BERMEHFReR NEZ2E J. Korea Soc. Math. Ed. Ser. E:
<BEBHE wmUE> Communications of Mathematical Education
A 2274 A 43 2008 11. 471-487 Vol. 22 No 4, Nov. 2008. 471-487

thstimel A3t ZROIN SHYSol oA wejol BE ol

ol ¥ & (BAdst)

B a7ddE R4S RS 295t BN Qo7 S £38 99 AE AN B4
stol, £33 wysh pAY FANA D44 AY, QoI S HBRE, 0|5 £3F 99F
T\esa,

T Az, A EANZ 58, £ 2 52 w%ESd A AN FzHolof e
AN AdEolst & 4 Urh 53] Polya(198l, pix)€ ‘.U &G HAG FEA 9 2o

3l
3 ALE Y AAE rlEdel Fb L FAAT F o)F Mg UE 27 3 F5%E 459
FEuL By oy, digtn &9 FERSAME B 258 B A7) o]Fojxer &
< ¢ F ok
Hadamard(1975)\+ Freudenthal(1991)2 #9AQ &84 &% £ 1 AEES “H(discovery)©]
© Nagrve ‘““ﬂ(mvenmon) olgte Jida BAA O A&dAY. oHT HITE £ Y o34}
3= dAsh=d, FEA(2003, p8K)e EHL ol 9,l°14 gREe] AlEEe R2W ;S Ho}
Wol AlZEdA ¢ E]'C— Aol e Add ofF gld A& Ageq i ve AL 7tER
' AREAT. & 783 ALEEE T Qo7 FYHYA AEEL ‘Y dgoga e
Zo] uigAE Aol Polya(19%, pv)T ‘w85 23 A9 d3+= %——‘i?_ TE F 39

vl Soltreta shA, FelAQ F£ARF(EEH TY)dA T A4S Freg

84 wHd #-¥E ATES BHY, #%F ¥ T4, 34, ¥id #ddE d7EH
Y 299 TAHA AHEd BHY ATEE U= F Uk FHY 299 Fa4, AR B
dd EHY AdTEEE Hadamard(1975), Polya(1990), Lakatos(1976), Freudenthal(199]) & &
T en, 83 e FHAHYA PP Al s Ui d7EE FA7] - A 2EAZQ006), B
A - ARAQ06), ZEA - 754 - 7S - HHE2006) T & F Atk 53] £33 Ay 14
A R A S A AFEL 78 Ae-SF HAAA FAHLE 84T F e FELE

* 2008 98 ¥, 2008 119 AAgE

* ZDM &5 : E65

* MSC2000 &% @ 97C30

* FAlo] "5‘—1 #9, Moored] w¥, I, Sld €2, #EJE, /MFEPRR

47



Fe W P AsAE ATHEER, £ 25-849 AL A 2 IUIE Aan @
# gtk 2 ol AN BRE £33 BHS 1 A4S0 F2 F58W wrhigd ¥4
S} QoiA, dher 29 oSl £ ws FAYY WY L ARE R oAt

2 A7 43 238 29 B Qola WSS oY 2 A AN
7 BAse, £33 B 2AE FALA B5-a B, QI F944 4EEE, o159 49
4 29 71%E Rolth o) 3, AT 429 FGRJIA S B, FH $E2 B
A8 Fousay 479 2488 A3E Rz JldEn

AFAE =3 (derived set)o] AAH 533 vy

N

A 729 @] FATolg e Al(the derived set for the set of integers Z is
empty, that is, Z'=¢ )& AfMs £ 2FY4rsdA A5 JAFse FAE 59 U2, A
A ¢ EAE RAFE Znj2E EAg & 4 AT 29 =3

T < A% 29 A
HE59 3¢S wated, A2 H(accumulation point, cluster point, limit point)}& F358tao| A 3
T A4S Axs}y] A AR o] He sfdeltt o & Sof, AR - A - A4 - xd

£

A(2008), Wade(19%), Bartle & Sherbert(2000) 59 #43 A&ME JHH MEE& =Y Fo
T EE d49 Ade dAistn gloh

a2Ad AA4A%e] FrAge FAFo)tMunkres, 1975, p97; Lay, 2001, p.ll9; Bartle &
Sherbert, 2000, p.98), FaAFATe] FEHEL AFAA9 FF oK Munkres, 1975, p97; &Y -
2, 2004, p73 A0F - AW - A - 2HA, 2008, p. 222) B AFIFY A=Y 3F
golth A &Y - 254, 2004, p.77; 720
e BAE 44 FolE & AT, o
ATNE ZFAE A=A TRl FAld A FHe] 7jgd FES Foy AR
Ak g EE AEn, =942006, p8Y AT AMAE O T WwHg Zth

1) BA+E9 3¢ Z2=1{-,-3,-2,-1,0,1,2,3,--}& FHo| gir}. Yuksld & 3 z€Rq o
o, U n(Z-{z})=0& BF3E U,y7t EAs7) dEold. & £9, 0€Z4 dad

o =(~ 33012 38, Ugn(Z-{0) =27t 5 02 29 el ohd Aeln:
2) ® A7t obd AF yeR-Zo AR, N (Z-{y)=UyNnZ=0& W=}
Uyt EAHER R-Z9) BE = 79 340 8 4 gtk mad Z'= o)tk

Uy Uy R
t SRR ey —+
-1 0 1 y °

<ag 1>



Wl 48 Aaola PSS S48 weo) Be A7 473

Ned 8 He AP Ade vRez sy, DAME A7t AR G HE AL B
olx, QelAE A AT UviA A7t HHo] & He AL B ALPFe AHHL 2
gL B 2™k DAXE 499 B 2o dd Ulz) % Z—{z]9] 2HFo] 37T 5
= I 94

Ulz) g FARLZ HAstA gston, QM A7t obd deoje AF yg A
FAEY yo 2HE FARR AAEA Fstrt

S 28hd e S ddeE A A4 ARE LFste AHAA &
Ao o3 WY AFLAHY FEIT AT M2 FHE AHEEE AL

3§48 FFAMe FeH - 25A(004)9] 348t 71&7} Johnsonbaugh & Pfaffenberger(1981)
9] Foundations of Mathematical AnalysisE FRAZ Fou, vjF A 7t o]FojAT. 7
o= AAHA ¥ Hud AHRE E47|12 QYo FgRRAgA FAEL FFANA] &
1 AE, JARE, $EE g
ARG #EE FAE O do & FFAME BFE - 25A(2004)9] A48 ANES F
2 7ZE YRt o] A FAFATY FEAT AF WEL 7IEHo A FRXAT, AT
T SR AeARY AT dFH, FASAA AT FePPdd A EA
S ARAAT e AAE G AT Y diste] AFo|Th007d 5¥ 149 1-234)).

Al
o

°

2

A7 BE Aoe 5P FEAR o gFl {AT A g7 & T, FA ¥
;‘a"‘QiH FEREE 78+ 2SN

Z00: gy FeE AHEAA FHo ZFeFUMN?

A7 4. & ol gled, WY 1d 4o Evd, dd A5 Aojzte #4E A3 AxE
¢ Rd ojE7? 05 A2 E Y ¥ AZE AEy 12 AFHE WY F 49 g

Z00: 4,

%00 AL OB ol ATAFS] FEUR U et 2L 3P AN

7 - ¢

( Iy Y4 LN 4
- { ¥ —+

-3 -1 ES o] 1 >
cleﬂvccl wt | et of 91‘0\;{ yo;n‘ts.

1€EA.
Ugtr * heighborhosd of o

265 Un NAED 49 o= 2t acmmmbition punt of 4



o4+

474

e dmug vy > Vaez
1, 245 ieighbohed of 3

s 4 (etabin (2=

9
ok BglRg Boagel L
A yes

e ) .
’//A, / & x&rl % >"%
- {3 e @Y e M \(!)
= . b - fet re RN 2
N ~ ) Spf ‘l > Sefeinze 2 2}
3 T .
N C " L=faixce seny

=2 58, ot

put- MeSupd, Msaly

loke U, - ‘
o My Uchﬂ(l\izi);(m,f\‘\)nl:#

214 o s . S
R 2N Bgy ek Saei

HMLE=  Mam X
. .
SUE TRl Umia g Ry A0 X oek

BARL %l oL ANtel edBiel Wxide ovdy Boiiiti et
TR Al

-
Aot A2 R

e of LS ‘“{\__ 3\5\“‘%2} g_%a%“ gﬁ‘%w‘ 3\\1_ j:\ +on
b Bkl ok Twe gy o h Al 93w
[/ Per mpst SR Ery Mgy B Aoprh AR 2 hwez 2o AR
BelRl AL oy 2Ge sy 3PS SURBE. TR S ARMME
BREL Ay o Wasv L wnwdy ol e WE nerip

Aeo 23 S obis Ay May dgsod RALIRR RARE

i
“%‘;S!LCH,Q) N R oatek, Wl Ao Rt $ablor sly e
Aol mAan SO R St Ty syl
' BTN S mr Awer Loan g Lav WL
B Mo, . 5 : y
TSR o Bkl ousy Brpiy Bt S Mrfabefl

AR 50 upS2 My By bLS Moy Sob AWn gusid

200 849 33 Ee Aestel AAROE 7l¢sR e 2o

1 1 .
z——, x+—). Then U,) is a

(1) Let =z be an arbitrary point of integers and take U(I)=( 2 5
neighborhood of z, and



detie] st AAelM P £ By B A7 475

1

(Z~ DN Uy=(Z— D [e—5, o+ 1)

=g.
Thus z is not a limit point of Z.
(2) Let = be an arbitrary point of R —Z. And take sets S, T as
S={ziz2=>2,262Z}
T={zz<z,267Z}.

Then S is bounded above and not empty. Also, 7" is bounded below and not empty. Thus by
the completeness axiom, supS and inf7 exist Put m=supS and M=inf7 and take
Uy = (m,M). Then

(Z—{zhnm,M=ZN(m M) =3,

which shows that z is not a limit point of Z. W
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Theorem. | 4, is countable.

n=1
Proof. Suppose A4,, A,, --+ are countably infinite sets. We may list the elements of A, as

(n 0,(2")' (n) .

We now find that we may list the elements of | 4,:

n=1

A =g g ...
/S

&P 4D o

i1 7 v

a(‘ﬁ) 0(13) 0(33)

.....................

The arrows indicate that

1—-)0’51)7 2“‘)0'9)7 3—’a§2)y "

We have described a function from N onto | 4,; so {4, is countable. This result is often
n=1 n=1

summarized by saying that a countable union of countable sets is countable.

Lemma. The set N XN is countable.
Proof. The function f: NXN — N defined by
fln,m)=2"3"
is one to one, since factorization into primes is unique. Thus N X N is equivalent to a subset of
N. Since any subset of N is countable, N X N is countable.
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9] Introduction to Real Analysis® € % Stk ©] HJME EFJrxE Johnsonbaugh &
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Bartle & Sherbert(2000, p.18)= ‘As we have remarked, the construction of an explicit bijection
between sets is often complicated' s} Zo] AF&AA, FAH L2 AGANEFE T Aol WS-
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BR8-S QA9 Bartle & Sherbert(2000, p34)ol AAIR ADGAIES A: NXN->NE T4
Aoz AHHA

We will show that the function k defined as
h(imn) =¢v(m+n—2)+m

for m, n€N s a bijection, where (k) =2 k(k+1).

(a) We first show that h is injective.

If (m,n) s (m',n'), then either (i) m+n=m'+n,
or (ii) m+n=m'+n" and m=m’,

In case (i), we may suppose m+n <m’+n’. Then, using formula

Pplk+1) =9(k) +(k+1) for kEN,
the fact that ¥ is increasing, and m’ >0, we have
h(impn)=y(m+n—2)+m < ¢pim+n—2)+(m+n—1)
=p(m+n—1) <yp(m' +n'—2)
<¢p(m' +n —2)+m' =h(m',n').
In case (ii), if m+n=m'+n" and m = m', then
himun)—m=¢(m+n—2)=4¢(m +n —2)=h(m',n')—m’,
whence h{m,n)= h(m’,n’).

(b) Next we show that % is surjective.

Clearly ~(1,1)=1. If pEN with p=>2, we will find a par (m,n,)ENXN with
h(m,n,)=p. Since p<%(p), then the set E,:={kEN:p<¢(k)} is nonempty. Using the
Well-Ordering Property, we let k,>1 be the least element in E,,. (This means that p lies in the
k,th diagonal) Since p = 2, it follows from equation P(k+1) =1(k)+(k+1) for kEN that

P(k,—1) <p < y(k) =9k, ~1)+k,

Let m, =p—(k,~1) so that 1<m, <k, and let n,:=k,—m,+1 so that 1 <n, <k, and
m,+n,— 1=k, Therefore,

h(m,n,) =¢(m,+n,—2)+m, =¢(k,—1)+m,=p.

Thus A is a bijection and N X N is denumerable.
B 348 Fo A& Johnsonbaugh & Pfaffenberger(1981)ll AN Y FHHAY g7 AAH =
o

ol et HAEe) SAAZZ H Fael, N4 U 4,029 ARATFE THAVIE Sl

o o E £UYT 2FY $9¢ A3, ATAS PPEL 4D g2 FoIT VEAL.
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o o4 29718 2487 94 s,

F dA gole AuAES B9l BE B4 A3HY 4R A8 BEoin. 19
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I FlHos 978 4 9 F18E 2] A8 BT,

HAZ GAS0] ATARSE $351 PAZe KU FUoE U o 67 FEe A
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ooy ap rr xR
ol M

(1,1) (2,1) (3,1) (4,1) -

(1,1) (2,1) (3,1) ! ! !
V7 / (1,2) < (2,2) (32) (42) --
(1,2) (2,2) (3.2) ! !

/! / / (1,3) < (2,3) < (3,3) (4,3) -~
(1,3) (2,3) (3,3) !

7 4 (1,4) < (24) < (3,4) <« (4,4) -~

<18 4 <38 5



(L1)) — (21) (38,1) — .. L1 — (21) (3,1)
Vs / s v ' e
(1,2) (2,2) (3,2) (1,2) (2,2) (3,2)
| 7 v / v v v
(1,3) (2,3) (3,3) (1,3) (2,3) (3,3)
e /! e 4 s e
<38 6> <18 7>
(1,1) (21 — (31) (1,1) (2,1) (3,1)
(R v 7 i 1 1
(1,2) (2,2) (3,2) (1,2) — (2,2) (3,2)
/ / v ) !
(1,3) (2,3) (3,3) (1,3) — (2,3) — (33)
|/ / 2 1
: . M . — ' R d . — e
<ag 8> <18 9>
(1,1) — (2,1) (31) — .. (1,1) (2,1) — (3,1)
| 1 | ! ) ! 1
(1,2) < (2,2) {3,2) (1,2) > (2,2) (3,2)
! 1 ! l T
(1L,3) — (2,3) — (3,3) (1,3) < (2,3) < (3,3)
! l 1
<1 10> <38 11>

(1) <2 4>¢] BHd APASe] 74

<3 O3t e A4 M99 5 WA, NxN=( 4,03, 4n4=0(~= 1),
ER o (4,)=nol2, AA - (:'L;):Ai)zrfg: "("2‘1) = (P+‘1'1)2(P+q“2) #= Aol <28

i=1

£F olgatol, ARART f: NxN— NS BE 3459 434 $5¢ 4siux,
WA @ shel Awd AT 4,8 T Ad, 4 ={0D), 4,={12,e1)
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A4;=1(1,3),(2,2),3,1)}, - §& THAHLE FaA I tgel AAF nol EFY W, gy

4% 4, = {0 2L 25 1)), ARs nel 49 W Q9 3

# A, = {12241 2e1 2] - 120 | 70 = de e 3

2
B2 (4, neNPL 42298 882, NxN={]4,9¢ gt
n=1
29 ge, B4 B9 Nx N, 89 Nl 84 f: NxN—-N& 2adz A=ad 2
2 @ o] B% f(pg)=2Te a2 o waga g4 71 2 298 (well-defined)

A B, BH ANFFYE AZROU, F4 f(pa)7h BALS BolE o] 4X e,
A% 4% AoldA Aogn wae RuFel WAEFE wolt Aol 4E 2 Lrke 7o
dedA wrel AEsuAt Fael $AR wAA AY9d ¥de wRe ¥%

FiNSNXNE (1) =), k=234 o yaga ) 2 gomgse »

o3, E3t HUALESTYS Hojed AFdr
o7 muE ez 4Ee YN fpg=teEred o gag g

f:NxN—N7b 2 Regqen, Ag4347 9 Role AL ANES 2T: ¥4
f: NxN-N7 @At 8¢ 290

_ (p+g—1D)(p+g—2)

; +p7h ARAEFYE F

oA BOO Aol ANE G5 () =(pa), k
W thed FREEE Avud,

In fact, for an arbitrary natural number %, let » be the positive integer such that
~1+/1+8k cp< 1t V1+8k
2 = 2

n(n—1) < n(n+1)

ie, 5 k< 5 Then n is uniquely determined.
» Assume that m( 2—1) <k< m(m2+1) and n(n2—1) <k< n(n2+1) for m = n.
In case m > n,
nln—1) <k< n(n+1) - m(m—1) <k.<.m

2 2 - 2 2 !
which is a contradiction.
n(n—1)

2

If we put p=k— and g=n+1—p, then, f(k)=(p,q). For each k€ N, since p and
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g are uniquely determined, f is well-defined.
Next, we show that f is injective. If (p,g) =(r,s), then p=7 and ¢=s, and thus

(p+q—1)(p+q—2) _(r+s—1)(r+s—-2)
2 tr= 2 *

To show that f is surjective, let (p,q) be an arbitrary element of N N.

(p+¢—1)(p+g—2)
2

Since (p+g—1)(p+g—2) is an even number, +p is a natural number

(p+q—1)(p+qg—2)
2

and hence f +p|=(p,g). Thus N XN is equipotent with N.
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__n_(r_t:_}_)_, g=n+1—p& Fo k=14 9 n=10] Hoj] p=1, ¢g=1%4&

A, k=29 o, n=20] Ho| p=1, ¢=29¢& AR, k=3 W, n=2°] ¥

p=2,¢g=19¢& A3, k=49 1, n=30] Ho p=1, ¢=3%& &IP3, k=5% w,
n=30 Ho p=2 ¢g=2¢g AP, k=6Y @, n=30] 5 p=3, ¢=19& A}
A olg} e Wyoz
1 — (1,1) 2 — (1,2)
3 — (2,1) 4 — (1,3)
5 — (2,2) 6 — (3,1)

o 2ol Yrjdnigel 9 $4 FAHUTh
29 T, 71 2 AYEdEE R, f7h SRR 2, f7h AAESRE e ReT,

A, B4 1 NN =N [ = EHUEHD e gaaa, 84 16,07 2 2

g Qom, AdAgeErt Aot R @ oo 49 tad g7 AFHE dNRA.

¢ flpa7t 2 AgEATE Ae AFt oA flpg)7t SAETEE FHIA W
(p,g) # (r,s)ENXNOR, () p<rolZ g<s B4 (@) p<rol ¢=s¢ B (iD) p<rol
g>s A5l dal, flp.g) = f(rs)7t BE & F Yok WA fpe)E DA,

A fpa)7t AAEEAE noly, EFITVETETD) iy gy

—1+\/1+8k< 1+ v1+8k
) <

<
n= 2
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A research on Mathematical Invention via Real Analysis Course

in University

Byung-Soo Lee
Department of Mathematics, Kyungsung University, Busan 608-736, Korea
E-mail : bslee@ks.ac.kr

Inventive mathematical thinking, original mathematical problem solving ability, mathematical invention
and so on are core concepts, which must be emphasized in all branches of mathematical education. In
particular, Polya(1981) insisted that inventive thinking must be emphasized in a suitable level of university
mathematical courses.

In this paper, the author considered two cases of inventive problem solving ability shown by his many
students via real analysis courses.

The first case is about the proof of the problem "what is the derived set of the integers Z" Nearly all
books on mathematical analysis sent the question without the proof but some books said that the answer is
"empty". Only one book written by Noh, Y. S.(2006) showed the proof by using the definition of
accumulation points.

But the proof process has some mistakes. But our student Kang, D. S. showed the perfect proof by
using The Completeness Axiom, which is very useful in mathematical analysis.

The second case is to show the infinite countability of NxN, which is shown by informal proof in
many mathematical analysis books with formal proofs. Some students who argued the informal proof as an
unreasonable proof were asked to join with us in finding the onc-to-one correspondences between NxN and
N. Many students worked hard and find two singled-valued mappings and one set-valued mapping covering
* eight diagrams in the paper.

The problems are not easy and the proofs are a little complicated. All the proofs shown in this paper
are original and right, so the proofs are deserving of inventive mathematical thoughts, original mathematical
problem solving abilities and mathematical inventions.

' From the inventive proofs of his students, the author confirmed that any students can develope their

mathematical abilities by their professors' encouragements.

* 7ZDM classification @ E65

* 2000 Mathematics Subject Classification @ 97C30

* Key Words : Mathematical invention, Moore method, completeness axiom, accumulation point, derived set,
countable infinite set.



