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Algorithm for Computing J Relations in the Monoid of
Boolean Matrices®

Jae-Il Han**

m Abstract =

Green’s relations are five equivalence relations that characterize the elements of a semigroup in terms of the
principal ideals. The J relation is one of Green's relations. Although there are known algorithms that can compute
Green relations, they are not useful for finding all J relations in the semigroup of all n x n Boolean matrices. Its
computation requires multiplication of three Boolean matrices for each of all possible triples of n x n Boolean matrices.
The size of the semigroup of all n x n Boolean matrices grows exponentially as n increases. It is easy to see that
it involves exponential time complexity. The computation of J relations over the 5 x 5 Boolean matrix is left an unsolved
problem. The paper shows theorems that can reduce the computation time, discusses an algorithm for efficient J

relation computation whose design reflects those theorems and gives its execution results.
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RiList =&
RiGenList =

for each boolean matrix A in M{F)

compute a right principal ideal RI4 of A

if (RI,ERiList)
insert A into GEN(RIs)
else

make a new generator set GEN(RIy) for Rla

insert GEN(RI,) into RiGenList
insert A into GEN(RI,)

LiList = @

LiGenList = &

for each boolean matrix A in M(F)

compute a left principal ideal Lis of A

if (LI, € LiList)
insert A into GEN(LILs)
else

make a new generator set GEN(LI,) for LIy

insert GEN(LI,) into LiGenList
insert A into GEN(LI,)

JRel =
for each GEN(RI4) <€ RiGenList
Ja = GEN(RI»)

for each GEN(LI4) € LiGenlList
if GEN(RI4) NGEN(LIs) = @
Ja = Ja U GENWLIY
if Ja& JRel
insert Ja into JRel

* RI4 : a right principal ideal of A
* LI4 . a left principal ideal of A

* RiList : a list of right principal ideals

* LiList : a list of left principal ideals

* GEN(PIDL) : a set of generators of PIDL
* RiGenList - a list of generator sets for right

principal ideals

* LiGenList : a list of generator sets for left

principal ideals
* JRel . a set of J relations
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