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Bayesian Estimation of the Two-Parameter Kappa

Distribution*

Mira OhY Sunworl Kim? Jeong Soo Park® and Young Sook Son?

Abstract

In this paper a Bayesian estimation of the two-parameter kappa distribution was
discussed under the noninformative prior. The Bayesian estimators are obtained by
the Gibbs sampling. The generation of the shape parameter and scale parameter in
the Gibbs sampler is implemented using the adaptive rejection Metropolis sampling
algorithm of Gilks et al. (1995). A Monte Carlo study showed that the Bayesian
estimators proposed outperform other estimators in the sense of mean squared error.
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F(X|a,f) = (%) {w(fg—) } , X>0, 0 >0, (1.1)
71X o= FE (shape) BFoli S+ A% (scale) o] o).
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+ (2006)= AE FHA, L-AE 344, % FRAE wE89 o84 45
AdE Fotod Husih A& FAAS L-HE FRAE F87] A8t el

A+ quasi-Newton A3} ¢12|5S AHE3HAT % 23S 2L 397}

Asol T YA Jderg Lx B A 7] FAYHES Ao 25 &
F2Me L-3E F3Nol Fohes Z2FAE AW A& 23X, L-AE 34, I+
FAAE Fote Aol A= g (2006)°0 ¢ & £7HH o Qo

Gilkse} Wild (1992)¢] &-§ 71zt 3 (adaptive rejection sampling: ARS) €318 &
3} ARS 231 8] Z o] Metropolis-Hastings €31 2] && F7138le] A9 Gilks 5 (1995) 2]
98 717t 2 &2~ EA (adaptive rejection Metropolis sampling: ARMS) €318
#A8taLA} ohe gl e A £33 F4E BAFETTE S
to g A BE5EE A13A4 (normalizing constant) S & w] A5 02 ALg5
o] & 717423 (rejection sampling)¥HH (Ross, 1997)2 I A MAAI A &3] H$ 3
AR 7} WH-Bo) 93t =X 2 A o]y} Z A} (approximation)ol] 2 & o} A FTH A& ¢
H P EEE9 2t ARS 52 ARMSE 3= P2 E % (Gibbs sampling)
g3 Wol At BEFAAE 71EY FAAS v Bt % 4 2AE HAF
Atk o] #HF A= Son Oh (2006)) 2-24 ZwlEE, Oh 5 (2007)2) 4-2 4 Zhw}
B3 323 Son Oh (2007)9) 2-24 1}7}7}0] (Nakagami) 2 3Zo] o) 3 oo} 2] ¢ =
T3 R4 242 RE AT 5 At

B =RdME 2B FISEEY] BEFAE J3te] A2AEFE AFRE wlo]X
dEFFH AAE ALY FHES o8 HERS (9] 2] AAFEE (conditional
posterior distribution)= Z}Zt 2 I1- Edeta AT 4 glonz ARMS ¢ g&
o g8 BeANE T 5 AEF Y242 (Gibbs sampler)E 74 5t

=9 28 A= dol At B4R AT FARA APEEE Ao, 4

:_

N

ooh ¥
[o rfo o

Z2A8 AZEE (full conditional posterior distribution)& A4t B4-34E A%
RoAEY ¢ ES 74T 3B A s 22 00A AAT WAt By Y3}
W% (20000] ANE AE AW, LAS 249, 227 A3 2999 238
23 57 Hete] 2o AT E SAAAT.
2. Wol A w53
X ={X1,X2,..., X, }7} 2-25 7}SEE A (L) 2RH F2d FER 2o/t 8
M 5 3k (likelihood function) L{a, 8 | X)+& 23 Ze] Ao Ht}

L{e, 8| X) = (%)n}j{ﬁ (%)a}_T, a, B> 0. (2.1)

254 AREZ) BLFol A2 SYolehe 744 Sol A he T 2L £RARA A
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i=1

+
TN
m|3<
N’

Q
N——
|
R
o
=

p(8] 0, X) o g5(8) = — -H{a

n+1
’8 i=1

24 4L SAEAY AFLZEE FAFE 2438 A48T HEUS
4 f(2)9 AF3E A (normalizing constant)E & & & W, & f(2) x g(2)¥
] g(z)o] 22-2EA (log-concavity) S Zr=thd ARS €1 EE AMEdto FER
E f2)g 2 FEHUSFE AT = k. 28U g(2)°] 2E2-254E 7HAA
k=t ARS €32 E LS AHEE 4 gtk o] AfdE f(z)d A F4E Fe
WS A F3te ARS €a8lZ0] Metropolis-Hastings €12]&S T3l THEolz
ARMS €¢185g AH8Th 5, Z9] ¥ (support) DzAS] k+270e] AFEHE<S

Ty, = {(207217--~yzk+1) |20 <23 <0 < zpr}ol el 20 oldf 2,9} 2,112 D oA 7}
2 AFggkel 32 ?_E} 1<i<j<koll st LZJ(Z Tk)a 5 7H«] =
E (zulng(zl))"’]—( -7

linear upper hull) %}

ui(2) = max[L; i41(z; Tx), min{L;i_1,(2; Tk), Liv1i+2(2; T)}], 2 < 2 < 241
ARSEA A= exp{ur(2)} 7} Tl A8 712 @7} &4 (rejection envelope function) &,
wg BARBRFRAL

Sk(2) :exp{uk(z)}// exp{uy(2)}dz
D,
7} AHg-H o

oA W RS o, HERS 9] A% AFLE/ 2IT-22F4UAS FES B
712 33k A (2.4) D A (2.5)0] 42 218 HE F4E, Inp(a | 5,X), np(8 | o, X)S
27} o, foll B 23} W B F5E

1+ (X;/B)* In(X;/B) }

o2 25
5= lnp(a| 4.X) =~ ———ZlnaJrX/ﬂ “2'21{ o+ (X:/B)°
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a+1) y~ [ (X:/8)* [n(X:/B)]°
’(T)Z{ o+ (X:/B)° }

(225 (e,
d? (n+1) (a+1)? "{ (X:/B)* }

6—162 lnp(ﬂ |, X) = 32 - 32 Z «a+ (Xz/ﬂ)a

Rt

y

I 2] REHEZ o) ol F SolEt 2 34 A= U nehs
T o HERS fo AR AFEEE 22255 T :}751 g 5
a,f8) 247 A}f%%:'_— EREH, o, 68 49317 fA ARMS €3 25E 2t 7
2L E e Zo] 74U

3E
ZIAMZ 8 o]l &

[BA 1] 2738 &4 : 352 g9 2713} 342 0oz HA%T
(A 2 |98 DA :i=0,1,2,...

(i) pal*) | g0 X)2 8 ol+)g A43t7] 93 ARMS FT2ZL 53
s},

(i) p(BEHD | o), X) 2 HE Ai+DE A33}7) fake] ARMS LuaE e 4
P}

< a-g PAsl7] ¢33 ARMS ¢32)E >
[ ARSYHA] 2.1.1 | 27)3} &4
o Dy={a|a>0}9 FWANA oF HEZY 5k} FRE T-& B33 Trol
A 27t Y ANTS up()E 78T
[ ARSYA 2.1.2 | 23 <A
o ENHEYT Si()2HH a*E A
o YEE U0, H)ERE G5 uE A48

o u<ga( *) [ exp{ug (a*)}°1H ap=a* 22 iﬂa]sh_ [MHEA] 2.1.4]¢] Metro-
polis-Hastings @A E Ztth. 28X ¢kow o* & 7] 433 [ARSEA 2.1.3]9)
BAGAZ 7ok

ox
<
i)

i

[ ARSEHA| 2.1.3 | A T4
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* =
=

o},

[ MHYA 2.1.4 ] Metropolis-Hastings 7|

aZ FEA] F715td FEA Tiy1 S DHE0] [ARSTEA 2.1.2]8

e

Ak
=

et

=2

o RFEFIEZ UM, 1)ERY d uE AAI.

galaa) - mm{ga(a(i)) exp[u;C () ]} it1) -
o u< mm{l, RO R CTARCTITRCTIN ol olitl) = g0 2 WA}

28R god ot =g oz Fhr}.

al,

< B0+ & ye}r) 91T ARMS LneF >

[ ARSTHA] 2.2.1 | 27)3} 94

e Dy={B]8>0}) BNA % HEAY & ko FEZ T2 B Tpol

A 27 48 AARS w(B)E FB

[ ARSYA 2.2.2 | 4 94
o EIFETS Si(B)EFE 8 AP T
o EFEFYEEU(0,NERE Yo uE A3

o u<gp(B*)/exp{ux (B*)} 014 Ba=F*22 A1
polis-Hastings @A 2 7ttt 282 goy &
BAGTAZ 2.

-

¢

[MHZHA] 2.2.4]9] Metro-
71Z+stal [ARSHHA 2.2.3]9]

[ ARSYA 2.2.3 | BA &4

o 7129 5* & fF FE A F718t HEH Ty & BE°] [ARSTA 2.2.2]5

L3,

[ MHYA 2.2.4 | Metropolis-Hastings @7

o EXFYREIUWODZHE 94 v AT

- 98(84) - min{gs(8), explur(8?)]} (+1) — g, 0 5
T mm{l’ 3™ mntes G, el [ 012 AT = Bl Al

3, 2% god g = 0oz A

3. oA

B =EolA Add 2-25 gtsE ] woj A B4S2A e 9IS 3o o
I e Bodde #3850 27 (o, 8) = (2.1,1),(3,1),(5,1),(7,1), (4, 1), (4,3),

22

o
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(4,5),(4,1) & 7}A & 2-E4 FpatR 2o tdte] R 7] n = 15,30,50,1009] A8
Sol 22} 1003] 2k A5 of me AWAA A& 2L

2= A4S MATLAB (2002)& AHE-3tth A2 EH Y 2731 DA A B
49 2%ent 49 2AAE AEAUTH ARMSIIA 3 HEPY 2rgezs
959 282l A3 409 T A BGLE AHBAAL, IF ALAEIS) o
5 5 H5Y) 203 YORE AU LRAN FAAE BYTFTH 10% % 0%
92 HE AEIST

e ’9:‘% Jol = A 1000 7Hx & A" BEES HEY F W53 $E 1003 7 H

A Z3Le] 1008 A Z27HA1 7] 2 R4 2R 29 BFAF L2 (mean squared error: MSE)
o ATEE 4TRE AoR Y2UED $U4L AR HF AR 1,0007)
o utE o g Aol By YA GEO| AFREE FA = AR AFTEEY F
TE#e Eg9 WAt FHAE AFE AT

£ 3.13 % 3.2 1003 93 mojd e AREREH 4o HE FH A (MME),
L-AE 24 (LME), 3% &332 (MLE), 283 d#lo]x| ¢t 3 X (BAYES)S] B¢
(mean), 582} (standard deviation: SD)7} AA)=E itk ojuf FolA MLES] SD 7h
o] 252 X MLEY ZAF E&H X} (asymptotic SD)ZA] Fisherd] #&A W3
& (observed information matrix)e] <38 ]:’“——-mﬂ oA AAETLE £33 ABE
(n=15)olA 2A 2 A BEFH A (simulated SD) 7} W& ol 7} v
Ao 2A EZUAT URERS A Sl A QoA 7 BB Y AolTh WkHoz A
R4g DAHGS B YRRl AQ42, FUESE 1ARAE O Jzes
AN, TR T BRY 2707 BG4S 259 LA AYE ¢ 4 ATk 24

?_

Yol AL8E BE Baln BE Eesl 270 tatel Wol e B4 2HS Ao 2
2L FAY 5 Yok

4
£ £2L20e ARREAN JHRE Y HEDG g 2RLH NAREE
AR 2T

g7t oh B 2 Gilks 5 (1995)9] A3
Metropohs sampling: ARMS) ¢ 118&E o] &
A oHst Wio| x|t R HAate] BYAde HE '}7] H?ﬂ‘ﬂ 87H-4 Xilf&% ‘3?53011 EH
3 2oAPL YR I AFE 712 FFWY AR S5t

39, A Z7HA ZtstREe] FHAAPEE (conjugate prior)= ML A JFghorn=E
B =Rt FHHEA AAEETE ASAT ojuf, FARA AAERZ7 AT
(improper) B ¥olng ZAjt AAZEZ 7} FH S (proper) FEXYS T3 Ao A2
Hojof & FA|olth z# Lt oo thgt A TAQ FHo| ofAA = £Vt B
AFoNA TN hdd BAFoA B 2R A AT e A ¢Es

[U

Xl

i)
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31: BReFAol thst 2o AE A, (0 =2.1,3,5,7,8 =1, ¥H& 1003])
n | F394 a=21 B=1 a=3 B=1
Mean SD Mean SD Mean SD Mean SD
MME [i3.8159 2.0036 [1.3714 0.4297 |{4.9060 3.3243 |1.1919 0.3460
LME |[2.8263 1.8018 {1.0530 0.3643 |{3.6789 3.0566 [0.9989 0.3332
15| MLE |[2.9428 1.8493 |1.1205 0.4050 |(4.2054 2.6353 |1.0854 0.4173
(2.1611) (0.3960) (4.1153) (0.3812)
BAYES |[2.1951 0.7208 [1.0091 0.1889 |[3.2752 1.2972 |1.0178 0.1780
MME [|3.0901 0.7950 [1.3173 0.3413 ||4.5638 2.4954 |1.1557 0.2149
LME {{2.3917 0.8164 |1.0219 0.2615 ||3.7382 1.9490 (1.0403 0.2337
30 MLE |[2.3519 0.9318 |1.0213 0.2400 ||3.9883 2.4094 [1.0721 0.2195
(0.8369) (0.2546) (2.4514) (0.2395)
BAYES |]2.1567 0.3594 }1.0198 0.1334 ||3.1152 1.0061 {1.0126 0.1145
MME [|2.9552 0.5276 [1.2848 0.2232 (|3.9177 1.2215 |1.0937 0.1637
LME |{2.3052 0.5384 |1.0413 0.1921 ||3.4824 1.4741 (1.0262 0.2360
50 | MLE |[2.2691 0.5451 |1.0383 0.1924 ||3.4889 1.1971 [1.0199 0.1800
(0.5940) (0.1944) (1.1090) (0.1715)
BAYES |[2.1152 0.3273 [1.0089 0.0906 {[3.0587 0.6592 |1.0093 0.0933
MME [|2.7035 0.3194 |1.2598 0.1578 [{3.5672 0.6500 1.0837 0.1109
LME |}2.2082 0.3788 |1.0380 0.1449 [|3.2447 0.6670 [1.0260 0.1253
1060y MLE |[2.1551 0.3407 {1.0295 0.1414 ({3.2528 0.6168 [1.0332 0.1229
(0.3532) (0.1372) (0.6412) (0.1213)
BAYES |{2.1098 0.2482 {1.0076 0.0300 [|3.0252 0.3575 [1.0041 0.0265 0
n |F3944 a=25 Bg=1 a=T f=1
Mean sSD Mean SD Mean SD Mean SD
MME (|7.2164 5.3668 [1.0320 0.2548 |(|8.6122 5.4744 [0.9439 0.2020
LME [{5.9366 4.9746 |0.9840 0.3072 ||6.0043 5.4827 |0.9395 0.3760
15| MLE |[|6.8872 4.0006 |1.1294 0.3211 |[9.0468 4.3104 |1.0229 0.2142
(10.1077) (0.3717) (18.1787) (0.3856)
BAYES ||5.5625 1.7092 |1.0273 0.1715 ||7.5642 2.3933 [1.0159 0.1691
MME [(6.8603 4.4072 [1.0649 0.2057 ({8.3901 5.0099 [0.9818 0.1643
LME }]|5.6530 4.7459 }1.0692 0.4992 {|6.7324 4.9474 [0.9893 0.3410
30| MLE |[|6.5828 3.4875 (1.0731 0.2369 [{8.8100 4.2302 (1.0277 0.1500
(4.2681) (0.2181) (7.5065) (0.2060)
BAYES ||5.2788 1.3965 11.0106 0.1158 {|7.4182 2.0651 [1.0115 0.0959
MME [|6.5480 3.9960 [1.0331 0.1806 [}8.8936 5.2392 [1.0070 0.1670
LME 1{5.8064 4.5344 [1.0070 0.3336 ||7.7725 4.3178 [0.9943 0.2709
50| MLE |[|6.4680 3.0346 |1.0415 0.1746 [|8.5330 3.8428 (1.0113 0.1311
(3.3126) (0.1591) (4.4913) (0.1476)
BAYES ||5.1470 0.9739 |1.0081 0.0819 ||7.1249 1.4750 ]1.0035 0.0911
MME [|6.0050 2.7345 [1.0188 0.1153 [|8.6492 4.4442 |1.0153 0.1249
LME |{5.6606 2.5251 [1.0217 0.2339 |[7.8510 4.7581 {0.9964 0.2209
100 MLE |[|5.5350 1.4447 (1.0072 0.0980 [18.3734 2.8748 [1.0282 0.0985
(1.4300) (0.1049) (2.6889) (0.0966)
BAYES {{5.0971 0.8617 |1.0052 0.0400 [[7.0963 0.9728 {1.0031 0.0400
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# 32 B FAo gt RAY 2, (a=4,6=1,3,5,7, ¥H5 1003])
n 249 a=4 B=1 a=4 p=3
Mean SD Mean SD Mean SD Mean SD

MME {|6.1016 4.3967 |1.0702 0.2640 |{6.1531 4.4792 |3.1922 0.8773
LME |{5.2420 4.4715 [0.9569 0.3132 [|5.4785 4.3374 {3.0010 1.3726

15| MLE |[|5.8161 3.8488 |1.1012 0.3033 |[5.7135 3.4636 |3.2620 0.9296
(7.5805) (0.3811) (7.1414) (1.3553)

BAYES |{4.2420 1.3909 |1.0326 0.1603 [[4.1541 1.3215 |3.0963 0.6548
MME |(5.7488 4.2394 |1.0840 0.2175 |{5.4259 4.5857 |3.2339 0.6254
LME |[4.9909 4.3596 |1.0041 0.2110 ||4.9419 3.9420 [3.0798 0.7663

30| MLE (|4.9938 2.7551 {1.0471 0.2198 ||5.3008 3.1739 [3.1798 0.6639
(2.8099) (0.2210) (3.8632) (0.6884)

BAYES |{4.2903 1.0764 (1.0282 0.1114 {|4.1217 1.0001 |3.0428 0.5226
MME (|5.3933 2.8311 [{1.0834 0.1860 [|5.1536 2.4331 |3.1704 0.4775
LME |[4.6639 2.1828 |1.0675 0.3239 ||4.7548 2.8382 |3.0565 0.6768

50 | MLE [{5.0422 2.3872 |1.0591 0.1855 [|4.8991 2.6817 {3.0947 0.5063
(1.9518) (0.1670) (2.1315) (0.4932)

BAYES |(4.1799 0.8703 {1.0300 0.0949 [{4.1025 0.8414 {3.0566 0.2742
MME [|4.8277 1.3612 (1.0409 0.1158 (|4.5638 1.2118 (3.0768 0.3730
LME |[4.2823 1.5112 {1.0301 0.1926 [[4.3226 1.3670 |3.0466 0.6608

100| MLE ||4.2466 0.9830 |1.0197 0.1049 |{4.3826 1.1982 |3.0354 0.3499
(0.9680) (0.1126) (1.0064) (0.3308)

BAYES [|4.0920 0.4987 [1.0013 0.0728 ||4.0281 0.5063 |3.0087 0.1131

n | &3 H a=4 B=5 a=4 B=7
Mean SD Mean SD Mean SD Mean Sb

MME |[|6.1947 4.9592 [5.2855 1.4214 |(6.3997 4.8302 |7.3401 2.1238
LME |[4.4358 4.0896 |4.5730 1.6814 ||5.0226 4.0519 [6.7946 2.8452

15 MLE (}5.4185 3.6890 (4.9933 1.3099 [|6.0334 3.7533 7.1913 2.2044
. (8.4912) (1.9017) (7.8662) (2.6188)

BAYES |{4.1065 1.1454 {5.0586 0.8744 ||4.1164 1.0930 {7.0896 0.9068
MME [|5.5574 3.4580 (5.3134 0.9380 (|5.6814 4.3308 (7.4247 1.4501
LME {[5.0136 3.9651 {5.0422 1.1780 {|4.9419 3.6091 |{7.1389 2.1159

30| MLE [{5.1532 3.0723 |5.1469 1.0075 |[5.4046 3.2571 |7.2768 1.5916
(3.4656) (1.1077) (3.4648) (1.5367)

BAYES {[4.0896 1.0003 [5.0436 0.6989 |[4.1112 1.0465 |7.0422 0.8853
MME [15.3449 2.7820 [5.3679 0.8444 [|4.9571 2.1433 (7.3573 1.1893
LME |[4.9289 2.6748 |5.2132 1.1704 (|4.4612 2.4517 |7.0721 1.6247

50 | MLE [}4.9402 2.3798 |5.1937 0.8749 |{4.6848 2.2974 |7.1902 1.2179
(1.9537) (0.8196) (1.8609) (1.1472)

BAYES [[4.0834 0.7224 |5.0140 0.3324 |[4.0938 0.7239 |7.0283 0.2540
MME {}4.5199 1.0989 {5.1656 0.5820 [|4.6462 1.4083 (7.2953 0.8185
LME |[4.2150 1.2683 |5.1038 1.0427 ||4.4261 1.9054 [7.1654 1.3979

100( MLE [|4.2940 1.0289 (5.0839 0.5727 {|4.2642 0.9760 {7.1090 0.8022
(0.9861) (0.5595) (0.9998) (0.7873)

BAYES |[4.0336 0.4887 |5.0171 0.2110 |[4.0178 0.4892 |7.0056 0.3076
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A okskeh
3 o] Lo A= Mielke (1973)¢] 3-24 7132 Z 9} Hosking (1994)2) 4-2 5 7}
SRz QAT do| A% R4S A Leauat .
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