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SOME PROPERTIES OF BIVARIATE GENERALIZED
HYPERGEOMETRIC PROBABILITY DISTRIBUTIONS

C. SATHEESH KUMAR!

ABSTRACT

In this paper we study some important properties of the bivariate gener-
alized hypergeometric probability (BGHP) distribution by establishing the
existence of all the moments of the distribution and by deriving recurrence
relations for raw moments. It is shown that certain mixtures of BGHP distri-
butions are again BGHP distributions and a limiting case of the distribution
is considered.
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1. INTRODUCTION

Moothathu and Kumar (1997) introduced a family of bivariate discrete prob-
ability distributions, called the bivariate generalized hypergeometric probabil-
ity (BGHP) distribution, through the following probability generating function

(p.g.f)

pFy(a; b; 01t + O2ta 4 O3tits)
pFa(a;b; 00 + 62 +63)

where ,Fy(a; b; 2) is the generalized hypergeometric series (Mathai and Saxena,

H(tl,tz) = (1.1)

1973; Slater, 1966), in which a’s,b’s and z are assumed to be appropriate real
numbers such that the ,Fy(-) remains positive; §; > 0,02 > 0,03 > 0 or 61 <
0,00 < 0, 3 < 0 and 6y + 6 + 63 is an element of © according as © is a sub-
set of (0,00) or (—oo,0) respectively. Well-known bivariate versions of distribu-
tions such as bivariate Bernoulli, bivariate binomial, bivariate geometric, bivariate
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negative binomial and bivariate Poisson distributions discussed in Kocherlakota
and Kocherlakota (1992) are special cases of BGHP distribution. Note that
BGHP distribution is a bivariate version of generalized hypergeometric probabil-
ity (GHP) distribution due to Kemp (1968). Thus BGHP distribution includes
bivariate versions of several other discrete distributions such as hyper-Poisson,
displaced-Poisson, hypergeometric, inverse hypergeometric, negative hypergeo-
metric, Waring, Yule, Naor and Feller. For a detailed account of GHP distribu-
tion see Johnson et al. (1992). Kumar (2002) introduced and studied a further
generalized form of GHP distribution.

Here in Section 2 we show that all the moments of the BGHP distribution
exists finitely. Two recurrence relations for raw moments of BGHP distribution
are also established in the same section. In Section 3 it is shown that each of
the two different types of mixtures of certain BGHP distributions is a BGHP
distribution and that the limit of a certain BGHP distribution is another BGHP
distribution. The results presented in this paper provide a unified approach to the
derivation of some theoretical results regarding several types of bivariate discrete
distributions.

2. RECURRENCE RELATIONS FOR MOMENTS

LEMMA 2.1. (Moothathu and Kumar, 1997). Consider the random sum
U = Z]Nil Zrj, 7 = 1,2 of independent and identically distributed bivariate
random vectors, where Z; and M are independent, Z; = (Z1j, Z2j) has the p.g.f.

01t1 + Ooto + Ost1ts
01+ 0, + 03

P(tl,tz) =

and M has GHP distribution with p.g.f.

_ pFula; b (61 + 62 + 63)t]
pFa(a; b;01 + 02 4 63)

A(t) . (2.1)

Then the distribution of Upy = (Uiym,Uam) is BGHP distribution with p.g.f.
(1.1).

Lemma 2.1 shows that BGHP distribution can be obtained as the distribu-
tion of a random sum of certain independent and identically distributed bivariate
Bernoulli random variables. Consequently, corresponding to every special case of
GHP distribution it is possible to derive a bivariate version of the distribution.
Thus BGHP distribution includes bivariate versions of several well-known discrete
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distributions such as binomial, Poisson, hyper-Poisson, displaced-Poisson, nega-
tive binomial, hypergeometric, inverse hypergeometric, negative hypergeometric,
Waring, Yule, Naor and Feller.

LEMMA 2.2. If M has GHP distribution with p.g.f. (2.1), then E(M") < oo
for every positive integer r.

Proof of this lemma, is quite simple and hence omitted.

RESULT 2.1. If W = (W, W;) has BGHP distribution with p.g.f. (1.1) then
for any positive integers 7, s, prs = E(W7, W3) is finite.

PrROOF. (W1, W2) and (Uym, Uanr) of Lemma 2.1 are identically distributed.
For any positive integer m, from the definition of Uy it is obvious that P(0 <
Upp < m) = 1, for 7 = 1,2 which implies that E(U7,, Usy,) < m™"*. Hence

0 < prs = E(Ufas, Usnr)

= Y E(Uy, UsylM = m)P(M = m)

m=0

< Z m' P P(M = m)
m=0

= E(M"%) < o0
by Lemma 2.2. i

The characteristic function ¢(ty,t2) of the BGHP distribution with p.g.f. (1.1)
is the following. For (t1,ts) in R?

So(tl, t2) — H(eih’eitz)
= Ro—lqu[Q; b;v(t, t2; 9)], (2.2)

where i = /-1,0 = (91,92,6’3),’7(t1,tg;g) = f1etr + 02e“2 + 936i<t1+t2) and
Ro =p Fg(a, b; 01 + 62 + 03).

In Result 2.1 we proved that for non-negative integers 7, s, the (r, s)th mo-
ment s of the BGHP distribution exists finitely. Now we shall denote prs by
pr.s(a,b). Hence ¢(t1,t2) given in (2.2) has the following series representation.

o(t1,t2) = Ry pFyla; b;v(t, t2;0)]
o i) (itg)®
= MT,S(Q,;I_))'(—%!—Z)_—'

r=0 s=0

(2.3)
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REsuLT 2.2. Two recurrence relations for the moments of the BGHP distri-

bution are

&

DyR T
/1'r+1,s(g; b) 0 [91 Z ( ) /Jfr—j,s(g + lp?ll +1

NT,s+1(Q; Q) = Ro

where

P
Dy = an:L(an_) Ry = pFy(a+1p;0+ L5301 + 62 + 63)

m=1 (bm) ’
and Ry is as mentioned in (2.2).

PRrROOF. On differentiating (2.3) with respect to t1, we get
DORO F [a’ + 1p7 b + =q 7(t17 t2a )]{7’(01 + 036'“:2 Ztl}

zt it
= ZZ'LHr s(a,b) lr_ 1()'32’) .

r=1 s=0

On replacing a, bby a +1,, b+ 1, respectively in (2.3), one has

ok [a+1 b+4,,v(t1,t2;0)]

*’RlZZNrs (a+ 1pab+_q)

r=0 s=0
From (2.6) and (2.7), we have the following:

Z Z pr+1,5(a; b) (2t13"i1't2)

r=0 s=0
00 00 o

~ DoR; R, Y Y 3 TS

r=0 s=0 j=0

Xl"’T,S(Q+lp;_b_+lq) (1]1') {01 + 932 (7/ 2)

k!
k=0

D
©
Y]
o
TN
x> ®»
N—
=
_‘i
w
Bl
—~
[~
+
p—t
<
o
+
—_
N

ztl)r ’Lt2)

(2.6)

2.7)

(2.8)
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(it1)"(it2)® Ny
= D()RO IR ZZ ol 012 <j)/~l"l'—j,s(g+lp;l_)+lq)

r=0 s=0 j=0

+93ZZ( )( ):ur—j,s—k(.@'}‘lp;l_)"'lq) ; (2.9)

=0 k=0
in the light of the following.
oo oo o0 T
>N BG,n) =) B(i,r—i)
r=0 =0 r=0 =0
On equating coefficients of {(it1)"(it2)®}/r!s! on both sides of (2.9) we get the

relation (2.4). Similarly one can prove (2.5) by differentiating (2.3) with respect
to t3 and equating the coefficients. O

3. MIXTURES AND A LIMITING CASE OF BGHP DISTRIBUTION

THEOREM 3.1. Assume that A has the following probability density function,
in which ¢ > 0,d > 0,a’s,b's and o's are real numbers such that h(A) > 0 for
0< A<l
Ae1(1 — N)d-t o pFqla; b; (a1 + o + a3) A

B(C7 d) P+1Fq+1[ga G .év c+ da o) + o + a3] .

Given ), let the discrete random vector X = (X1, X32) have the BGHP distribution
with p.g.f.

h()) =

pFqla; b; (aaty + onte + astita) ]
Fyla; b; (an + ag + a3)A]

Then the unconditional distribution of X is a BGHP distribution with p.g.f. (3.1).

PROOF. Let Gx(t1,t2) denote the p.g.f. of the unconditional distribution of
X = (X1, X3). Now from the well-known properties of integrals of a power series
we readily obtain the following.

Gx(ti,ta) = E[67'65°] = Ex(E[t]"t5°|\]}
_ /1 qu[Q; b; (altl + atg + a3t1t2))\]
Jo pFlaib; (a1 + oo+ 03))
_ priFyrila, b, e+ d; oty + agta + agtits)
 priFgrila b e+ dion + oo + as)

h(A)dA

(3.1)

O
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THEOREM 3.2. Assume that § has the following probability density function,
in which p < q, w > 0, a’s,b's and o's are real numbers such that g(6) > 0 for
d>0.

() = e 0w v pFala; b (1 + a2 + a3)d]
? I(w) priFyla, wibar + o2 + as]’

Given 8, let the discrete random vector Y = (Y1, Y2) have the BGHP distribution
with p.g.f.

pFyla; b; (aaty + otz + astytz)d]
oFala;b (o1 + ao +a3)d]

Then the unconditional distribution of Y is a BGHP distribution with p.g.f.

P+1Fq[ﬁ, w; by a1ty + agta + a3t1t2]

Gy(t1,tg) =
r(ts,te) p1Fgla, w; by ar + oo + o3)

We omit the proof of this theorem, as it is similar to that of Theorem 3.1.
The following is a standard result for generalized hypergeometric functions.

LEMMA 3.1. The generalized hypergeometric function pFy(a; b;0) with p < g
can be obtained as the limiting form of the following function as u — oo.

F = pnFy(a,ubu'0), u> 6]

The proof easily follows by observing that

G
u—oco U’

As a consequence of Lemma 3.1, we have the following result.

ResuLT 3.1. The BGHP distribution with p.g.f. (1.1) is the limiting form
as ¢ — oo of the distribution with the following p.g.f., in which ¢ > 0.

pr1Fgla, ¢ by ¢ (0111 + fatz + Oatats)]
R(ty,t2) = it .
p+1Fqla, ¢; b5 7161 + 02 + 03))]

As a special case of Result 3.1, we obtain that the limit of bivariate nega-
tive binomial distribution is the bivariate Poisson distribution (a result proved in
Kocherlakota and Kocherlakota, 1992, p. 146) and that the bivariate Poisson dis-
tribution is the limit of bivariate binomial distribution (a result due to Campbell,
1934).
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