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An external periodic perturbation's effect is numerically discussed, when it acts on burst oscillation in a model 
for the Briggs-Rauscher reaction in a continuous stirred tank reactor. The numerical results reveal that 
perturbation generates chaotic, mixed, multiple periodic and single oscillations.
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Introduction

Considerable theoretical and experimental works have 
been performed on periodically perturbed chemical oscil
lators.1-4 These studies have demonstrated fascinating pheno
mena, such as quasi-periodic and chaotic responses of a 
driven system, entrainment of oscillatory systems, gener
ation of new limit cycles by perturbation, phase transitions 
in externally driven systems; chaos control, among others.

A simplified model for the Briggs-Rauscher (BR) reaction 
mechanism, which consi아s of four intermediates and seven 
아eps, has been proposed? With the aid of this model, this 
study has obtained numerical results fbr nonlinear dynamic 
behaviors such as oscillations, limit cycle, bistability, and 
inverse regulation of the iodine concentration in a con
tinuous stirred tank reactor (CSTR). A comparison of the 
numerical results with experiments6-9 and other previous 
models10'13 reveals that the current simplified model ex
presses nonlinear dynamic behaviors better than the previ
ous models. Furthermore, we14 have observed mixed mode 
oscillations with an incomplete Farey sequence, periodic- 
chaotic (or nonperiodic) sequence, and various types ofburst 
oscillations within the secondary Hopf bifurcation curves by 
controlling malonic acid's flow rate and input concentration.

This paper aims to demonstrate an external periodic per
turbation^ effect11 on a burst oscillation. The perturbation 
drives the burst oscillation to chaotic, mixed or simple 
oscillation, depending on the perturbation's intensity and 
frequency.

Results and Discussions

The simple model for the BR reaction mechanism is as 
follows5

hi
HOI + r + H+ z——> I2 + H2O h\ =3.1 x io12 (II)

加 加=2.2广 (1-1)

, „ „ hi „
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„ ___ kcs „ ___ ,
CH2(COOH)2 + b —> CHI(COOH)2 + r + H'

ka = 3.4942 M-'s"1 (C5)

HOI + H2O2 一>r+O2 + H' +H2O
foi = 2.0x lO^-'s-^Dl)

The rate equations 111 a CSTR become the following:

쯔 = -kI2HXY+ kI3BI^Y- 2幻律亍 + kI5,BHX- k^X

으j =-knHYW^ kj.\Z-knHXY-如以甲Y + kcsMAZ 
dt +kD\DW-hY

dZ ,一一 ,一 .______ ―
으? = knHYW- kj.\Z-kcsMAZ-k)Z 
at

으分 = - 知HYW + ki-\Z + 21淞HXY + 如夔丫 + k成
dt -^DW-hY (1)

啤=-ki3BlfY+ k信-k理BHX- k&(B — &) 
at ,

쓰 = — ki\HYW+ kj.\Z-knHXY- 折破丫+ 切于2 

dt - kJyBHX+ kcsMAZ + kD\DW- Ao (H-H&)

■ML
으으스 = - kc^MAZ-h (MA - M40) 

at

当=-kDiDW-k0(D-D0) 
at 

where [HOIO] = & [门=Y, [I2] = Z, [HOI] = W, [IO「] = B, 
[H+] = H, [CH2(COOH)2] = MA. and [H2O2] = D. In CSTR, 
the quantities [Ci]o refer to the inflow concentrations of the 
respective species IO技 H+, CH^CCOOH)?, and H2O2. 
Meanwhile, Ao refers to the flow rate. There are four 
intermediates in the present model, and these are HOIO, I~ 
I2 and HOL

At the condition [H+]o = 0.057 M, [IO3一]0 = 0.020 M, 
[H202]o = LI M and [CH2(COOH)2]o = 0.070 M, the
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Figure 1. Burst oscillation without perturbation at the condition 
pr]o= 0.057 M, P03-]o= 0.020 M, [H202]o= L I M, = 0.070 M, 
and k0= 5.9 乂 10一7或,

secondary Hopf bifurcation exists between ko = 5.86 x 10-7 
s-1 and 3.4 x 10-> s-1. A burst oscillation occurs at an 
oscillating 아ate near the bifurcation point, as illu아rated in 
Figure 1.

Let us consider the external periodic perturbation^ effect 
on the burst oscillation. Assuming that fbr simplicity, an 
external perturbation, I(t) is merely acted on the inter
mediate, I2 to observe various oscillations driven by the 
perturbation, the differential equation for Z in Equation (1) is 
replaced by the following

器=knHYW- h.iZ-kcsMAZ-加Z+丿[), (2)

where I(t) = Tosin(仞).The kinetic equations are numerically 
solved by using the CONTENT 1.5 program.15

Let us consider the case in which the value co is close to 
the imaginary eigenvalue of Eq. (1), 土 0.127/s, that is, cd = 
0.120/s. When Io is 10-13 M/s, perturbation has virtually no 
effect on the shape of oscillation. However, it tends to burst 
the oscillation earlier than expected (Figure 2A). As Io is 
increased up to 10-12 M/s, a transiently increasing beat 
oscillation appears due to the resonance between the 
intermediate and perturbation; burst oscillation occurs and 
the perturbation causes to appear a chaotic oscillation near 
the end of the bur아 oscillation (Figure 2B). When Io is 10-11 
M/s, a type of chaotic oscillation occurs, as illustrated in

Figure 2. The effect of an external periodic perturbation with o)= 
0.12/s on the burst oscillation when the intensity, 1(0) is (A) 1 乂 10-13 
M/s; (B) 1 x 10-12M/s; (C) 1 x 10-nM/s;(D) 1 乂 10~10M/s;(E) 1 乂 

10-9M/s and (F) 1 乂 10-8 M/s. The other constants' values are the 
same as those in Figure 1.

Figure 3. The effect of an external periodic perturbation with a)= 
0.2/s on the burst oscillation when the intensity, 1(0) is (A) 1 乂 10-13 
M/s; (B) 1 x 10~12M/s; (C) 1 x 10 一 "M/s; (D) 1 乂 10~10M/s; (E) 1 乂 
10-9 M/s and (F) 1 乂 10-8 M/s. The other constants' values are the 
same as those in Figure 1.
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Figure 2C. Increasing Io further generates a different type of 
chaotic oscillation (Figure 2D). When intensity is reinforced, 
the chaotic oscillation transforms into a mixed oscillation 
with a large amplitude and small amplitudes, as illustrated in 
Figures 2E and 2E This is due to the fact that the pertur
bation shifts the system into the region of new oscillations 
and(x)uples with internal oscillation.

There are cases wherein the frequency is for from the 
imaginary eigenvalue, that is, o)= 0.200/s. In the cases of Io 
=10-13 and 10-12? the results are similar to those of o)= 
0.120/s, with the exception of two different points (see 
Figures 3A and 3B). First, the burst oscillation of = 0.120/ 
s occurs relatively earlier than that of a)= 0.200/s. Second, a 
transiently increasing beat oscillation is observed at = 
0.120/s when Io = 10-12M/s. In addition, the perturbation of 
Io = 10-11 and IO-10 M/s results in chaotic oscillations, which 
is less complicated than that of a)= 0.12/s, as illustrated in 
Figures 3C and 3D. As the intensity is intensified to a 
maximum of IO-9 M/s? the oscillation is modified into a 
mixed oscillation, with a single large amplitude and three 
small amplitudes (Figure 3E).

Conclusions

Important results are summarized as follows:
(1) As the intensity is increased, the perturbation causes 

burst oscillations at a supercritical Hopf bifurcation state to 
be chaotic. This means that the perturbation shifts the state 
into one that is near the critical point between the super

critical Hopf bifurcation branch and secondary Hopf bifur
cation branch. The further increasing intensity shifts the state 
into a new supercritical Hopf bifurcation states.

(2) The forced oscillation with the perturbation^ fre
quency, which is closer to the system's imaginary part, is 
more complicated due to the resonance effect.
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