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ABSTRACT. In this paper, we characterize the Seifert matrices of p-periodic links whose
quotients are 2-bridge links C(2,n1,—2,n2, -+ ,n,,(—2)") and give formulas for the sig-
natures and determinants of the 3-periodic links of these kind in terms of ni,nz,--- ,n,.

1. Introduction

A link L in S® is called a p-periodic link (p > 2 an integer) if there exists an
orientation preserving auto-homeomorphism h of S3 such that h(L) = L, h is of
order p and the set of fixed points of & is a circle disjoint from L. In this paper, we
are interested in a special class of periodic knots and links.

A link in S? is called a p-periodic link with rational quotient if it is obtained
as the preimage of one component of a 2-bridge link in S by the p-fold branched
cyclic covering branched along the other component. In [5], the authors introduced a
special kind of Conway’s normal form C(2,n1, —2,n2, -+ , n,, (—1)"2) of a 2-bridge
link with two components and studied the excellent component of the character
variety of periodic knots in S with rational quotient. In [10], the authors re-
examined this presentation to study the Alexander polynomials of 2-bridge links and

periodic links in 3 with rational quotients in terms of nq,na,- -+ ,n,. In [7, 11], the
authors gave formulas for the Casson knot invariant and the A-unknotting number
of p-periodic knots with rational quotients via ni,ns,--- , n,.
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The purpose of this paper is to give a characterization of the Seifert matri-
ces of periodic links with rational quotients and to study the properties of nu-
merical invariants of the Seifert matrices. In Section 2, we review presentations
of 2-bridge links and p-periodic links with rational quotients. In Section 3, we
show that the Seifert matrices of (p + 1)-periodic links with rational quotient
C(2,n1,-2,n9, -+ ,n.,(—1)"2) is S-equivalent to a p x p block tridiagonal ma-
trix in which each block is also a r x r tridiagonal matrix whose entries are com-

pletely determined by the integers ni,ns,--- ,n,. In Section 4, we give formu-
las for the signature and determinant of a 3-periodic link with rational quotient
C(2,n1,—2,n9, - ,np, (—1)"2) in terms of ny,na, -+ , Ny

2. Periodic links with rational quotients

To each pair («, §) of two co-prime integers subject to the condition that ( is
odd and 0 < |8] < «, Schubert[14] associated an oriented diagram on the 2-sphere
S? of an oriented 2-bridge knot(ar odd) or link(a even) L in S3, now called the
Schubert normal form of L and denoted by S(«, ), and showed that any (oriented)
2-bridge knots and links in S® can be represented in this way. Two such pairs of
integers (a, 8) and (o/,3") define an equivalent oriented (resp. unoriented) knot or
link if and only if

a =o' and ! = # mod 2a (resp. mod «),

where 37! denotes the integers with the properties 0 < 37! < 2a and 337! =
1 mod 2a.

Let [a1,az,- - ,a,] denote the continued fraction of «/f:
| =+ ——
ai, o, ,ap]=a, + ——— = —.
1,02 S 3
+-L
Then L = S(«, ) has also a diagram C(a1, a9, - ,a,), called Conway normal

form of L, as shown in Figure 1, depending on whether n is even or odd [1]. The
integral tangles in Figure 1, which are rectangles labeled a;, are the 2-braids with
|a;| crossings as shown in Figure 2. It is well known that L = S(«, 3) admits a
diagram C(2b1,2ba, - - - , 2b,, ), which is equivalent to C(ay,as, - ,a,)[6].

It is known [5], [10] that the 2-bridge link L = S(a, 8)(a even) can also be
represented by Conway diagram of the form C(2,n;,—2,n9, -+, n.,(—1)"2) as
shown in Figure 3. We choose an orientation of the 2-bridge link C(2,n1, —2,na,

-, Ny, (—1)72) as shown in Figure 3. Then it is easy to see that the diagram
shown in Figure 3 can be deformed to the diagrams in Figure 4 by using Reide-
meister moves. Throughout this paper, an oriented 2-bridge link L in 52 repre-
sented by the Conway normal form C(2,n1,—2,n2,-- ,n,., (—1)"2) is denoted by

L=Clny,na - ,n]]-
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A link L in S® is called a p-periodic link (p > 2 an integer) if there exists an
orientation preserving auto-homeomorphism h of S3 such that h(L) = L, h is of
order p and the set Fix(h) of fixed points of h is a circle disjoint from L. In this
case, the link L/(h) U Fix(h) in the orbit space S3/(h) = S? is called the quotient
link of L. Let K be an oriented link in S and U an oriented trivial knot with
K NU = 0. For any integer p > 2, let ¢, : »3 — S3% be a p-fold branched cyclic
covering branched along U. Then X2 is homeomorphic to the 3-sphere S. Then
(¢7,)"1(K) is a p-periodic link in X% with L = K UU as its quotient link. We
give an orientation to (¢f,) ™' (K) induced by the orientation of K. Note that any
periodic knot or link in S? arises in this manner.

Definition 2.1. A link L in S® is called a p-periodic link with rational quotient if
it is a p-periodic link whose quotient link is a 2-bridge link, or equivalently, if there
exists a 2-bridge link L = U; U Uy in S2 such that L is equivalent to the preimage
(¢,) "' (Uh) of the component Uy of L by a p-fold cyclic covering ¢y, : ¥* — S°
branched along the component Us of L.

Note that each component U; and Us of L is a trivial knot and they
can be interchanged each other by an orientation preserving homeomorphism of
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Figure 3:

S3[13].  This implies that (¢7, )~ "(U1) is equivalent to (¢7, )~ "(Uz). Now let

L = 5)[[n1,n2,~-~ ,nr]] = Uy UU; be an oriented 2-bridge link as shown Fig-
ure 4. Then the diagram, D), shown in Figure 5 is a canonical oriented p-
periodic diagram of the oriented p-periodic link (¢7,, )~'(U1) with rational quotient

L = 6[[711,712, -+, n.]]. In what follows, we shall denote the oriented p-periodic
—
link (¢7,)~*(U1) by L® or C'[[ny,na,---,n.]]® for our convenience. Then any

p-periodic link with rational quotient can be represented by 6’)[[n17ng7 o,y ®)
for some nonzero integers ny,ng, -+ ,n.[7], [10].

3. Seifert matrices

We begin with a brief review of Seifert matrix of a link in S from Chapter 5
in [13].

A Seifert surface for a link in S is a connected compact orientable surface
embedded in S? with as its boundary L. In [15], Seifert proved the existence of
Seifert surface for a link L applying L an algorithm, called Seifert’s algorithm, on
a diagram of L. Let L be a link and F' its Seifert surface. There is an embedding
F x [=1,1] — 52 such that b(F x {0}) = F and b(F x {1}) lies on the positive side
of F. For any simple closed curve z € F, let 27 = b(z x {1}) and 2~ = b(a x {—1}).
Since Hy(F) is a free abelian group of finite rank n and is generated by simple closed
oriented curves 1, -+ , Ty, we can define a bilinear form ¢ : Hy(F) x H1(F) — Z
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by
¢(.’L'7I,.’L']) = Zk(xl7x;_)7laj = 1) 27 N (D
This is called the Seifert pairing or linking form of F'. The n x n matrix M = (m; ;)
defined by
mi ;= ¢(xi, ;)
is called a Seifert matriz of L associated to F. The Seifert matrix of L depends on
the Seifert surface F' and the choice of generators of Hy(F).

Theorem 3.1([13]). Two Seifert matrices obtained from two equivalent links can
be changed from one to the other by applying, a finite number of times, the following
two operations Ay and Ao, and their inverses:

A1 : My — PMPT, where P is an invertible matriz with det P = +£1 and PT
denotes the transpose matrix of P.

M, v O M, 0 O
A2 : M1 — M2 = 0 0 1 or v 0 0 s
0 0 O 0 1 0

where v denotes an arbitrary integral row or column vector, and O the row or
column zero vector.

Two square matrices M and M’ are said to be S-equivalent if one is obtained
from the other by applying the operations A;, Ag and the inverse A; 1 a finite
number of times.

For any real number y, let |y| denote the largest integer less than or equal to
Y.

Theorem 3.2. For given nonzero integers ny,na, -+ ,n,. (r > 1) and a positive
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Figure 5:

integer p > 1, let A, B and C be r x r tridiagonal matrices with integral entries

given by
[ a1 €1 — 1
() €9 — 1
A = c . T . 9
Qp_1 €p—1 — 1
L Ay
[ A
—€1 [
B = —€2 )
ﬁr—l
L —€r—1 /Br
i —MN1 1— €1
€1 —MNg 1-— €2
C = - . c. . )
€r—2 —Np_1 1—6€_1
L €r—1 TNy
where o; = V#l;i’lJ, Bi = {%J and ¢, = 1 ifny +ng + -+ +ny +1 is
even and €; = 0 otherwise. Suppose that LPTY) s the (p + 1)-periodic link in S3
,n.]]. Then a Seifert matriz of LPTY is

with rational quotient L = 6)[[711,712,
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S-equivalent to the p X p block tridiagonal matriz

¢ B
A C B
A C B

A C B
A C

Proof. Let D®+1) be the diagram of L(P*t1) as shown in Figure 5 and let F' be
the Seifert surface of L(®P+1) obtained by applying Seifert algorithm to D®+1) . Let
{z;; |1 <i<p,1<j<r} be the set of simple closed curves which represent the
generators of Hy(F). We assign the clockwise orientation to each curves z; ;. For
example, see Figure 6. In Figure 6, there are the Seifert surface F of 6[[2, 1,-2]]®
obtained by applying Seifert algorithm and simple closed curves representing the
generators of F. For each 4-tuple (4,7, k,1) with 1 < i,k <pand 1< jI<r, we

}M T)T;

A Seifert surface F' of 8[[2, 1,—2]]@). Generators of Hq(F).

Figure 6:

can calculate that

—n; ifk=1i,l=1j,

€51 ifk=idil=75—-1,
—€5-1 ifk=i+1,l=75-1,
1—¢ ifk=1d,l=j5+1,

(3.1) Wi W) =\ Z14e, ik—i—10=j+1,
’ ifh=i—1,0=j,
B; ifk=i+1,l=7,
otherwise.
Consider the simple closed curves zi1,Z1,2," " ,T1,r, 2,1,T2,2, " ,T2ps ",
Tp1,Tp2, + ,Tp,r and let M' = (my, ;) be the rp x rp Seifert matrix defined by

m;,b = lk(xm,x;l)
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where a = r(i — 1) +j and b = r(k — 1) +[. We can partition the matrix M’ into
r X r submatrices of M’ as follows:

M' = (Mz/j)7 leg = (m%z)

where mjj; =m ;1) 4 -1y From (3.1), we can see that

C ifj=i,
;) A =i,
W=\ B ifj=i+1,

O otherwise,

where O is the r X 7 zero matrix. Hence M’ = M. This completes the proof. [

Example 3.3. Let L®) be the 3-periodic link with rational quotient L =

—

C[[2,1,-2]]. Let F be a Seifert surface obtained by applying Seifert algorithm
to a diagram as described in Figure 6. Consider the simple closed curves represent-
ing the generator of H;(F) as depicted in Figure 6. Then any Seifert matrix M of
L) is S-equivalent to the matrix of the form:

-2 1 0 1 0 0
0 -1 1 0 0 0
0 0 2 0 0 -1
M= 1 -1 0 |-2 1 0
0 1 -1} 0 -1 1
0 0 —-1|0 0 2

4. Invariants of Seifert matrices

For a real symmetric matrix A, there exists an invertible matrix P such that
PAPT = B is a diagonal matrix. By Sylvester’s Theorem in Linear Algebra, the
sum of signs of the entries in the diagonal of B, called the signature of A and is
denoted by o(A), is independent on the diagonalization. It is well known that two
S-equivalent symmetric matrices have the same signature. Now let M be a Seifert
matrix of a link L. Then the signature o(L) of L is defined by

o(L)=a(M+ MT).

Note that o(L) is a link invariant [13].
For given nonzero integers ny,ng,--- ,n, (r > 1), let LY be the (p + 1)-

periodic link in $®(p > 1) with rational quotient L = 8[[711, na, - ,ny]]. Let M be
the Seifert matrix of L&+ given by Theorem 3.2 above and S = M + M7T. Then
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S is the p x p symmetric block tridiagonal matrix given by

[ E FT
F B FT
F E FT
(4.2) §= : ,
F E FT
F E

where E and F' are r x r tridiagonal matrices given by

[ 7277,1 1
1 —2ny 1
E= - .. ’
1 —2n,4 1
i 1 —2n,
[ n1 -1
no -1
F = .
Ny_—1 -1
L n’]"

4.1. Signatures of 2-periodic links with rational quotients. For given
nonzero integers ny,na,--- ,n, (r > 1), let L® be the 2-periodic link in S* with
rational quotient L = 6[[711, na,---,n.]]. Let M denote the Seifert matrix of L(2)
given by Theorem 3.2 above and set S = M +M7. From (4.2), we know that S = E.
In [7], the authors show that L(?) is the 2-bridge knot with Conway normal form

C(—2ny,—2ng,...,—2n,). For each k = 1,2,--- ,r, we define a rational number (k)
by
o it k=1,
(k) { “omy - gl k=23, r

We know that all (k) is not equal to zero. We can calculate that
Sy =VDVT,

where D is the diagonal matrix with diagonal entries (1),(2),---,(r) and V is the
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r X r tridiagonal matrices given by

1
1
1

1
1
oy 1

1
=yl

L (r—1) J

Since all ny are nonzero, it follows that 0 < \ﬁ| < 1 and hence the sign of (k)

is opposite to the sign of ny. Therefore the signature of 2-periodic link L) with
—
rational quotient L = C'[[ny,na, -+ ,n,]] is given by

(4.3) o(L®)=-%" |%|
i=1 """

4.2. Signatures of 3-periodic links with rational quotients. For given

nonzero integers ny,ng,--- ,n, (r > 1), let L®) be the 3-periodic link in S* with
—
rational quotient L = C'[[ny,na,--- ,n,.]]. Let M denote the Seifert matrix of L(3)
given by Theorem 3.2 above and set S = M + M7T. From (4.2), we know that S is
given by
E FT
5= [ b } |
For given nonzero integers ni,ns,---,n,, we define the rational numbers
dl,an"' 7dr7 Wy, W2, "+, Wr—2 by
31’L1 1
dy=——+ —
! > T ony
1 3no 1
dy= — — — 4+ —
2= o 2 T ony
1 3ny; 1 1 .
d = _ 2 _ =34 0 -1
¢ 2ni,1 2 + 2ni+1 4n?_1di,2’ ! T " ’
RS S 1
" 2nr,1 2 4n%_1d,«,2’
Tj .
W =———, j=12,---r—2
P anad;

where 7; = —1if j — 1 =0 (mod 3) and 7; = 1 otherwise. Note that if d; = 0, then
w; and d;42 are not defined for all j =4,44+1,--- ,r —2.

Thmorem 4.1. Let ny,na,--- ,n, be given nonzero integers(r > 1) and let L®
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be the 3-periodic link in S3 with rational quotient L = 5)[[711,712, <o ny)]. Let M
be the Seifert matriz of L® given by Theorem 3.2 above and set S = M + M7T.
Suppose that d; # 0 for allt =1,2,--- ,r. Then there exists an invertible matrix P
such that det P = +1 and

S =PDPT,
where D is the 2r X 2r diagonal matrix with diagonal entries —2ny, —2no,--- , —2n,,
dlad27"' ;dr-
Proof. Let D; and Dy be the r x r diagonal matrices with diagonal entries
—2n1, —2ng,- -+ ,—2n, and di,dg,- - ,d,, respectively, and let G = (g;;) be the

r X r tridiagonal matrix given by

—ny  ifj =1,
—1 ifj=i+1andi#0 (mod 3),
1 if j=i+1and =0 (mod 3)

b

9ij = 1 ifj=i—1andj#0 (mod 3),
—1 ifj=i—1and j=0 (mod 3),
0 otherwise.

Then D = D; & D5 and we have that

(4.4) Ui U o[ U G ) [ D an
U2 U1 U2 U1 G Dl

where Us = Uy — Us, Uy = (u;) and Uy = (v;;) are r X r diagonal matrices with

entries
_J 1 ifi=jandi#0 (mod 3),
Yii= 0 otherwise,

and
- 1 ifi=jandi#1 (mod 3),
771 0 otherwise.
Now let W = (w;;) be the r x r matrix given by
1 ifj =y,
wij: U)j ifj:i—27
0  otherwise.
By elementary calculations, we obtain that
Dy =GD;{'GT + WD,WT,

Hence it follows that

(45) Dy GT1 [ I oOo1[D O 1 o1"
' G Dy | | GD{' W O Dy || GD{Y W |~
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From (4.4) and (4.5), we have S = PDPT where

o[ 2] Tob ]

Uy Uy GD;t W
This completes the proof. O
Corollary 4.2. Let ny,na, -+ ,n, be given nonzero integers(r > 1) and let L®)
—
be the 3-periodic link in S* with rational quotient L = C'[[n1,na, -+ ,n,]]. Suppose

that d; # 0 for alli=1,2,--- 7. Then

=3 (i)

i=1
Proof. The result follows from Theorem 4.1 at once. O
Corollary 4.3. Let ny,ng, -+ ,n, be given nonzero integers(r > 1) and let L®)
—
be the 3-periodic link in S3 with rational quotient L = C[[ny,na,- -+ ,n.]]. Suppose
that [nini11mironiys| > 2 for each i = 1,2,--- 1 — 3. Then the signature J(L(S))
of L® is given by
o(LB®)) = -2 |”i‘ = 20(L?).
n;
i=1

Proof. We will claim that the sign of d; is opposite of the sign of n; and the absolute
value of d; is greater than or equal to % foralli=1,2,--- ,r.
Since n; and ny are nonzero integers and dy = —3% + i, the sign of dy is

opposite of the sign of ny and

3 1 1
q|>2—-=1>-.
dilz3-5=127
Since n1, no and ng are nonzero integers and dy = L 8me 4 L ghe sign of dy

i . ¢ 2n1 2 2ng’
is opposite of the sign of no and

do|>2 -2 _ 2 — - >,
|2‘—2 2 2 274

Suppose that the sign of d; is opposite of the sign of n; and |d;| > i for all

i =1,2,--- k. Now we claim that the sign of di,; is opposite of the sign of ng41
and |dg4+1| > i. We recall that, for 2 < k <r — 2,
d o 1 37’7;k+1 1 1
YT o 2 2npye An2di
3 .
If |7’lk+1| Z 2, then |%| Z 3. Since |dk_1| Z i, ‘ﬁ + 2ni+2 — W| S

% + % + 1 = 2. Hence the sign of di11 is opposite of the sign of ny1 and

1
dipr| 23 -2=12 7.
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3
If |ng+1| = 1 and |ng| > 2, then | n;ﬂ‘ - 3 and |2nk + an” - 74ni111k71|

< i + % + i = 1. Hence the sign of dj1 is opp051te of the sign of ngy; and

3 1 1
dpit| >S5 -1==>=
denl25-1=22 1
If [ngi1] = 1, [nx] = 1 and |ng_1| > 2, then |dj_1| > 1. Since |2+ | = 3 and
|—2lec + 2n1+2 - 74”i2k—1 | < % + % + i = %, the sign of dy1 is opposite of the sign of
Ng+1 and
3 5 1
d > —_ i

If |ng+1] = 1, |ng] = 1 and |ng—1| = 1, then |ng_s| > 2 and |ng4o| > 2. If
3np— 1 1 1 3_(1,1,1y_

4 <k <r-2,then |dy_| > |#|_|2nk72+m—m| > 5_(Z+§+Z) =
and hence |i+ = 2. If k = 3, then |dy_1| = |d2| >
é. If kK = 2, then |dk 1| = |d1‘ >1

3le+1 | _

Nl= N|—

1
T do <2 tat

1 1 1,1, 1
and hence |2nk + 2%” T d |<5+4i+5=

oy 1 1 1,1 i
and hence \2nk + 2”k+2 4nidk_1| <5+ 3+ 4 =1 Since | 3, the sign of

dy+1 is opposite of the sign of ngy; and

w
—

ldkt1] > 5 —

[N}
] Ot

If K+ 1 =r, then we can also see that the sign of d, is opposite of the sign of
n, and |d,| > I by the similar argument.

Therefore d; is nonzero and the sign of d; is opposite of the sign of n; for all
i=1,2,---,7. From Corollary 4.2, the signature o(L®)) of L®) is given by

o) :‘2Z|n|

From (4.3), o(L®)) = 2(=>27_, %) = 20(L?)). This completes the proof. O

i=1 |n;|
Corollary 4.4. Let ny,na,--- ,n, be given nonzero integers(r > 1) and let L®
—
be the 3-periodic link in S* with rational quotient L = C[[ny,na,- -+ ,n,]]. Suppose

that d; # 0 for alli=1,2,--- ,r. Then

det(L®) = |Are (=1)| = 2" [ning - - -npdids - - - dy ] .

Proof. The result follows from Theorem 4.1 at once. O

Example 4.5. The symmetric matrix S of the 3-periodic link L) with rational
quotient L = C[[2, 1, —2]] is given by
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—~4 1 0|2 0 0
1 -2 1 /-1 1 0
g_| 0 1 4]0 -1 -2
2 -1 0]|-4 1 0
0 1 —-1]1 -2 1
0 0 —2/0 1 4

We have that S = PDPT, where D = diag(—4,—2,4,—3,—-3,18) and

i -1 0]-100

0O 1 0]0 00

|0 =5 5 s 01

P=l—T—T—% 1 00
1 1 1

-3 —2 —1| 0 10

0 0 —-1]0 00

This implies that o(L®) = =2 = —2 Z?Zl i = 20 (L?) (cf. Corollary 4.3) and
det(L®)) = 432.

[ni] ™

Remarks 4.6.

(1)

In order to generalize Theorem 4.1 for the case p > 4, we need to diagonal-
ize the symmetric matrix S = M + M7 in (4.2) of a p-periodic link with
rational quotient 6’)[[111,112, .-+ ,my]] so that the diagonal entries are com-
pletely expressed as the integer nq,ns,--- ,n,. The authors have no such a
diagonalization of S and so we leave this an open question.

It should be note that if |n;n;41m42n,13] = 1 for some ¢ = 1,2,--- | r — 3,
Corollary 4.3 may not holds. For example, if ny = no = n3 = ngy = ng =
ny =ng = ng = 1 and ns = 2, then dgy = 0.

The signatures of more general periodic knots and links in S® have been
studied by several authors, for example, see [2], [3], [4], [8], [9], [12].

It is well known that the Alexander polynomial is given by the formula
A (t) = det (M —tM7T). In [10], with Fox’s free differential calculus, Lee
and Seo gave a recurrence formula for calculating the Alexander polynomials
of 2-bridge links by using a special type of Conway diagram as shown in Fig-
ure 3 and the reduced Alexander polynomials of p-periodic links with rational

quotient 6')[[n1,n2, -+« ,n,]] in terms of ny,nz, -+ ,n, and p.
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