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ABSTRACT. We define weak distributive n-semilattices and n-lattices, using variants of the
absorption law and those of the distributive law. From a weak distributive n-semilattice,
we construct direct system of subalgebras which are weak distributive n-lattices and show
that its direct limit is a reflection of the category wDn-SLatt of the weak distributive
n-semilattices.

1. Introduction

A semilattice is an algebra, S = (5,V), with one binary operation V that is
idempotent, commutative and associative, that is, the following identities hold in

S:

Ve = =z (idempotence),
rVy = yVzx (commutativity),
(xVy)Vz = zV(yVz) (associativity).

An algebra (B, V, A) with two binary operations V and A is called a bisemilattice if
both of its reducts (B, V) and (B, A) are semilattices. This notion was introduced
by J. Plonka in [8] under the name quasilattice. However, it is called bisemilattice by
other author ([3], [6], [7]). In particular, a bisemilattice is distributive if it satisfies
the following two distributivity:

eA(yVz)=(xAy)V(xAz),
xV(yAz)=(xVy A(xVz).

Plonka has generalized distributive bisemilattice to distributive n-semilattice and
distributive n-lattice([9]). A distributive n-semilattice (S, F') which is an algebra
with a family F' = {o; | i € [n]} of n binary semilattice operations on a common
set S in which each pair of semilattice operations satisfy both distributive laws.
A distributive n-semilattice (S, F) is called a distributive n-lattice if it satisfies
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moreover the following generalized absorption law for the sequence I = (1,2,--- ,n)
of indices of F = {o; | i € [n]}

aor (@oy (- (@01 (a0, )---)) = a.

In 1971, R. Padmanbhan define a weak distributive bisemilattice, which is a bisemi-
lattice satisfying the weak distributivity (it was studied under the name quasilattice
in [7]):

((and)Ve)A(bVe)=(anb)Vecand ((aVbd)Ac)V(bAc)=(aVb)Ac.

In this paper, we are concerned with categorical properties of certain algebras which
we call weak distributive n-semilattices. These algebras generalize weak distributive
bisemilattices. A weak distributive n-semilattice is an algebra with a family of n
binary semilattice operations on a common underlying set which are mutually weak
distributive. A weak distributive n-semilattice will be called a weak distributive
n-lattice, if it satisfies the generalized absorption law, which generalizes the absorp-
tion law for lattices. Furthermore, weak distributive n-semilattices (or weak dis-
tributive n-lattices) generalize distributive n-semilattices (or distributive n-lattices,
respectively). We show that every weak distributive n-semilattices has a partition
consisting of weak distributive n-lattices and then the family of week distributive
n-lattices in the partition forms a direct system in the category wDn-Latt of weak
distributive n-lattices and homomorphisms. Furthermore, we prove that its direct
limit gives rise to the reflection. For the terminology not introduced in the paper,
we refer to [1] for the category theory, [2] for the ordered sets and [4], [5] for the
abstract algebra.

2. Weak distributive n-semilattices

Let us start with a definition of weak distributive n-semilattice which is a gen-
eralization of both weak distributive bisemilattice and distributive n-semilattice.

Definition 2.1. An algebra W = (W, F') is called a weak distributive n-semilattice
if it has a family F' = {o; | i € [n]} consisting of n binary operations which satisfy
the following equations for any i, j € I:

ao;a = a (idempotence),
ao;b = boja (commutativity),
(ao;b)ojc = ao;(bo;c) (associativity),
((aogb)ojc)o;(bojc) = (ao;b)ojc (weak distributivity).

A weak distributive n-semilattice is called a weak distributive n-lattice if it satisfies
the generalized absorption law:

(%) @051 (a05(2) (- (400 (n-1) (a0om b)) ---)) =@
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for any permutation o € Sym(n).

In the case n = 2, it is clear that a weak distributive n-semilattice is a weak
distributive bisemilattice and a weak distributive n-lattice is a lattice. In a weak
distributive n-lattice, the condition (*) can be reduced to the condition

aoy (aoy (- (aop_1(ao,b)) ) =a,

because it can be easily shown by the weak distributivity. A distributive
n-semilattice (or n-lattice) is a weak distributive n-semilattice (or n-lattice,
respectively). But a weak distributive n-semilattice (or n-lattice) need not be a
distributive n-semilattice (or n-lattices, respectively).

From now on, an n-semilattice W = (W, F') with a family F = {o; | i € [n]} of
n semilattice operations will be denoted by W = (W, F') or W, simply.

Remark 2.2.

(1) It is easy to see that an n-semilattice W = (W, F') is weak distributive if and
only if a 0; b = b implies (a oj ¢) o; (boj ¢) = boj ¢ for any j € [n] and any
ceW.

(2) Let (W, F) be a weak distributive n-semilattice. If a 0, b = a and co; d = ¢,
then for any j € [n], we have by (1),

(aojc)oi(bojd)=aojc

Now we obtain some properties of weak distributive n-semilattices and n-
lattices, which will be needed in the formation of the direct system in the category
wDn-Latt of weak distributive n-lattices and homomorphisms.

Lemma 2.3. Let W = (W, F) be a weak distributive n-semilattice. Then for any
1,7 € [n], the following equations hold.

1) aci(boja) = (ao;b)oja,

(2) ao;(aojb)o;(cojb) = ao;(co )

(3) ao;(aojb)o;(aojbojc) = aoz( ic),

4) ao;jbo;(aojc) = ao;bo (bo c)

() aoi(acj(boic)) = aoi(ao;b)oi(ac;c),

(6) aoj(aoj(boi(bojc))) = 1( j (coi(co;b))),

(7) aoj(acj(boj(bojc))) = aoi(ac;b)o;((aoi(ac;b))ojc),
(8) aoiboi((aoib)ojc) = ao;(aojc)ojb=ao;bo;(bojc),
(9)  aci(aoj(boi(boj(acib)))) = ao;i(ac;b).
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Proof. (1) It follows from the definition of weak distributive n-semilattice.
(2) From the associativity, weak distributivity and (2) of Remark 2.2, we have

ao;(aojb)o;(cojb) = ((cojb)o;a)o;(aoc;b)
= (((cojb)oia)o;(ac;b))oi(ao;b)
((cojb)oja)oj(boja)=(cojb)o;a
(3) Equation (3) follows from (2) by the substitution b = a o; b.
(4) From (2),
aoibos(aoye) = ao;(bos(ase))
= aoi(bo;(bojc)o;(aoc;c))
= ao;(bojc)o;bo;(aojc)
= z(ao (a0jc)oi(bojc))
oi (aoi(bojc))
= ao;bo;(bojc).

(5) Using (4) and the weak distributivity, we obtain

ao;(aojb)o;(aocjc) = ao;(ao;b)o;(ac;bojc)
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(6) Using (1) and (2), we have

ao;(aoj(bo;(bojc))) = ao;(ac;boj(bo;c))
ao;(aoj(bojc))o;(aojboj(bo;c))
((ao;bojc)oja)o;(aojbo;(bo;c))

= aoj(ao;bo;c),

and similarly, a o; (aoj (co; (co;b))) = aoj (ao;bo;c). It is easy to show that
equation (7) hold using (1) and (5). Equations (8) and (9) follow from (4) by the
substitution b = a o; b and (1), respectively. This completes the proof. O

Note that a weak distributive n-semilattice W = (W, F) is an algebra of type n.

Then we may denote the operations of W by oy, og, -+ -, 0,. We observe that for any
k € [n], there is a subsequence K = (iy,4g," - ,ij) of the sequence I = (1,2,--- ,n).
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In the following, we denote ao;, (ao;, (- (a oy, (a0, b)) --+)) by fi, iz i (a,b)
or fk (a,b) for the convenience.

Lemma 2.4. If W = (W, F) is a weak distributive n-semilattice, then for any
i € [n], we have the following equations:

(1) f1(a,bo;c) = fr(a,b)o; fi(a,c) and fr(aoib,c) = fr(a,c)oi fi(b,c),
(2) fI (CLO/L' b’a) :aoib: fI (aoi bab)7

3) [k (fx (a,b),¢) = fi (a, fK (b,¢)) = [k (a, [k (¢, b)) for any nonempty sub-
sequence K of 1.

Proof. (1) For any i,k € [n], we denote the subsequences (1,2,---,7) and
(1,2,--- k—=1,k+1,--- i) of the sequence I = (1,2,--- ,n) by I; and I, — {k},
respectively. Using (5) and (8) of Lemma 2.3., we have

fr(a,bo;¢) = fr,_, (a,a0, (bo;c))

= fr.1—{iy (a;a 0 (aon (bojc)))
J1._i—1iy (a,a 04 (@oy, b) o; (a oy, c))
= fr._.(a,(aon_1 (a0, b))o; (aon_1(aonc)))
fro s (@, fa1n (@) 0 foo1n (a;c))
fr._s (@,a 002 (fn—1,n(a,0) 0 frn_1n(a,c)))
fro_s (a, fa—2;n-1n (a,b) o; fa—2;n-1n (a,c))
ao; fr—qiy (a,b) oj ao; fr_4y (a,c)
= fr(a,b)o; f1(a,c)

and the second part is proved from (8) of Lemma 2.3 and idempotence ;

fr(aoibc) = f1,_,—(iy(aoib (ao;b)o;((ao;b)oyc))
Sy (@oib,(aoib) o (aon ) o; (ao;b) o (boy c))
fr._i (@o; b, (aoyc)oi(boy c))
fr,_, (@ao;byaonc)o; fr,_, (ao;bboy, )
= Jfr..o(aoib,(aoib)on_y(aonc))oifr, ,(acib, (aoib)on_y(bonc))
= fr,_o—{iy (@oibyao;bo; ((ao;b)o,_1(aoy,c)))
i f1,_s—giy (@oib,ao;bo; ((ao;b)on_1(boyc)))
= fr,_o—{i} (@0ib,ao;bo; (aon_1 (ao,c)))
i f1,_o—{i} (@0ib,ao;bo; (bo,_1 (boyc)))
= fr,_,(ao;b,(ao;b)op_2(aon_1(aoy,c)))
0; fr,_s(ao0;b,a0;b0,_9 (bo,_1 (boy, )))
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= f1,_a—qi} (@0i b, (ao;b)o; (ao,_2(ao,_1(ao,c))))
i f1,_s—{iy (@oi b, (a0;b)o; (boy_2 (boy_1 (boy, c))))

= fii (a 0; b, f1- {1,i} (a, C)) i f1,i (a 0; b, fI—{l,i} (b, C))
= (aoib)o; ((ao;b)or frq14 (a,0))
0; (ao;b) o; ((ao;b) oy fr_q1,y (b,c))
= (aoibojaocy fi_14 (a,¢)) o; (ao;bojboy fr_(14y (bc))
a o; (a o1 flf{l,i} (a, C)) 0; bo; (b o1 f17{1,i} (b, C))
= fr(a,¢)o; fr(b,c).

(2) From the weak distributivity and idempotence, we have

fr(aoibb) = fia.. n-1(ao;b,(ao;b)o,b)
= f1127... i—1,i+1,--,n (a O; b, (a O; b) O; b)
= ao;b.

Interchange roles of a and b, f; (a 0; b,a) = a o; b holds.

(3) First, we show that for any nonempty subsequence K = (i1,i2, - ,ix) of
(1727"' 7n)a
fil,iz,“- ik (aa fi1,i2.,-~ Jik (bv C)) = ao; (a‘ Oiy ( o (aik—l (a Oy, b Oy, C)) T ))

= Jirizin (@004, ).
We use the induction on k. If k = 2, then by (5), (2) of Lemma 2.3.,

fil,iz (a7 fi17’i2 (b’ C)) = Q0% (CL Ody (b O4y (b Oy € )))
= Q09 ( ) ( )_a’oil (aoizboiQ C)
= fil,iz (a7b0i2 ) .
Assume that the above statement is true for all sequences of indices with the length<

k—1. Let K = (i1,i2, - ,ix) and J = (i1,42, - ,ik—1). Then by induction
hypothesis, (5) and (3) of Lemma 2.3, we have

fr(a, fx (bc)) = fx(a, fr(bboj c))
= a9 fr(a, fy(bboy c))
ao;, fr (a, boj,_, (boy, c))
= fy (a,aoik (b 04, (bog, c)))
fr (a, (a0, b) o, (aog, boy, c))
= fs(a,a0;, bo;, )
= fx(a,bo; c).
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Hence fx (a, fi (b,¢)) = fx (a,bo;, ¢) = fx (a, fx (¢,b)). Also, we show that

fK (fK (a7b) 7C) = @04 (a Oiy ( o (a Odp_1 (a’ Oiy, boik C)) ))
= fK(a'a boikac)'
First, we claim that for index J = (i1,42, -+ ,in) 2<n <k —1)

f1(fx(a,b),c) = aoi (aoi, (- (aos, fx—s(ab)oi, c)--))
= fs(a, fx—-s(a,b)o;, c).

We use the induction on n. Let S = (2,43, ,9) and T = (i3,--- ,ix). If n =2,
then by (7), (5) and (3) of Lemma 2.3,

fiviz (fK (a,0),¢) = fk (a,b) o, (fk (a,b) o, €)

= o4 fs(a,b)o; ((aos fS ;b)) 04, €)

= ao; (aoi, fr(a,b)) i, ((aoi (aos, fr(a,b))) o, c)
a o, (a o4, (fr(a,b) oiy (fr(a,b) 04, ¢)))
a iy (a o, fr(a,b)) o (aci, fr(a,b) os, )
a oy, (aog, fr(a,b)o,, )
= a9 (a 0y fK— {il,zz} (a,b) o; )
= fivis (@, fr—{ir,i2} (@,]) 04 C) .

/—\"

Assume that
fr(fr(a,b),c) = aoy (aoy, (- (a0, fx—y(a,b)o;, c)-))
= fs(a, fr—s(a,b)o;, c).
holds for all n < k — 2. Then by the induction hypothesis, (1) and (3) of Lemma
2.3, we have
fi17"' Jik—1 (fK (avb) 70) = fil,'“,ikfz (fK (avb)ac) ik—1 fK (a b)
= fK (a"b) Odp_1 fi17"'aik—2 ( fK J (a’ b) ig—2 )

Q Oy, fily“' Jik—2 (aa Q Oy, b) Odg_1 fil,'“ Jik—2 (a’ fK—J (CL, b) Odf_s C)

Q Oy _4 fi1, k2 (a' (ao» b) Odp_1 (fK—J (avb) Odp_o C))

fil,'“ Jk—2 (CL Q Oy, b) Odg_1 ((a Od_1 (CL Odp, b)) Odf_o C))
fi1, Cylk—2 ( (a Olp_1 a Oy, b)) Olp_2 (a Oip_1 (a Oy, b) Oip_1 C))
fil, Cyik—2 (a Odg_1 b) Olg—1 C)

(

= fi1, Jik—1 a, fr— {i1,92, ig—1} (a b) Ofp— 10)'

Using the above claim, we have

fi1,i2,"' Jik (fK (av b) 7C) = fK (av b Oiy, C) .
This completes the proof. O
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3. wDn-SLatt and wDn-Latt

In this section, we prove that a weak distributive n-semilattice has a partition
consisting of weak distributive n-lattices and which form a direct system in the cate-
gory wDn-Latt of weak distributive n-lattices and homomorphisms. Furthermore,
we show that the direct limit of this direct system gives to the reflection. Firstly,
for a weak distributive n-semilattice W, we have a partition of weak distributive
n-lattices of W by the following equivalence relation.

Proposition 3.1. Let W = (W, F) be a weak distributive n-semilattice. Define a
binary relation 0 on W as follows:

(a,b) € 0 if and only if fr(a,b) =a and f; (b,a) =b,

where I = (1,2,---,n). Then 6 is an equivalence relation and each equivalence
class 0(x) of x is a subalgebra of W. Moreover, each 6(z) is a weak distributive
n-lattice.

Proof. Clearly, 6 is reflexive and symmetric. Let (a,b), (b,¢) € 6. Then

fr(a,b) = a, fr(b,a) = b= fi(b,c) and fi(c,b) = c.

Using (3) of Lemma 2.4, we have (a,c) € 6 ; 6 is transitive. Then 6 is an equiva-
lence relation. It remains to show that each 6(z) is a subalgebra which is a weak
distributive n-lattice. Take any a,b € 6(z). Then

fi(a,x) =a, fr(x,a) = x = fr(x,b) and fr(b,z) =b.
Thus for any j € [n],
frlaojb,z) = fi(a,x)o; fr(b,x) =ao;b,
fi(,ao0;b) = fr(x,a)o; fr(z,b) =xo0jx =ua;

aojb e O(x). So 6(z) is a subalgebra of W. By the definition of § and Lemma
2.4., 6(x) satisfies the generalized absorption law and thus each 6(x) is a weak
distributive n-lattice. 0

Proposition 3.1 amounts to saying that for a weak distributive n-semilattice
W = (W, F) we have a partition {W, | « € S} of subalgebras of W which are weak
distributive n-lattices. Here we consider a binary relation < on the set S of indices
of the set {W,, | a € S} defined as follows :

a < (3 if and only if there are a € Wy, b € W3 such that f; (b,a) =b.
Then (5, <) is a join semilattice.

For o < B let @u,p : Wy, — Wp be the map defined by ¢a.5(a) = f1(a,b),
where b is an arbitrary element of Wjz. Thus we have a family of homomorphisms
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{@a,p | & < B}. Moreover, for o < f and 8 < v, pq g(a) = fr(a,b) and g, (b) =
fr(b,c), where b € W3 and ¢ € W,,, and thus

P8y 0 Papla) = s%w (fr(a,b)) = fr(fr(a,b),c)
= Ji(a, f1(b, )) = fr(a, f1 (c,D))
(CL,C) = ( )
and
Paala) = fi(a,a)=a=1lw, (a).

Then we obtain a direct system(see [4]) ((S,<),{Wa | a € S}, {¢as | a < 3}) of
weak distributive n-lattices, where {W,, | « € S} is the partition of the given weak
distributive n-semilattice W, given by Proposition 3.1.

Let S (W) = (Upes Wa, *1, %2, -+, *n) be an algebra with n binary operations such
that for & € Was 5 € Wa, 41 § = Par () 0 93 (y), where 7 = a v § in the join
semilattice (9, <). Then one has the following Proposition :

Proposition 3.2. For any weak distributive n-semilattice W = (W, 01,09, ,0,),
W and S (W) are identical.

Proof. For any x,y € W, assume that z € W,, y € Wg and let v = oV 3, then
z = xo;y € W,, by the above argument. Then = %, y = @q () 0; ¢5,(y) =
fj(a:,z) Of fI(y7Z) = f](SUOiy,Z) :f[(Z,Z) :Z:xoiyfor all i € [n] U

From the definition of homomorphism ¢, g and Proposition 3.2, we have the
following theorem:

Theorem 3.3. For a weak distributive n-semilattice W = (W, 01,09, ,0,), let
S(W) = (Uaes W, %1, %9, - - - ,*n) = (W, 01,09, ,0,) in the above Proposition
3.2. Define a binary relation A on S(W) by (x,y) € A if and only if v € W,
y € Wy for some o, € S and there exists v € S such that o < v, 8 < 7,
Vo () =0 (y), ie., fi(z,z) = fi(y,z), where z is an arbitrary element of W.,.
Then the relation A is a congruence on S (W).

The following theorem follows from Theorem 3.3.
Theorem 3.4. The quotient algebra (S (W) /A, 1, %9, ,*x,) of S (W) is a weak
distributive n-lattice.

Proof. Tt is enough to show that S (W) /A satisfies the generalized absorption law.
Let + € W, and y € Wy for some a,3 € S, then there exists v € S such that

a,B<7. So

(] 4 *1 ([2]y *2 (- ([2] ) *n—1 ((Z]p *#n [¥]a) --+))
= [Pay (@) 01 (Pay (@) 02 (- (Pa,y () on—1 (Pay (%) on 08y (1)) - ))]a
[Pa,y(z)]a = [2]a-
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Hence S (W) /A is a weak distributive n-lattice. O

As the following terminologies are refer to [4], we obtain the following facts:

Remark 3.5. For a weak distributive n-semilattice W = (W, 01,09, ,0,), W
and S (W) are identical. Thus, S (W) /A may be viewed as a quotient algebra of
W. In fact, W/A is the direct limit of the direct system

((5,<),{Wa [ @ € S}, {pap | a < B}).

The class of weak distributive n-semilattices and homomorphisms between them
forms a category, which will be denoted by wDn-SLatt, and the class of weak dis-
tributive n-lattices forms a full subcategory of wDn-SLatt, which will be denoted
by wDn-Latt.

Theorem 3.6. The category wDn-Latt is a reflective subcategory of the category
wDn-SLatt.

Proof. For a weak distributive n-semilattice W = (W, 01,09, ,0,), let ¢ :
W — W/A be the quotient homomorphism, where A is the congruence given
in Theorem 3.3. Then (¢, W/A) is the wDn-Latt-reflection of W € wDn-SLatt.
In fact, take any L = (L, %%, -+ ,%,) € wDn-Latt and any homomorphism
f: W — L, then ker(q) C ker(f). For any (z,y) € ker(q), there are a,3 € S
such that x € W,, y € Wsz. Then there is v € S such that a < v, 8 < 7,
q(x) = [pay @)y = [esy W)]p = q(y) so, w01 (woz (- (zon_y (zon2))--)) =
yo1(yoa (---(yon—1(yonz))---)), where z is an arbitrary element of W,. Since
f is a homomorphism and each element of L satisfies the generalized absorp-
tion Law, f (2) = £ (2) %1 (f (2) 2 (- (£ (£) s (f (2) #n F (D)) +)) = F (1) %1
(f () w2 (- (f U) 01 (F () %0 f(2)))-++)) = f(y) ; therefore (z,y) € ker(f).
So by the Fundamental Theorem of Factorization, there is a unique homomorphism
f:W/A — L with foq = f. Hence wDn-Latt is a reflective subcategory of
wDn-SLatt. d

Corollary 3.7. The category wDn-Latt is closed under the formation of limits in
the category wDn-SLatt.

Note that W/A is the direct limit of the following direct system
((5,2) ,{Wqu | @ € S}, {‘pa,ﬁ | o < B}).
Then we have the following corollary, directly.

Corollary 3.8. If W = (W, F) is a finite weak distributive n-semilattice, then
W, = W/A, where p is the largest element of (S, <).

References

[1] J. Addmek, H. Herrlich and G. E. Strecker, Abstract and Concrete Categories,
John Wiley Sons, Inc, New York, 1990.



2]

EREIE

=

©

[10]

Weak Distributive N-Semilattices and T-Lattices 237

B. Davey and H. Priestley, Introdution to Lattices and Order, Combridge Univer-
sity Press, New York, 1990.

J. Galuszka, Generalized absorption laws in bisemilattices, Algebra Universalis,
19(1984), 304-318.

G. Gritzer, Universal Algebra, 2nd ed. Springer-Verlag, New York, 1970.
S. S. Hong and Y. H. Hong, Abstract Algebra, Towers, Seoul, 1976.

A. Knoeble and A. Romanowska, Distributive multisemilattices, Dissertationes
Mathematicae, CCCIX(1991), 4-42.

R. Padmanabhan, regular identities in lattices, Trans. Amer. Math. Soc.,
158(1971), 179-188.

J. Plonka, On distributive quasilattices, Fund. Math., 60(1967), 191-200.

J. Plonka, On distributive n-lattices and n-quasilattices, Fund. Math., 62(1967),
293-300.

J. Plonka, Some remarks on sums of direct systems of algebras, Fund. Math.,
62(1968), 301-308.



