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AMLEs for Rayleigh Distribution Based on
Progressive Type-II Censored Data

Eun-Hyung Seo!) and Suk-Bok Kang?

Abstract

In this paper, we shall propose the AMLEs of the scale parameter and
the location parameter in the two-parameter Rayleigh distribution based on
progressive Type-II censored samples when one parameter is known.

We also propose the AMLEs of the two parameters in the Rayleigh distri-
bution based on progressive Type-II censored samples when two parameters
are unknown. We simulate the mean squared errors of the proposed estima-
tors through Monte Carlo simulation for various censoring schemes.

Keywords: Approximate maximum likelihood estimator; location parameter; progressive

Type-1I censored sample; Rayleigh distribution; scale parameter.

1. Introduction

The probability density function (pdf) of the random variable X having the
Rayleigh distribution is

o2 202

f(a:;G,a):(x_H)exp{——(f—:ﬁ)—z}, x>0, >0 (1.1)

and the cumulative distribution function (cdf) is

(z—0)°

F(z;0,0) =1—exp {— 52

}, x>0, 0>0, (1.2)

where § and o are the location and the scale parameters, respectively.
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The Rayleigh distribution is very useful in communication engineering and is
a special case of a two-parameter Weibull distribution.

In most cases of censored and truncated samples, the explicit estimators might
be not obtained by the maximum likelihood method. So we need another method
for the purpose of providing the explicit estimators. The approximated maximum
likelihood estimation method was first developed by Balakrishnan (1989) for the
purpose of providing the explicit estimators of the scale parameter in the Rayleigh
distribution. Kang (1996) obtained the AMLE for the scale parameter of the
double exponential distribution based on Type-II censored samples. Kang and
Lee (2005) and Kang and Park (2005) obtained the AMLEs for the exponential
and exponentiated exponential distributions based on multiple Type-II censored
samples. Han and Kang (2006) obtained the AMLEs of the scale parameter and
the location parameter in the two-parameter Rayleigh distribution under multiply
Type-1I censoring.

The scheme of the progressive Type-II censoring has been suggested in the
field of life-testing experiments. Its allowance for the removal of live units from
the experiment at various stages in an attractive feature as it will potentially save
a lot for the experimenter in terms of cost and time. Ng et al. (2002) discussed
the estimation of parameters from progressively censored data using the EM al-
gorithm. Balakrishnan et al. (2003) suggested point and interval estimation for
Gaussian distribution based on progressive Type-II censored samples. Balakr-
ishnan et al. (2004) studied inference for the extreme value distribution under
progressive Type-II censoring. Lin et al. (2006) discussed the MLEs of the pa-
rameters of the log-gamma distribution based on progressively Type-II censored
samples, and they derived the AMLESs of the parameters and used them as initial
values in the determination of the MLEs through the Newton-Raphson method.
Kim (2006) dealt with the problem of estimating parameters of Burr Type-XII
distribution, on the basis of a general progressive Type-II censored samples using
bayesian viewpoints.

In this paper, we shall propose the AMLEs of the scale parameter when the
location parameter is known and the AMLE of the location parameter when the
scale parameter is known in the two-parameter Rayleigh distribution based on
progressive Type-1I censored samples.

We also propose the AMLESs of the location and scale parameters in the two-
parameter Rayleigh distribution based on progressive Type-II censored samples
when two parameters are unknown. We simulate the mean squared errors of
the proposed estimators through Monte Carlo simulation for various progressive
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censoring schemes.

2. AMLE:s of the Scale Parameter

Let us consider the following progressive Type-II censoring scheme; Suppose
n randomly selected units with the Rayleigh distribution in (1.1) were placed on
a life test. Further, suppose that the observation of failures begins at the time
of the (r + 1)t failure (before which r units are known to have failed but their
exact failure times are not known) and a progressive Type-II censored sample of
size m — r is observed from this life-testing experiment as follows: At the time of
the (r +1)t* failure, R,4, surviving units are randomly withdrawn from the test;
at the time of the (r +2) failure, R, 2 surviving units are randomly withdrawn
from the test, and so on; finally, at the time of the mth failure, all the remaining
R,=n—m-R.y1 — Rry2 — -+ — Ry,—1 are withdrawn from the test.

Then let

X‘r+1:n S Xr+2:n S e S Xm:n (2-1)

denote such a progressive Type-II censored sample with (R41,..., R,,) being
the progressive censoring scheme. _

Note that the case m = n and r = 0, in which case R,y = -+ = R, =
0, corresponds to the complete sample situation, while the case R,41 = -+ =
Ry-1 =0, R, = n—m corresponds to the usual Type-II censored sample. Some
historical remarks and good summary of the progressive censoring may be found
in Balakrishnan and Aggarwala (2000).

The likelihood function based on the general progressive Type-II censored
sample in (2.1) is given by

L = C[F($r+1:n; g, O)]T H f(xi:m 0, U)[l - F(xi:m 8, U)]Ria (2'2)
i=r+1

where

C= (:)(n—r)(n—r—RrH—1)(n—T'RT+1_R’+2_2)xm
X(n—=r—=Rry1—Rrj2—--—Rp1—(m—r1)+1)

= <:>(n—r) ﬁ (n—— {i &—j).

j=r+2 i=r+1
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By putting Z;., = (Xi.n, — 6)/0, the likelihood function can be rewritten as

L= CO'_ Zr+1 n H f 23 n - (zi:n)]Ris (23)
i=r+1

where A = m—r is the size of the censored sample (2.1), and f(z) = ze=%/2 and
F(z)=1- e=?"/2 are the pdf and the cdf of the standard Rayleigh distribution,

respectively. The log-likelihood function is given by

InL = lnC Alna—{—rln[F(zr_Hn)]
+ Z In f(zim) Z RiIn[1 — F(zi)] (2.4)

i=r+1 t=r+1
Now, we can derive the AMLESs of the scale parameter ¢ when the location
parameter 6 is known.
From the equation (2.4), on differentiating with respect to o and the equation
to zero, we obtain the estimating equation as

olnL 1 f(2r+1;n) = 2 - 2
oo o A+ TF(zr-i-l:n) Fritm i=r+1 Fin i=r+1 i 29

Since the likelihood equations is very complicated, the equation (2.5) does
not admit any explicit solution for o, so we will expand the following functions
in Taylor series around the point ay 41 = F~1(pr41) = (—2Ingr41)Y? by

f(zr—l-l:n)
o~ . 2.6
Flors1m) aio + Biozr+1m (2.6)
and
F(zrs1m
—F_((—ér_f;;)jzrﬂ ~ 90 + 202r+1:n, (2.7)
where
3
= T ;=1- ()
b ntl qi D

a1p = gr+1(—21n qr+1)3/2/P3+1,

) /Pr+1,

B10 = qr4+1 (1
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(2%~+1 In Qr+1)(pr+1 +2In qr+1)
pr
In g,
2qr41 (1 + %) (—21Ingp41)/?

Pr+1

Qo0 = )

Bao =

From the equations (2.6) and (2.7), the approximate likelihood equations for
o are given by

dln L N OlnL*

0o 0o
=== |24+ (010 + BroZriim)artin — P 2y — » Rizl,| (2.8)
g i=r+1 i=r+1
=0
and
OlnL N OlnL*
doc = Oo
1 m m
= —— [QA + T(azo + ,6202:7«.4_1;”) - Z Zizm - Z R/Lzzzn} (29)
g i=r+1 i=r+1
=90.
From the equation (2.8), we can obtain a quadratic equation for o
1‘1100'2 + Bigo+Ci10 =0, (2.10)
where
Ajo = 24,

Big = rayoXry1:n — raned,

m m
Cio = B10X 211 — 2rBr0X 1m0 + 1B106% — Z X2, +26 Z Xin
i=r 41 i=r+1

m m m
~A6*— Y RXZ,+20 > RiXin—6* > Ri
i=r+1 i=r+1 i=r+1

Upon solving the equation (2.10) for o , we derive an AMLE of o as follows;

—Bio + /B%, — 44190C1o

G10 =
2419

(2.11)
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From the equation (2.9), we can obtain another quadratic equation for o
Agga? + Byyo + Cop =0, (2.12)
where

A20 = 2A + raego,
Bag = 1820 Xy 41:n — 7200,

020'—"— i Xz2n+20 i Xi:n_A02_' i R4X12n

i=r+1 i=r+1 i=r+1
m m
+20 Y RiXin— 6 > R
i=r+1 i=r+1

Upon solving the equation (2.12) for o, we derive another AMLE of ¢ as
follows;

. —By + /B3, - 4A20C'20 (2.13)

g20 = 2450

3. AMLE of the Location Parameter

In this section, we derive an AMLE of the location parameter # when the
scale parameter o is known.

From the equation (2.4), on differentiating with respect to # and the equation
to zero, we obtain the estimating equation as

alaI;L :—% p I \frdln) Zr+1n i i—— i Zim — i Rizin (31)
S G

Z
T+l n i=r+1 i=r+1

=0.

Since the likelihood equation is very complicated, the equation (3.1) does not
admit any explicit solution for 6, so we will expand the following function in
Taylor series around the point a; = F~1(p;) = (—21ln¢;)Y/2 by

~ 15 + PriZin, (32)

Zim
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where
o = 2
e (—21ng;)1/?’
1
B = g

From the equations (2.6) and (3.2), the approximate likelihood equation for
@ is given by

OlnlL N Oln L*

08 06 (33)
1 m m m
= —— |r(a10 + Pr0zr+1:m) + E (o + Brizin) — Z Zim — Z Rizin
g i=r+1 i=r+1 t=r+1
=0.
Upon solving the equation (3.3) for 8, we derive an AMLE of 8 as follows;
901 = Bg10 + Co1, (34)

where

m
By = (—7"0110 -3 au) /Db
1=r+1
m m m
Co1 = <*7"ﬂ10Xr+1:n— Z BriXri1n + Z Xim + Z RiXi:n> /Dl,

i=r+1 i=r+1 i=r+1

Di=A-rhu+ Y, Ri— Y Bu

i=r+1 i=r+1

4. AMLEs of the Two Parameters

Now, we consider the Rayleigh distribution with the density function (2.1)
when two parameters are unknown.

Now making use of the approximate expressions in (2.6) and (3.2), we may
the approximate likelihood equations of (3.1) and (2.5) as follows;

dlnL N c?lnL*
o6 — 06

(4.1)
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1 m m m
= [T(alo +Bozesrn) + Y (00 + Buzin) = Y, Zin— D Rizi:njl

i=r+1 i=r+1 i=r+1
=0
and
OlnL N OlnL*
8c =~ Oo
m m
= —= |24+ (10 + Brozri1n)Zriim — Y, Zn— Y R'iziz:n:| (4.2)
i=r+1 i=r+1

=0.

Upon solving the equation (4.1) for 6, we derive an AMLE of 8 as follows;

031 = Bo1631 + Cor. (4.3)

From the equation (4.2), we can obtain a quadratic equation for ¢ as

A310'2 + Bsio + Cs; = 0, (4.4)

Az = 24 — ragoBio + rProBY + ABS + B3 > | Ri,
i=r+1

m
B3 = ra10Xr41:m — 7a10C01 — 27810 Xr41:0Bo1 + 2rB10Bo1Co1 — 2Bo1 Z Xin

i=r+1
+2ABy1Co1 — 2Bgy Z R, X.n +2Bg1Con Z R;,
i=r+1 i=r+1
m m
Cs1 = 610X 24 1.0 — 27P10Xr+1:0Co1 + 7810Ch + Z X2, — 2Co1 Z Xin
i1 i1

m m m

+AC3 + > RXZ,-2Cn Y RiXin+Ch > Ru.
i=r+1 i=r+1 i=r+1

Upon solving the equation (4.4) for o, we derive the AMLE of o

. _ —Baty B% — 4451C5 (4.5)

031 9 As;
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Now making use of the approximate expressions in (2.6), (2.7), and (3.2), we
may approximate the likelihood equations (3.1) and (2.5) as follows;

OlnL QOlnL*
89 — 99 (4.6)
1 m m m
=—= [T(alo + Bro%r+1m) + Z (a1 + Brizin) — Z Zin — Z Rizp
g i=r+1 t=r+1 i=r+1
=0.
and
OlnL N OlnL*
80 =~ Oo
m m
= —— 2A+r(a20 +ﬁ20zr+1:n) — Z an — Z Riz?m (4.7)
i=r+1 i=r+1
= (.

Upon solving the equation (4.6) for 8, we derive another AMLE of 8 as follows;

035 = By1d32 + Co. (4.8)

From the equation (4.7), we can obtain another quadratic equation for o as
follows;

A320° + B3so + Cap = 0, (4.9)

where

m
Asy = 2A+rag — rB0Bo — AB} - B, Y Ri,
1=r+1

m
B3y = 1820 Xr41:n — 7820C01 + 2B Z Xin — 2ABp1Cn1

i=r+1
m m
+ 2Bp Z R Xi:n — 2B01Co1 Z R;,
i=r+1 i=r+1

m m m
Cop=— Y X2, +2C0 Y Xin—ACH - Y RiXZ,
imrt1 i=r+1 i=r+1

m m
+ 2001 Z RiXi:n - Cgl Z RZ
i=r+1 t=r+1



338 Eun-Hyung Seo and Suk-Bok Kang

Upon solving the equation (4.9) for o, we derive another AMLE of & as follows;

N —Bsy + /B3, — 4432C32 (4.10)

032 2Asg
5. The Simulated Result

In order to evaluate the performance of the proposed AMLESs, the mean
squared errors of all proposed estimators are simulated by Monte Carlo method.
The simulations are carried out for sample sizes n = 10(10)50, different choices
of the number of the left censored data r, different choices of the effective sample
size m —r, and different progressive censoring schemes with the complete sample
in each case. These values are given in Table 5.1 and Table 5.2. For simplicity in
notation, we will denote the schemes (0,0,...,0,n—m) by ((m—r—1)*0,n—m),
for example, (10 * 0) denotes the progressive censoring scheme (0,0,...,0) and
(4%0,3,2+0) denotes the progressive censoring scheme (0,0,0,0,3,0,0).

From Table 5.1 and 5.2, we have the following results;

(i) The estimator &1¢ is more efficient than &99 in the sense of MSE when the
location parameter 8 is known. But 9 is a little more efficient than 19
when R; is large for small value of i(r + 1 < i < m).

(ii) The estimator 931 is generally more efficient than 932 in the sense of MSE
when two parameters are unknown.

(iii) When n is small (n = 10) and large (n = 50), the estimator 632 is generally
more efficient than 63; , but when n is moderate (n = 20,30,40) , the
estimator &3, is generally more efficient than &3a.

(iv) The MSEs of all estimators decrease as sample size n increases.

(v) For fixed n and r , the MSEs increase as the effective sample size m — r
decreases.

(vi) For fixed n and r , the MSEs increase as R; is large for large value of i even
when the effective sample size m — r is same.

(vi1) For fixed n and r , the MSEs increase significantly as the effective sample
proportion (m — r)/n decreases.
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Table 5.1: The relative mean squared errors of the proposed estimators when one
parameter is known.

ni|lr|m-r scheme o is known 8 is known
001 6’10 &20
10 | 0 10 (10%0) 0.040708 0.024885 | 0.024885
7 (3%0,3,3+0) 0.054151 0.036066 | 0.036066
7 (4%0,3,20) 0.054440 0.039894 | 0.039894
7 (6%0,3) 0.067459 0.071699 | 0.071699
6 (1%0,2,2%0,2,1%0) 0.064884 0.043019 | 0.043019
6 (1%0,2,1%0,2,2%0) 0.066184 0.040681 | 0.040681
5 (2%0,5,2%0) 0.086436 0.051438 | 0.051438
5 (4%0,5) 0.121196 0.119260 | 0.119260
1 7 (2%0,1,2%0,1,1x0) 0.046185 0.031986 | 0.032546
6 (3%0,3,2%0) '0.051512 0.036287 | 0.036619
6 (5%0,3) 0.063168 0.067774 | 0.071519
5 (1x0,2,2%0,2) 0.058796 0.052288 | 0.055018
2 6 (2+0,1,1%0,1,1x0) 0.049991 0.032316 | 0.033307
5 (3%0,3,1x0) 0.058321 0.038359 | 0.038994
5 (4%0,3) 0.068084 0.067382 | 0.073092
4 (1%0,2,1x0,2) 0.062495 0.054534 | 0.059578
3 5 (1%0,1,1%0,1,1%0) 0.057546 0.033222 | 0.034300
4 (1%0,2,1x0,1) 0.062444 0.043433 | 0.046792
4 (3x0,3) 0.079014 0.065503 | 0.073013
201 0 20 (20%0) 0.018373 0.012069 | 0.012069
17 (4%0,3,12+0) 0.020827 0.014134 | 0.014134
17 (3%0,3,13+0) 0.021042 0.014071 | 0.014071
17 (16%0,3) 0.023253 0.034068 | 0.034068
16 | (1x0,2,2%0,2,11x0) | 0.023261 | 0.014861 | 0.014861
16 (1%0,2,1%0,2,12x0) 0.023708 0.014836 | 0.014836
15 (2+0,5,12+0) 0.024468 0.015750 | 0.015750
15 (14%0,5) 0.029469 0.060681 | 0.060681
1 16 (3%0,3,12%0) 0.019533 0.014084 | 0.014040
16 (15%0,3) 0.021305 0.032982 | 0.033987
15 (1%0,2,2%0,2,10+0) 0.020788 0.015019 | 0.015029
11 (3%0,5,1x0,3,5%0) 0.023275 0.022759 | 0.023397
2 15 (3%0,3,11%0) 0.020303 0.013942 | 0.013881
15 (14%0,3) 0.022244 0.032711 | 0.034088
14 (1%0,2,1%0,2,10%0) 0.021503 0.014892 | 0.014900
10 (5%0,5,3%0,3) 0.024675 0.056530 | 0.060546
3 15 (1%0,1,1x0,1,11x0) 0.021116 0.013380 | 0.013355
14 (3%0,3,10x0) 0.021566 0.014155 | 0.014094
14 (13%0,3) 0.023479 0.032371 | 0.033992
10 (6+0,5,1x0,2,1x0) 0.024078 0.043655 | 0.047057

(Continued)



340

Eun-Hyung Seo and Suk-Bok Kang

n m-—r scheme o is known @ is known
0 B01 010 G20

30 30 (30%0) 0.011758 | 0.008188 | 0.008188
27 (4%0,3,22x0) 0.012895 | 0.008916 | 0.008916
27 (3%0,3,23x0) 0.013119 0.009009 | 0.009009
27 (26%0,3) 0.013746 0.021258 | 0.021258
26 (1%0,2,2%0,2,210) 0.014104 | 0.009500 | 0.009500
26 (1%0,2,1%0,2,22%0) 0.014205 0.009424 | 0.009424
25 (2%0,5,22%0) 0.014310 0.009623 | 0.009623
25 (24%0,5) 0.015968 0.037570 | 0.037570
26 (3%0,3,22+0) 0.012142 0.009055 | 0.009015
26 (25%0,3) 0.012748 0.020757 | 0.021249
25 (1%0,2,2%0,2,20%0) 0.012504 0.009223 | 0.009187
16 (3%0,10,3%0,3,8%0) 0.015648 0.015835 | 0.016172
25 (3%0,3,21%0) 0.012428 0.009061 | 0.009007
25 (24%0,3) 0.013023 0.020506 | 0.021157
24 (1%0,2,1x0,2,20%0) 0.012835 0.009290 | 0.009248
15 (5%0,10,3%0,3,5+0) 0.015114 | 0.024180 | 0.025344
25 (1%0,1,1%0,1,210) 0.012905 0.008774 | 0.008739
24 (3%0,3,20%0) 0.012995 0.009115 | 0.009053
24 (23+0,3) 0.013629 | 0.020517 | 0.021253
15 (10x0,10,1x0,2,2%0) 0.015001 0.050562 | 0.053954

40 40 (40%0) 0.008437 0.006067 | 0.006067
37 (36%0,3) 0.009511 0.015044 | 0.015044
35 (20+0,5,14x0) 0.008983 0.008433 | 0.008433
35 (34%0,5) 0.010609 0.026461 | 0.026461
33 (1%0,2,12x0,5,18%0) 0.009902 0.007528 | 0.007528
30 (10%0,10,19+0) 0.010020 0.008890 | 0.008890
30 (3%0,10,26%0) 0.011215 0.008085 | 0.008085
26 (1%0,2,1x0,12,22+0) 0.013549 0.009123 | 0.009123
36 (35%0,3) 0.008865 0.014736 | 0.015028
29 (3%0,10,25%0) 0.009992 0.008131 | 0.008092
26 (3%0,10,3%0,3,18+0) 0.010585 0.009047 | 0.009084
22 (1%0,15,2%0,2,17x0) 0.013087 0.010494 | 0.010462
35 (34%0,3) 0.008987 | 0.014617 | 0.015009
28 (3+0,10,24x0) 0.009860 0.007979 | 0.007919
21 (1x0,2,1x0,15,17x0) 0.012016 0.010637 | 0.010720
18 (5+0,10,3%0,10,8+0) 0.011478 0.023307 | 0.024390
34 (33+0,3) 0.009346 | 0.014614 | 0.015054
27 (3%0,10,23%0) 0.010159 | 0.008035 | 0.007969
26 (1%0,1,10%0,10,13+0) 0.009881 0.012015 | 0.012409
15 (10%0,20,1x0,2,20) 0.013086 0.079492 | 0.086303

(Continued)
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) r|lm-—r scheme o is known @ is known
0 fa1 J10 d20
50| 0 50 (50%0) 0.006573 0.005008 | 0.005008
47 (46%0,3) 0.007211 0.011611 | 0.011611
45 (44x0,5) 0.007944 0.019979 | 0.019979
40 (20%0,10,19%0) 0.007296 0.008675 | 0.008675
40 (10%0,10,29+0) 0.007639 0.006318 | 0.006318
36 (1%0,2,10%0,12,23%0) 0.008337 0.007379 | 0.007379
35 (20%0,15,14%0) 0.007744 0.016292 | 0.016292
35 (10%0,10,12x0,5,11x0) 0.008096 0.011441 | 0.011441
1 46 (45%0,3) 0.006741 0.011404 | 0.011602
29 (3%0,10,3%0,10,21x0) 0.008625 0.008082 | 0.008127
29 (3%0,20,25%0) 0.008893 0.008131 | 0.008081
29 (1%0,15,10%0,5,16%0) 0.009300 0.008010 | 0.008070
2 45 (44x0,3) 0.006884 0.011336 | 0.011606
28 (3+0,20,24+0) 0.008875 0.008272 | 0.008204
23 (1%0,10,5%0,15,15x0) 0.009596 0.011460 | 0.011773
18 (5%0,20,3%0,10,8+0) 0.009776 0.027317 | 0.028704
3 44 (43%0,3) 0.007169 0.011318 | 0.011623
27 (3%0,20,23+0) 0.008921 0.008220 | 0.008157
22 (1%0,15,10%0,10,9%0) 0.009596 0.018102 | 0.018970
10 25 (10%0,10,5%0,5,8%0) 0.009564 0.020599 | 0.021924

Table 5.2: The relative mean squared errors for the proposed estimators of the
location paramater

nl|lr|{m-—r scheme 031 032 031 032
10]0 10 (10%0) 0.105033 | 0.105033 | 0.065746 | 0.065746
7 (4%0,3,2+0) 0.097573 | 0.097573 | 0.088423 | 0.088423

7 (3%0,3,3%0) 0.107290 | 0.107290 | 0.081942 | 0.081942

7 (6%0,3) 0.144005 | 0.144005 | 0.111724 | 0.111724

6 (1%0,2,2+0,2,1x0) | 0.123292 | 0.123292 | 0.090298 | 0.090298

6 (1%0,2,1%0,2,2+¢0) | 0.128139 | 0.128139 | 0.088931 | 0.088931

5 (2+0,5,2+0) 0.121221 | 0.121221 | 0.121596 | 0.121596

5 (4%0,5) 0.141424 | 0.141424 | 0.198673 | 0.198673

1 7 (2%0,1,2%0,1,1x0) | 0.115220 | 0.117775 | 0.082333 | 0.083145

6 (3%0,3,2%0) 0.118747 | 0.120124 | 0.114166 | 0.112880

6 (5%0,3) 0.137676 | 0.143509 | 0.139016 | 0.138893

5 (1%0,2,2+0,2) 0.126605 | 0.129248 | 0.136653 | 0.133918

2 6 (2%0,1,1%0,1,1%0) | 0.153620 | 0.155416 | 0.101960 | 0.101900

5 (4%0,3) 0.196791 | 0.197751 | 0.208252 | 0.202139

5 (3%0,3,1x0) 0.204868 | 0.203066 | 0.220803 | 0.216460

4 (1%0,2,1x0,2) 0.188641 | 0.187207 | 0.198249 | 0.189707

3 5 (1+0,1,1x0,1,1x0) | 0.219256 | 0.220548 | 0.129943 | 0.129352

4 (1x0,2,1x0,1) 0.258604 | 0.256187 | 0.193283 | (0.188174

4 (3%0,3) 0.746957 | 0.738515 | 0.795667 | 0.786330

(Continued)
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T T m—T scheme 031 932 &31 5’32

2010 20 (20%0) 0.042202 | 0.042202 | 0.028173 | 0.028173
17 (4+0,3,12+0) 0.043201 | 0.043201 | 0.030306 | 0.030306
17 (3%0,3,13+0) 0.043436 | 0.043436 | 0.030081 | 0.030081
17 (16+0,3) 0.069228 | 0.069228 | 0.051024 | 0.051024

16 (1%0,2,2%0,2,11%0) | 0.047236 | 0.047236 | 0.031606 | 0.031606
16 (1x0,2,1%0,2,12x0) | 0.047994 | 0.047994 | 0.031429 | 0.031429

15 (2+0,5,12%0) 0.045647 | 0.045647 | 0.030864 | 0.030864
15 (14%0,5) 0.075597 | 0.075597 | 0.058962 | 0.058962
1 16 (3%0,3,12%0) 0.040641 | 0.041425 | 0.030023 | 0.030443
16 (15+0,3) 0.057755 | 0.060394 | 0.043965 | 0.046093

15 (1x0,2,2%0,2,10+0) | 0.042184 | 0.043121 | 0.031657 | 0.032134
11 (3%0,5,1%0,3,5x0) 0.042321 | 0.043188 | 0.042534 | 0.042448

2 15 (3%0,3,11x0) 0.047595 | 0.048208 | 0.033532 | 0.033788
15 (14%0,3) 0.062363 | 0.064741 | 0.045510 | 0.047161

14 (1%0,2,1x0,2,10«0) | 0.049034 | 0.049779 | 0.035487 | 0.035722

10 (5%0,5,3%0,3) 0.069802 | 0.069623 | 0.115066 | 0.114072

3 15 (1%0,1,1%0,1,11%0) | 0.056104 | 0.056658 | 0.035996 | 0.036233
14 (3%0,3,10%0) 0.056326 | 0.056823 | 0.037926 | 0.038083

14 (130,3) 0.070302 | 0.072350 | 0.049411 | 0.050592

10 (6+0,5,1%0,2,1x0) 0.075916 | 0.075672 | 0.088951 | 0.088121
300 30 (30x0) 0.025517 | 0.025517 | 0.017983 | 0.017983
27 (4+0,3,22%0) 0.025741 | 0.025741 | 0.018186 | 0.018186

27 (3%0,3,23%0) 0.025796 | 0.025796 | 0.018079 | 0.018079

27 (26%0,3) 0.043960 | 0.043960 | 0.034419 | 0.034419

26 (1%0,2,2%0,2,21x0) | 0.027899 | 0.027899 | 0.019247 | 0.019247
26 (1%0,2,1%0,2,22%0) | 0.028323 | 0.028323 | 0.019251 | 0.019251

25 (2%0,5,22+0) 0.026350 | 0.026350 | 0.018277 | 0.018277
25 (24%0,5) 0.051810 | 0.051810 | 0.041714 | 0.041714
1 27 (3%0,3,22x0) 0.024082 | 0.024421 | 0.018149 | 0.018354
27 (25%0,3) 0.037039 | 0.038341 | 0.029109 | 0.030353

25 (1x0,2,2%0,2,20«0) | 0.024816 | 0.025200 | 0.018603 | 0.018831
16 (3%0,10,3%0,3,8+0) | 0.024946 | 0.025311 | 0.028200 | 0.028017

2 25 (3+0,3,21x0) 0.026508 | 0.026773 | 0.019505 | 0.019644
25 (24%0,3) 0.038193 | 0.039434 | 0.028489 | 0.029581
24 (1x0,2,1%0,2,20%0) | 0.027284 | 0.027603 | 0.020075 | 0.020232
15 (5+0,10,3%0,3,5+0) | 0.028736 | 0.028767 | 0.040541 | 0.040043

3 25 (1%0,1,1%0,1,21%0) | 0.029714 | 0.029950 | 0.020298 | 0.020420
24 (3%0,3,20+0) 0.029613 | 0.029822 | 0.020964 | 0.021048
24 (23%0,3) 0.040750 | 0.041910 | 0.029404 | 0.030342
15 (10%0,10,1%0,2,2%0) | 0.046452 | 0.046303 | 0.074646 | 0.074208
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n r{m-r scheme 031 032 F31 032
40| 0 40 (40%0) 0.017533 | 0.017533 | 0.012735 | 0.012735
37 (36%0,3) 0.030644 | 0.030644 | 0.025053 | 0.025053
35 (20%0,5,14x0) 0.015783 | 0.015783 | 0.012676 | 0.012676
35 (34%0,5) 0.037457 | 0.037457 | 0.031852 | 0.031852
33 (1%0,2,12%0,5,18+0) 0.018591 | 0.018591 | 0.013865 | 0.013865
30 (10%0,10,19+0) 0.017439 | 0.017439 | 0.014634 | 0.014634
30 (3%0,10,26+0) 0.018320 | 0.018320 | 0.013864 | 0.013864
26 (1x0,2,1%0,12,22x0) 0.023752 | 0.023752 | 0.016788 | 0.016788
1 36 (35%0,3) 0.025685 | 0.026463 | 0.021100 | 0.021925
29 (3%0,10,25+0) 0.016596 | 0.016821 | 0.014325 | 0.014407
26 (3%0,10,3%0,3,18+0) 0.017231 | 0.017485 | 0.016074 | 0.016140
22 (1%0,15,2%0,2,17x0) 0.019645 | 0.020141 | 0.017903 | 0.017990
2 35 (34%0,3) 0.026482 | 0.027232 | 0.020746 | 0.021492
28 (3+0,10,24x0) 0.018134 | 0.018302 | 0.015691 | 0.015711
21 (1%0,2,1%0,15,17+0) 0.020483 | 0.020835 | 0.020153 | 0.020135
18 (5%0,10,3%0,10,8+0) 0.019341 | 0.019467 | 0.028080 | 0.027758
3 34 (330,3) 0.027904 | 0.028623 | 0.021011 | 0.021675
27 (3%0,10,23+0) 0.019921 | 0.020055 | 0.016885 | 0.016868
26 (1x0,1,10%0,10,13%0) 0.020619 | 0.020777 | 0.018631 | 0.018660
15 (10%0,20,1%0,2,2%0) 0.057516 | 0.057269 | 0.161405 | 0.160642
501 0 50 (50%0) 0.013167 | 0.013167 | 0.010092 | 0.010092
a7 (46%0,3) 0.023109 | 0.023109 | 0.019848 | 0.019848
45 (44%0,5) 0.028600 | 0.028600 | 0.025543 | 0.025543
40 (20%0,10,19%0) 0.011836 | 0.011836 | 0.010681 | 0.010681
40 (10%0,10,29+0) 0.013169 | 0.013169 | 0.010965 | 0.010965
36 (1%0,2,10%0,12,23%0) 0.013826 | 0.013826 | 0.011733 | 0.011733
35 (20%0,15,14%0) 0.011045 | 0.011045 | 0.013131 | 0.013131
35 (10%0,10,12%0,5,11%0) | 0.011305 | 0.011305 | 0.012158 | 0.012158
1 46 (45%0,3) 0.019372 | 0.019887 | 0.016928 | 0.017500
29 (3%0,10,3%0,10,21%0) 0.012722 | 0.012897 | 0.013654 | 0.013633
29 (3%0,20,25+0) 0.013016 | 0.013209 | 0.013829 | 0.013814
29 (1x0,15,10%0,5,16%0) | 0.013051 | 0.013250 | 0.014079 | 0.014017
2 45 (44%0,3) 0.019871 | 0.020375 | 0.016647 | 0.017180
28 (3%0,20,24x0) 0.013900 | 0.014044 | 0.015383 | 0.015291
23 (1%0,10,5%0,15,15%0) 0.014591 | 0.014767 | 0.019428 | 0.019218
18 (5%0,20,3%0,10,8%0) 0.014961 | 0.014988 | 0.034315 | 0.033725
3 44 (43%0,3) 0.020864 | 0.021344 | 0.016705 | 0.017186
27 (3%0,20,23+0) 0.015328 | 0.015433 | 0.016797 | 0.016678
22 (1%0,15,10+0,10,9%0) 0.016396 | 0.016449 | 0.025234 | 0.024899
10 25 (10%0,10,5%0,5,8+0) 0.030977 | 0.030922 | 0.026947 | 0.026840
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