z,y) = ||z||P +
lly||”, and apply Lemma 2.1. O
From now on, let F, G : sH — 4H be mappings such that F'(3"x) =
3"F(x) and G(3"x) = 3"G(x) for all positive integers n and all x € s H.

THEOREM 2.3. Let F,G : s/H — 4'H be mappings such that

2P (az + Sy) — 20F(x) ~ F)| < ¢(a,),

|2G(az + Sy) — 20G(x) ~ G| < ()
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for all a € AT U {i} and all z,y € 4H \ {0}. Assume that F(tz)
2

and G(tx) are continuous in t € R for each fixed x € 4H. Then the
mappings F,G : sH — aoH are A-linear operators. Furthermore,

(1)

if the mappings F, G : s4H — a'H satisfy the inequalities

[F 0 G(z) — x| < oz, x),
|G o F(z) — x|l < ¢z, )

for all x € s'H, then the mapping G is the inverse of the map-
ping F,
if the mapping F' : A’H — a'H satisfies the inequality

[1F(x) = F*(2)] < p(z, )

for allxz € s'H, then the mapping F : 4H — a4'H is a self-adjoint
operator,
if the mapping F' : sH — a'H satisfies the inequality

[F o F*(x) = F* o F(z)|| < ¢(z,x)

for all x € oA'H, then the mapping F' : 4H — aoH is a normal
operator,
if the mapping F': s4H — a'H satisfies the inequalities

|1F o F*(z) — x| < ¢(z,2),

|F* o Pa) — 2] < ple,x)
for all x € oA'H, then the mapping F' : s’H — A’H is a unitary
operator, and
if the mapping F': s#H — a4'H satisfies the inequalities

[0 F(z) = F(z)] < ¢(z,2),
[F(2) = F(z)|| < ¢(z, )

for allx € 4’'H, then the mapping F' : s/H — ao’H is a projection.
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Proof. Let a = % € A7 in the statement. By the same reasoning

2
as in the proof of Lemma 2.1, there exists a unique A-linear operator
L: AsH — A'H satisfying

(i) |G (z) = G(0) = L(z)|| < 5 (o(x, —2) + ¢(—=,3x))

W =

for all x € 4H \ {0}. The A-linear operator L : 4 H — 4H is given by

L(z) = lim G(3 x)
n— 00 3n
By the assumption,
T(z) = lim &nzv) = lim 3 g;l(x) = F(x),
L(z) = lim &nx) = lim 5 gl(x) = G(x)

for all x € g4'H, where the mapping T': 4 H — 2H is given in the proof
of Lemma 2.1. Hence the A-linear operators T" and L are the mappings
F and G, respectively. So the mappings F,G : s/ H — oH are A-linear
operators.
(1) By the assumption,
|FoG(3"x) — 3 x| < p(3"x,3"x),
|GoF(3"z) —3"x| < ¢(3"x,3"x)

for all positive integers n and all x € 4’H. Thus

37| FoG(3"x) —3"x|| — 0,
37"|Go F(3"x) —3"z|| — 0

asn — oo for all x € 4H. Hence

FoG(z)= lim %ﬁ?aj):x,
Go F(x) = lim GoF—(?)a:):x
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for all x € 4H. So the mapping G is the inverse of the mapping F'.
(2) By the assumption,
|F(3"x) — F*(3"2)|| < p(3"x,3"x)

for all positive integers n and all x € 4H. Thus 37"||F(3"z) —
F*(3™x)|| — 0 as n — oo for all x € 4’H. Hence
F n F* n
F(z) = lim (3"2) = lim 3"

n—oo 3n n— oo 3n

= F" ()

for all x € 4H. So the mapping F' is a self-adjoint operator.
The proofs of the others are similar to the proofs of (1) and (2). O

Given a locally compact abelian group G and a multiplier w on
G, one can associate to them the twisted group C*-algebra C*(G,w).
C*(Z™,w) is said to be a noncommutative torus of rank m and de-
noted by A,. The multiplier w determines a subgroup S, of G, called
its symmetry group, and the multiplier is called totally skew if the
symmetry group S, is trivial. And A, is called completely irrational
if w is totally skew (see [1]). It was shown in [1] that if G is a locally
compact abelian group and w is a totally skew multiplier on G, then
C*(G,w) is a simple C*-algebra. It was shown in [2, Theorem 1.5]
that if A, is a completely irrational noncommutative torus, then A,
has real rank 0, where “real rank 0” means that the set of invertible
self-adjoint elements is dense in the set of self-adjoint elements (see [4,
6]).

We prove the Hyers-Ulam-Rassias stability of a generalized Jensen’s
equation in Hilbert module over a unital C'*-algebra of real rank 0.

THEOREM 2.4. Let A have real rank 0, and F,G : sH — 4H
mappings such that

2F(az + 59) ~ 2aF (@) ~ Fy)] < o(.),

|2G(az + 59) ~ 2aG(x) ~ G| < p(.)

for all a € (A, N AT) U {i} and all 2,y € aH \ {0}. Assume that

(iii) F(ax) and G(az) are continuous in a € AT UR for each fixed
2
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x € gAH. Then the mappings F,G : s/H — aH are A-linear operators.
Furthermore, the properties, given in the statement of Theorem 2.3,
hold.

Proof. By the same reasoning as in the proof of Lemma 2.1, there
exists a unique R-linear operator T : s H — 4H satisfying (i), and

(1) T(ax) = aT'(z)
for all @ € (A, N AT)U{i} and all x € 4H \ {0}.
2
Let b € AT\ A;,. Since A;, N Ay, is dense in A,,, there exists a

sequence {b,,} in A;, N As, such that b,, — b as m — oco. Put ¢,,, =
ﬁbm. Then ¢,, — ﬁb =basm — ocoand ¢, € AmﬂAsaﬂA%. Put

Am = VCm*Cm. Then a,, — ﬁb =basm — oo and a,, € Ay, NAT.
2
Thus there exists a sequence {a,,} in A;, N AI such that a,, — b as
2
m — oo, and by (iii)

(2) mlgnOo T(amz) = mli_r}rlooF(amx) = F( lim anz) = F(bzx)=T(bx)

m—0oQ0

for all x € 4H. By (1),
3) T (amz) = bT(2)|| = llamT(z) — bT (x)[| — (0T (x) — bT'(2)]| = 0
as m — oo. By (2) and (3),
(4)
[T (bx) — 0T (x)|| <|T(bx) — T(am)|| + [|T(amz) — 0T ()]

—0 as m — oo

for all z € o4H. By (1) and (4), T(az) = aT(z) for all a € AT U {i}
and all z € 4H. ;
Similarly, one can show that there exists a unique R-linear operator
L : sH — 4H satisfying (ii) such that L(ax) = aL(z) for all a €
AT U{i} and all x € 4'H.
2The rest of the proof is the same as in the proofs of Lemma 2.1
and Theorem 2.3. So the mappings F,G : sH — 4H are A-linear

operators, and the properties, given in the statement of Theorem 2.3,
hold. O

We prove the Hyers-Ulam-Rassias stability of another generalized
Jensen’s equation in a Hilbert module over a unital C*-algebra.
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THEOREM 2.5. Let F,G : 4/H — 4'H be mappings such that

2F(az + 59) ~ 2aF (@) - Fy)] < o(.)

|2G(az + 59) ~ 2aG(x) ~ G| < p(.)

foralla € ATU{i} and all z,y € AH\{0}. Assume that F(x) and G(z)

are continuous. Then the mappings F,G : sH — 4'H are bounded A-
linear operators. Furthermore, the properties, given in the statement
of Theorem 2.3, hold.

Proof. By the same reasoning as in the proof of Theorem 2.3, the
mappings F,G : sH — aoH are A-linear operators.

Since the A-linear operators F,G : 4/H — 4H are continuous, the
A-linear operators F,G : sH — aH are bounded (see [5, Proposi-
tion II.1.1]). By the same reasoning as the proof of Theorem 2.3, the
properties, given in the statement of Theorem 2.3, hold, as desired. [J

COROLLARY 2.6. Let A have real rank 0, and F,G : ;.H — 4H
mappings such that

2F(az + 59) ~ 2aF (@) ~ F)] < o(a,),

|2G(az + 59) ~ 2aG(x) ~ G| < p(a,)

for all a € (Aipn NAT)U{i} and all 7,y € 4H \ {0}. Assume that F(z)

and G(z) are continuous. Then the mappings F,G : s.H — oH are
bounded A-linear operators. Furthermore, the properties, given in the
statement of Theorem 2.3, hold.

Proof. By the same reasoning as in the proof of Theorem 2.4, the
mappings F,G : s4H — oH are A-linear operators.

By the same reasoning as in the proof of Theorem 2.5, the A-linear
operators F,G : sH — aH are bounded, and the properties, given in
the statement of Theorem 2.3, hold. 0

Now we prove the Hyers-Ulam-Rassias stability of another general-
ized Jensen’s equation in a Hilbert module over a unital C*-algebra.
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THEOREM 2.7. Let F,G : 4/H — 4'H be mappings such that

2F(az + 59) ~ 2aF (@) ~ Fy)] < p(x.)

|2G(az + Sy) — 20G(x) ~ G| < ()

for alla € AT U{i} UR" and all z,y € 4H \ {0}. Then the mappings

2
F,G: sH — aAH are A-linear operators. Furthermore, the properties,
given in the statement of Theorem 2.3, hold.

Proof. By the same reasoning as in the proof of Lemma 2.1, there
exist unique additive mappings T, L : 4H — aH satisfying (i) and (ii),
respectively.

By the same method as in the proof of Lemma 2.1, one can show
that

T(ax) = aT(x)
for all a € AT U{i} URY and all z € 4H \ {0}. So T(az) = aT(x)

for all a € (j4+ \ {0}) U {i} and all x € o4H. Since T is additive,
T(z) =T —-y+y) =T -y)+T(y) and T(z —y) = T(x) = T(y)
for all z,y € A'H. So

T(az) =T(a1"x — a1z +ias ™z —iay~ x)
=(a1" — a1 +iast —iay )T ()
=aT(z)

for all @ € A and all x € 4H, where a1 ™, a1, as™, and ay~ are as
defined in the proof of Theorem 2.3. Hence

T(ax + by) = T(ax) + T'(by) = aT'(x) + bT (y)

for all a,b € A and all z,y € 4H. So the unique additive mapping
T: sH — 4H is an A-linear operator satisfying (i).

Similarly, one can show that the unique additive mapping L : s H —
AH is an A-linear operator satisfying (ii).

The rest of the proof is the same as in the proofs of Lemma 2.1
and Theorem 2.3. So the mappings F,G : sH — 4H are A-linear
operators, and the properties, given in the statement of Theorem 2.3,
hold. OJ

Combining Theorem 2.7 and Theorem 2.4 yields the following.
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COROLLARY 2.8. Let A have real rank 0, and F,G : s.H — aH
mappings such that

2F(az + 59) ~ 2aF (@) - Fy)] < o(x.)

|2G(az + 59) ~ 2aG(x) ~ G| < p(.)

for all a € (A NAT)U{i} URT and all z,y € aM \ {0}. Assume
2
that F(ax) and G(azx) are continuous in a € AT for each fixed & €

2
AH. Then the mappings F,G : sH — aH are A-linear operators.
Furthermore, the properties, given in the statement of Theorem 2.3,
hold.

Proof. By the same method as in the proof of Lemma 2.1, one can
show that there exist unique additive mappings T,L : s H — aH
satisfying (i) and (ii), respectively, and that

T(ax) = aT'(z)

for all @ € Rt and all z € 4H \ {0}. Since T is additive, T(z) =
Tx—y+y) =T(x—y)+T(y) and T(x —y) = T(x) — T(y) for all
x,y € AH. So the unique additive mapping T : 4 H — 2oH is R-linear.

Similarly, one can show that the unique additive mapping L : s H —
a'H is R-linear.

The rest of the proof is similar to the proof of Theorem 2.4. So the
mappings F, G : s4H — aoH are A-linear operators, and the properties,
given in the statement of Theorem 2.3, hold. 0J

3. Stability of other generalized Jensen’s equations
in a Hilbert module over a ("*-algebra

In this section, let ¢ : 4H \ {0} x aH \ {0} — [0,00) be a function
such that

P(xy) =) 35037 2,3 y) < 0.
k=0
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LEMMA 3.1. Let F': s4/H — AH be a mapping such that
1
2P (az + Sy) — 2aF(2) - F(y)]| < ¢(z,y)

for all a € AT U {i} and all z,y € o4H \ {0}. Assume that F(z) is
2

continuous, and that lim,,_, ., 3" F (37 "x) converges uniformly on s'H.
Then there exists a unique bounded A-linear operator T : sH — aH
such that

T — —T

(v)  IF@) - FO) - T <3G, 50 +3(5a)

for all x € sH \ {0}.

Proof. Let a = 1 € A7 in the statement. By [11, Theorem 6], there
2

exists a unique additive mapping T : sH — aH satisfying (iv). The
additive mapping T : 4H — 4'H was given by

T(z) = nh—>Holo 3"F (3 "x)

for all x € 4H\ {0}. The additive mapping T given in the proof of [11,
Theorem 6] is similar to the additive mapping T given in the proof of
[14, Theorem|. By the same reasoning as the proof of [14, Theorem], it
follows from the assumption that F'(tx) is continuous in ¢ € R for each
fixed x € o'H that the additive mapping T : sH — a4'H is R-linear.

By the same method as in the proof of Lemma 2.1, one can show
that

T(2ax) = lim 3"F(37"2az) = lim 3"2aF (3™ "x) = 2aT(x)

n—oo n—oo

for all a € AT U{i} and all z € 4H \ {0}, and that the unique R-linear

operator T': 4 H — aoH is an A-linear operator satisfying (iv). But by
the assumption, the A-linear operator T': sH — 4H is continuous. So
the A-linear operator T': 4H — aH is bounded (see [5, Proposition
I1.1.1]), as desired. O
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COROLLARY 3.2. Let p > 1 and F : /H — aoH a mapping such
that

1
I2F(az + 5y) = 2aF(z) — Fy)|| < [l«|” + [lylI”

for all a € AT U {i} and all z,y € o4H \ {0}. Assume that F(z) is

continuous, and that lim,,_. ., 3" F(3~"x) converges uniformly on s'H.
Then there exists a unique bounded A-linear operator T : sH — aAH
such that

3’ +3

|F(@) = F(0) = T(@)]| < 5

1Ed1s

for all x € 4H \ {0}.

Proof. Define ¢ : AH\ {0} x sH\ {0} — [0,00) by ¢(z,y) = ||=||P +
l|y||P, and apply Lemma 3.1. 0

Under the assumption that F,G : 4/ H — 2H are mappings such

that F(37"x) = % and G(37"z) = G3(f) for all positive integers n

and all x € 4H, one can obtain similar results to Theorems 2.3, 2.4,
2.5, 2.7 and Corollaries 2.6, 2.8.
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