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Multiresidual Approximation of Scattered Volumetric Data with
Volumetric Non-Uniform Rational B-Splines

Park, S. K.*

ABSTRACT

This paper describes a multiresidual approximation method for scattered volumewic data modeling.
The approximation method employs a volumetric NURBS or VNURBS as a data interpolating function
and proposes two multiresiduat methods as a data modeling algorithm. One is called as the residual
series method that constructs a sequence of VNURBS functions and their algebraic summation pro-
duces the desired approximation. The other is the residual merging method thal merges alb the
VNURBS functions mentioned ahove into one equivalent [unction. The first one is designed to con-
struct wavelet-type multiresolution models and also (0 achieve more accurate approximation. And the
sceond is fucused on its improvement of computational performance with the same fitting accuracy for
more practical applications. The performance resules of numericat examples demonstrate the usefulness
of VNURBS approximation and the effectiveness of multiresidual methods. In addition, scveral graphi-
cal examples suggest that the VNURBS approximation is applicable to various applications such as sur-

face modeling and fitting problems,

Key words : Scattered data approximation, Volumetric NURBS, Multircsidual mcthod
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3. Multiresidual VNURBS
Approximation

2700 270G VNURBS 2ARES Zukos 24}
A=A FEAIZI7] 3189, obF 3R 2
Al vhe]{multiresidual approximation scheme)2 |2t
o}, o) WA 2 multilevel ZAFH 2] o) LAY
FABR, 28402 multilevel HM oA Q=
dlole] He{® 2hg]o] B ska] ol 5 multilevel
whale Rrdl 2[3F dlofe] 2Al A4Y 2 1-3§5}7 o}
o)), daa thinning? 2-& vlole] ey 22 5
atod F071 HlolE & AFH ZE levelE 2 55l
F, 4 levelZ RBFE AA8ILE ol5S dl53
ol ool dgezd dolg] 2AF 14& ¢8d
o] 3l vlo|e YE|Y A% S 532 RBFY Tl
& doly] Azje] $hAF-E F¥sher] 21on, o

£ 3k Bg g w243 AN fEs7] g
ojuf, HhA ¥ o WAl dlo|E| WEH ) e §
714 Z]le) Qﬁ_xl L] w2l golgle] 7)Y B
o) 5t o|&40) gidky BE = ok

L A A she thF 221 VNURBS A}
He 12 2xsh= ulell we}, wavelet-type?] A2
7HA 3 (series) FEN2 ZR} g5 (residual series
method)t o1& WE 3] A4l A7 2 oRe) ALg
-3 A 42 H R (residual merging method)
5 7HA7E olel, 2 e 3l 2 AT @t 4
= Aury oEat 4

SRt

3.1 &i} 854

THaE Y2 7)E2) mulilevel 2] 2] 7] ofe]

Yol g VNURB&Pﬂ HEAZ AL B o2 A, Hol
B @ ARk 2ol S HaE 2270 AFE
VNURBS tAPEel 2lslf 2Aksh, o] AL I3 ol
2R ANZE PAE Al VNURBS 2APEC.RE &
ARt vhrke A e sy el WhE s iAot}
2|3 o] HAl A 7+ VNURBS:: 74 (series) &
2o} died g T80 AFe) AL S LAl =

glojE|e] VNURBSZ IR L 2bx) 2APY 13

vl AFAIARQ) YatelEE Algorithm 134 2} &

2% BE dol" {F,}(i=0,...,M-1)7} Fo| 4
£ 9, level sllA el FA2E RY, level sol 2]
VNURBSE A¥u)et Aejst4, WA 7] 132
RY= {F;}2} ¥5L, o]2%F 2249 VNURBS 24}
2 ARSI HE level s=190 AVW)E T3}
7] AY NuyE B8] 93] VNURBS 2Abgel
A ARS8 Ry (orderyes k== k=401, 239
W m=m=m=401}

2 vhe, AAE AV 2l e e T
A2 R(r) RY ] Am(u)c‘ﬂ <) &) ?ﬂ}‘"(ﬁlep-kl))
3t32, thA] 2bxp ROZEE VNURBS 2AHES
Batd o leveldl s+ 1oAY A YwyE A
(step2Hack. @71 A V) & YA EY) sl
AR ARTE k= h=k=4013, 2] T4

Algorithm 1. MultiResidual Approximation : Residual
Series Method

input: volumetne scattered data {F,- }( =0, M -1)

output: VNURBS AV (), AP a), .., AP ()

let RE = {Flands=1

construct A () from R by the approximation
algonithm described in the seclion (2.2)

{To build A(F”(u] , we set orders to be and # of control
points to be & =A;=h3=4 and my=n3=m=4,
respectively.)

while s<m do
@ compute R™) = RE D _ A% ()

@ construct AL (u) from RY by the approximation
algorithm described in the section (2.2)
(To build ANZD () | we sel & =ky =ky =4 and

5=2

ny=ny=n3 =4+ZZ' -
r=0
@& lets=y5+1
¢nd
Rm
R
R T \ AL
RO \(DT @ Al
Alh
Fig. 1. lterative refincment process of eesidval series

method.
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’3¥l VNURBS®) 717t 37188 BEAFa glow,
olg9| X3 el g3l HF| AL A7t A
2 BFE3 9o}, vlgo] 3} RV A7)= 7
o o]F %319 7R FPYL IE 5 I

A, o]} W g FPL FI9 Y53 A=
wavelet 7139 &34 E 24 +25 7N A
k. Z, FHE leveldlld 7AW zZ} VNURBSEL ©}
A jevele] ZAE 24K 0] T 0|59 277} 3
3¢ AR E, 4T Skl det Hlo|g)r) Aot
= BF 999 BN S 28 + ok

F=0+R®
tevel ! = Al LR

fevel 2 =A{1}+(A(2)+R(2))

fevet m =A(”+A(2)+'“+A('"] +R{'”]

. N

fow  mediton high

Fig. 2. Development of VNURBS in residual series method
where the final approximation is Fx " FARS

s=1

3.2 TH) Y

£ dveld 7g 23 HEEE el Med
at FFYE 7o R, WA FEY MR AR
ZF D AN AL A5 A ot F, WAt
tlolE| 22 E VNURBSS A33811, o] A2 o4 2
o)A o]n] HAY VNURBSe st 1742
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VNURBSE AY(me} Befsial. ©A &7) 225
RO = (F)3} ¥3, o288 2289 VNURBS 2
APREZ AMEEle FE level s = 1] Ay F+F
o} o) 3} Feg s st

2 the, A" AYm)el 23] 2" A= e 33}
g RY =RP-ACm) ol 23] Al siepD)st,
ohA) 23 ROSRE] VNURBS 2APES 3314
UHE leveld s+ tollA1e] A NuyS -3 (step<2)3t
th. A7 AC2 D (u) & AR Hel AHER A
2 233 e 32 3T $Lst

223 o A 382 B AYE A3k
APl AP FAknon A3 AV 2
H B step- DRI} o714 AddEle R HAl=
71E YR FAE Apole] £ fA 09, AY(u)l
27! 749 BAe) zhzt Al ek,

e AL HEg FPoEAN oA F
A(S)(u) o} AN u)E A{Hl)(“) = A(Sl(u)_'_Ag-ﬂ}(“)
o o3 WEslkd levelo] s+igl M2 A (S
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Al o.2 x} 270 S E]F 5 stop 27|
nEd oj7kA] dEsld FPdc B Ao AL
FrFe 4% Yok 5302 vE 35 5 3
o levelol mE 23R Y= stop 20 A3}
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3, o] 3 ukE-) g7 Ee ol E Eol7] §
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Algorithm 2, MultiResidual Approximation : Residual
Merging Method

input: volumetnc scattered data {F,- }( F=0,--- M -1)

output; YNURBS A" (u)

Jet R = {Ffands=1

construct A('\-)(u) from RV by the approximation
algonithm described in the section {2.2)

{To build A(‘\.:U(u) . we set orders to be and # of control
poinls to be K =ky=ky=4 and sy =n3=n3=4,
respectively.)

while s<m do

@ compute 8" = RO _ 45}y

@ construct AP (u) from R™ by the approximation
algorithm described in the section (2.2)
(To build AYZ Dy . we sel k) =ky =ky =4 and

5=2
n =03 =Hy =4+ZZ" )
r=0
@ refine A (u) into A (u) by the knot inscriion|23]
{new knots are inserted to the middle posilions
between the interior knots.)

@ compute A¥ Py = A% ur+ AS ()
® lels=s+1
end

R R

R  R®
o
3
YO CN ® @A( )
R(O)\@ @Au)—»,;m
A0 s 200

Fig. 3. lterative refinement process of residual merging

method,
F=0+R®
tva? = AW LR — tow
ez =AP R — medinm
tevetms = AV L RV — high

Fig, 4. Dcvclopment of VNURBS in residual merging
method where the final approximation is F = A,

Z71ol ujek dlelelzt Gelake 25 Pele) B3
2w Aok

330 dat 3 Us 24

P ol A sl 2kl g2 A ey e
Fx As 2 AR Aeg vlrdy FEy
Table 3 73t} 2 o)A A}R-E 24P 4%
AL AR, A A, c1e] 5t m ] AR},
VA BUEE dofE] Roiix o] Adm el AR e
Ae) AEEF vbro] ZASIAR, Al AR ZA}
# 3l A|7H) A A (construction) A 7 1€)9] ¢
alef| A g 44708 A AR A4 (evaluation)
A7t R Rt EAsoh T2 wl e AR
%2 dlo|E] 2Ab] AMEHE VNURBS| 27|18 o)
o] E(byte) D2 953tk A= lable 39| 2
d= 2380 AFE test THF FS ARSI T,
23 H2E2 Pentivm IV, 512 MB RAMOA) 53§
=

58

Table 3. Comparison of performance resulls between
residual series and merging method for the
scattered data, M = 4000

Maximal Level [ Re‘sm.iua! Resulfrdl Ratio
Series | Merging
Iitting, Data Points | 0.0392 | 0.0392 | 1.00
Accuracy . .
(RMS error) Grid Points | 0.0420 | 0.0420 | 1.00
Computation | Conslruction | 0.647 | 0.641 1.01
Time Evaluation
(seconds}) (milliseconds) 0554 0.770 1.01
Memory Usage (bytes) 1,404 1,404 1.00
Maximal Level 2 Rcsu._iual Res'df‘al Ratio
Series | Merging
Fiting Data Points | 0.0176 | 0.0176 | 1.00
Accuracy . ]
(RMS error) Grid Points | 0.0214 | 0.0284 | s1.00
Computation| Construction | 20.140 | 6,172 | 3.26
Time Evaluation
(seconds) | (milliseconds) i=2il 0.720 1.97
Mcmory Usage (bvles) 4,040 2,636 1.53
Maximal Level 3 Rt‘35|(‘1uzll Rcsui_uul Ratio
Series | Merging
Fitting Data Points | (L0066 | 0.0066 | 1.00
Accuracy . .
(RMS error) Grid Points | 0.0077 | 0.0077 | 1.00
Computation | Construction | 110.937 [ 27.688 | 4.01
Time Evaluation
(seconds} |(milliseconds) 2351 0.777 | 3.07
Memory Usage (bytes) 11,060 1.020 1.58

Table 3¢] AX)E wgto g 2 Qo)A A ¢}
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& ZtAH4] VNURBS 2AHY
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o) e 248l 42)

282 AL F slovl, 3 3kl $AUS &
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o A AIE: AR STk 2E o) whe
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7%, 350 vla)] Hibgol levell wHE ks
& AT F ook o) FFH levelT THE
2] VNURRBSS 7122 Al4Esd) Hislko] Wgt
He 27 (7He] VNURBSE 7L A)4kst7
ol -0},
o) 2] AR level sollA] 2k3} wighE o] o xz)
Ao AR g W B ARggR 3}
o 2 AL AEE level s-190A —:1‘4“.*1'0] AR
she vl L] vk ofc). ol B AT, level
o] Z7F4=E 7} leveloll Al ABAE VNURBSOI
w5 2l _!.7I7l Z7taldA o] fxe]Eo] +H 4
7} W) F-o) o},

4. VNURBS ZAl¢e] 22

4.1 3™ Het(surface fitting)

2 A7olA 4dd VNURBS 24l 7dl
& 2Ae) 289 5 982 BASAT & DU
A FReeiE RANR 329 243 dole

7}1]—! VNURBS 2AM 9| A& &4 IR A4
o) 3o18 + LA E Ssllnt, Fig U4 B E
ups} 2o}, slA oz ARRS H3-2 Hu(plane),
T (sphere). $)5 A (cylinder), ¥ (cone), 22|31
A oms)°) T, on] AR BAHE wlojie] 2
715 M=50001%, BABVNURBS2| A3 7l
Yl 27 Table 491 223, #4930 Ad 962 ALS
stk

o o2

Table 4. The number of control points and the order of B-
sphine basis function for analytic surface fitting

shown in Fig. §
Types " £ m k k, ky
Plane 2 2 2 2 2 2
Sphere 4 4 4 4 4 4
Cylinder | 4 4 2 4 4 2
Cone 4 4 4 4 4 4
Torus 5 5 5 5 5 5

FHAECAD,/CAMES =53 Ai12d A1 E 200793 2¢

(a) plane (b) sphere

(c) éylinder (d) cone

{c) torus

Fig. 5. Surface fitting examples ol analytic shapes.

4.2 2 D42 (surface modcling)

B @ol)a S 3 VNURBS ZAPEel A 39
2] 34 mulvlo) €88 £ oleS NS &
Aol ARE 29 AL ST 710 G2

maRoes 71E Tuk®l A4 S35
93 713 fAlelek o WA BAE A o}— =
Qo) 2 712 e R hel Synes
2, o17lel $7HQ B4R HYL B
,q} t'g!}b}-% ¥ T-'—Q\—flﬁl L};’]-‘:'— tli—)qo;!,q @l 01 o] -/(H%.
30 Wy 5 /’a’“c'ﬂ ool 0% Fol@ 4 o)
= Ado] 9lo] o
gl wAg ? _



A 2 vlolEle) VNURBS/ 1Y ofs 4k} 2Ap 37

RoF3 oo A2 Fig 59 69 AA4P
VNURBS—:' lf'—zc! T 7H:I"t.' n|:n2=n3=4°|—l—, Zi'_]_
T k= ky=ky=4°)TH,

5d 2
2 AR E 54 Fe ANL S3 Q5
%ﬁ%%%HMEEJHMhJi”mﬂﬂﬂﬁ
(a) initial shape (b) insertion of four points il BE TS 2 oz Jed 4 =

VNURBS ZARgo) ?&6101 T%l 23 % 8T A
7 ‘dAtel Mt} 22)2 o] APy} & 7}
AE =ol7] f15ke] thF 4} w4 9] VNURBS <
APEE Asite. & MEHAT K8 RS
Azt FrYe 202, Yoot ANt As So)
2] 1} RJM*,?J A} g g A sk 2 F
, FRE WEE TA JAdA AAEE HaE
(c) insertion of another 4 points  (d) final shape VNURB‘; ApRoll 9)al LAk Uk HhAj o 24
wavelet 72 B8 58L 72 9o, zha) o
Y2 Q3AE 171 VNURBSOl Al&aiA W)
Wrhs ghalo g A S5 3 vRe] Sl o)
o S-$lof Qo)
olelgt uF A BAe B oM A3
VNURBS2]2| o} Heef B Bp5S @85
THEl & 7 Y HEAY SAPE 2RIEo A,
°|5 Folo] B BofRel 28 W 2R g &
- T Ak $HE, o2 g B4 T 2o B A
(¢) shape deformation by pulling up the top point ac}.,\l__ /\}_g_ay om g s ] l\’{@%‘ JAS Ao

Fig. 6. Surfacc modeling example of a sphere shape. Spaict =2 7hHE 28 oAoly o2 B8 vFsALS
g8 + Aok
FF A7 A 3A —r°13' 22 H 9 oA Rt

2 HolHE ZAH e #A L4 AP (error-
bounded approximation)oﬂ 3 A7) BQsha, o
uj A H Ao A Q! 23 24 A EY 9
ve] AA Ze ¥ B A7 nja sk VNURBSS)
7FEA o) 88 F=71 97t " g sk

ZAe 2

ol wEL ANTAAAALL ) Yo E gt
GE30gAe} ALE wol Y ATY(KRF-
2005-003-D00026 2 KRF-2004-202-100075).

Fig. 7. Surlace modeling cxample of a wine glass shape. L. Franke, R., “Scattcred Data Interpolation: Tests of
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