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A GENERATION OF A DETERMINANTAL FAMILY OF
ITERATION FUNCTIONS AND ITS
CHARACTERIZATIONS

YOONMEE HaM, SANG-GU LEE* AND JERRY RIDENHOUR

ABSTRACT. Iteration functions K,,(z) and U,,(z), m > 2 are de-
fined recursively using the determinant of a matrix. We show that
the fixed-iterations of K,,(z) and U,,(z) converge to a simple zero
with order of convergence m and give closed form expansions of
K,,(z) and U,,(z). To show the convergence, we derive a recursion
formula for L,, and then apply the idea of Ford or Pomentale. We
also find a Toeplitz matrix whose determinant is L,,(2)/(f")™, and
then we adapt the well-known results of Gerlach and Kalantari et.al.
to give closed form expansions.

1. Introduction

Suppose that f(z) is analytic with a simple zero at « in either the
reals or the complex numbers. Let Lg(z) = 1 and

f'z)  f(z) o - 0
2 f'z fz .. 0
(1) Lu(2) = det : : T
[z [ () fm ()
e = o= R A )
fMeE) fmOE) ()
e e i o R B €

where det(-) denotes determinant. The matrix of L,,(z) is the determi-
nant of a kind of Toeplitz matrix.
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In [9], L, is introduced and is evaluated recursively,
(2)

:f/Lm— _%ffHLm—2+ ‘|'( nm fm Zf(m 1) L, +( nm fm 1f(m
where the second term will be — f f” when m = 2. This formula becomes
apparent once the determinant of a matrix is expanded along its last
column.

French mathematician E. N. Laguerre [10] gave a proposition which
says that any two numbers u and v satisfying the relation

3)  (w—a2)v—2)(f* = ff)+(utv=22)ff"+Nf* =0

where f = f(z), f(z) = 0 is an algebraic equation of degree IV, separate
the roots of the equation. Kulik [9] showed that

(U - x)Lm—l + fLm—Q
(v—2)Lmn + fLpn

u=x—f

where L,, is as in (1).
We define the following iteration schemes; for each m > 2, define
Lm_l(Z)

(v = 2) Lm-1(2) + f(2) Lm—2(2)
(v = 2)Lin(2) + f(2) Lin-1(2)

for a fixed complex constant v. The Laguerre case (3) can be obtained
from (5) by taking a polynomial f with m = 2.

We state the well-known results of Gerlach in [2], Ford in [1] and
Kalantari et.al. in [5, 7, 8.

THEOREM 1.1. (Gerlach [2]). Set Fy(x) = f(z), and for each m > 2,
recursively define

(5) Un(v,2) = z = f(2)

Fm_l(l’)
F,(x) = ——-"—.
)= Fr (o
Then, the function
~ Fm,1($)
F.(x)=0— —7%
@) == @)

defines an iteration function whose order of convergence for simple roots
ism.
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No closed formula for ﬁm(:c) was given previously. Indeed it is not

even clear that F,(z) would simplify into a rational function of z, f(z),
and its derivatives. Ford and Pennline [1], give a rational formulation of

Fm(:v) More precisely, they show:

THEOREM 1.2. (Ford and Pennline [1]). The iteration function G,,(x)
can be written as

Gu(r) =2 — f(fc)m

where Q(x) = 1 and Quat (z) = f(2)Qu () — =1 F(0)Ql (x).

In Kalantari et.al. in [5, 7, 8], they give a closed formula for G,,(x) by
proving the equivalence of the family {G,,(z)}>°_, a family of iteration
functions, {B,(x)}5°_,, called the Basic Family. To define the Basic
Family, let Dy(x) = 1 and define

f(x) 0 0 0
flx)  f(x) 0 0
5E @) f) 0
(6) Dy, (x) = det f”;gx) f”2(x) () 0
f((’;:igf) ﬂ(::;gf) e f(a)
for m > 1. Also, for each i =m+1,...,n+m — 1, define
") I ()
- f@) f(o) a 0
f”;gm) % F(x) e 0
Doae) = det | L s
o s g
ARICIRN Sl C) fOTmAD @) fUmD (@)
il Gi—1)! T (i—m+2)! (i—m—+1)!

Note that D,,(x) corresponds to the determinant of a Toeplitz matrix
defined with respect to the normalized derivatives of f(z).

THEOREM 1.3. (Kalantari et al. [6], Kalantari [4]). For each m > 2,
define
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Let 0 be a simple root of f(x). Then,

m-+n—2 ~

B () =0+ Z (—1)m =L

i=m
In particular, there exists r > 0 such that given any xo € Nr(0) = {z :
|z — 0| < r}, the fixed-point iteration

Lpt1 = Bm(xk), k = 1, 2, e
is well-defined, it converges to 6 having order m. Specifically,

lim (0 — Tpy1) 1 Din—1.m(0) 1 Din—1.m(6)

e s T A S W () @)y

- (-1)
THEOREM 1.4. (Kalantari et al. [5]). For each m > 1, we have

m—+1

D, =
f

(fD _Dm—H)‘

2. Recursive formula for L,,

In the sequel, we denote the k-th derivative of f(z) by f®*)(z) and
suppress the variable z in f*)(2), Ly(2) for simplicity.

THEOREM 2.1. For each m > 1, we have

(8) L, = ?(f’Lm—me

m m—1 £(m+1)
(B g Y

Proof. Since (2) is equivalent to

O P T — L= 3 S 0 1 o,

the second equality in the theorem follows from (9). We use a mathe-
matical induction on m. For m = 1, L; = f" and Ly, = f? — f f”, and
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thus %(f’ Ly — L) = f” = L. Hence, the theorem is true for m = 1.
Assume (8) is true for m — 1. Equation (2) is

= (D)7 (—1)m-
L =i:1 g f”mz+( o

Differentiate L,, and then we have

fmlf

L,=A+B+C+D+E

where
m—1 ;
—1 i—1 ) )
R e T
1!
m:—l m ;
_ (— ) (i+1) _ ()2 (i)
B—' —1 mi_Z(i—l)! I Ly
1:11 =2
m— -1
_ ( 1) fi—l f(z) L B
i=1
_1\ym—1
= Gl "
E .

Using the induction hypothesis, C' = C} + C where

_m_l (1! N pim2 g (i)
Cy —§j (m =) [ f O L

Al

_mlf/2m1_|_2 '. ( )szf/f

m—1 ;
—1) N B ol
Cy = —"7f L+ (ﬂNmﬂw”ﬂwmw
i=2 ’
Now, note that
m—1 ;
SRS m—1
A—l—Cl:mZ( 1) ! il mez—i_Tf/ZLm 1
=2
and
m—1 ;
~_ m-1, (=) iy @, (G D
B+C’2——Tf Lm+m§Tf AR T f o
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Thus,
L. —A+01+D+B+C2+E
m i—1 i i m— m—1 ¢£(m)
= {20 f’(f’ mt = L+ 05 EH O L, (1) i)
+m<Zz 2 - L2 O L+ (‘Dmﬂ%imm)
since (9) implies the sum of first four terms is zero. Hence, we have

Ly =m( S, G po2 (0L, oy (- L)
=2 (f' L — Lin+1)
and thus
(10) Ly = me,_lfL'/m
m
holds for all m > 1. O

Now let Fy :fandF =fL " it for m > 2. Then by (10)

m—1

_m

—1
7 Ly,

Fr =L, (f'Lny — g fLy) =L

L
and thus ?—’,” = f===.  Also, ﬁ—’;lm = ﬁ = Fyy1. Thus K, = z —
m m m

f LZL—; has mth—order of convergence by Theorem 1.1. Hence, we have
the rational formulation for K,,:

THEOREM 2.2. Let Fy = f and for each m > 2, recursively define
1
F, = fL. ™. Then K,(2) = z — f(z) 22=12 defines an iteration

Lm/(2)
function whose order of convergence for a simple zero is m.

THEOREM 2.3. Let Ai(z) = ’;/((j)) and, for each m > 2, recursively
define
1

(1) An(2) = ——— A, ().
Then the function
(12) z— —AZ;ES) =z+(m—1) —ij"jz;

defines iterates that converge to a simple zero with order m.
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Proof. Construct a set of functions A,,,

~ ]_ ~ 1
(13) Alz—:i, Am,1: 1 R mZQ,
Ao AT
m—1
using the A,, defined in (11). Direct differentiation yields
. 1 .
(14) A;n—l = _ﬁ Amr—nl_1 ' A;n—l = A')’_)’Ll—l A A
(15) = A AT

From (15), we have

(16) = = = A,

A, Am AT AR
Using (13) and (14) we obtain
Ay A, Apy
A AL ALA, An
Therefore, from (16) and Theorem 1.1, the method defined as in (12)
has mth-order convergence. Il

(17)

Aq(2) and Aa(z

It is easily seen that yHE) ) can be obtained by applying

As(z)
Newton’s method and the Halley’s iteration function ([3]) to the function
f/f. We show the relation between L,, and A,, for m > 1..

THEOREM 2.4. Suppose that f is an analytic function. For each
m > 1, A, (2) and L,,(2) are related by

(18) Lim(2) = f"(2) Am(2) .

Proof. We use a mathematical induction on m. For m =1, fA; =
f'= L. For m = 2, f?A, = > — f " which is equal to L,. Assume
that (18) is true for m. Then A,,4; = —=A! and, by the induction
hypothesis,

Ly = (A £ = A 7 4m A f77 = = A [+ A f77 1
By the recursion formula (10), we have
1 1
At [ = A [ = — L = f' Ly — — fLy, = L.
m m
Therefore, (18) holds for all m > 1. O
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We see that by using Theorem 2.4 that AA’:ES) =f (z)Lz”;(lg ) for m >

2. Hence z — f(2) L?;(Z()Z) have mth order convergence. We note that
Pomentale [11] constructed the mth order of convergence iteration as

following:

THEOREM 2.5. (Pomentale [11]) Suppose f is analytic. Define

D, (2) = — {;, ,m=23,...
m—2
V= e honsd
where ¢, are defined by the following recurrence relation:
(19)  Gm-1(2) = @ 2(2)f(2) = (m = D)dm—2(2)f'(2), ¢o(2) = f'(2).
Then the function

/ (m—2)
(20) z—l—(m—l)%:z%—(m—l)]‘

defines iteration of the mth order of convergence.

Pm—2(2)
¢m,1(z)

THEOREM 2.6. Suppose that f is an analytic function. For each
m >0, ¢m(z) and L,,(z) are related by

(21) Om = (—1)"m! Lypq, m >0
Proof. We use a mathematical induction on m. For m =0, ¢y = ' =

Li.Form =1, ¢, = ¢o'f — ¢of' = f f" — f which is equal to —Ls.
Assume that (21) is true for m. Then by the induction hypothesis,

Pmr1 = P f — (M4 1) f’
(=)™t Ly f — (14 1) (= 1) Ly f
= (=)™ (m 4+ V! (L /' — 5 L0 f)-
By the recursion formula (10), we have
Smrr = (1) (m + 1) Ly
and thus (21) holds for all m > 0. O

Hence, (20) is equivalent to
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which is the mth order of convergence. In this case, the closed form of
the iteration ®,,(z) is not yet given and thus we shall give a closed form
of K,, as in (4).

3. Construction of a Toeplitz matrix

Suppose that f is an analytic function with a simple zero at «. Let
P(z) = }{(('ZZ)) and then P(z) is also analytic with a simple zero at a. Let
Ho(z) = 1 and define for m > 1, H,,(z) corresponds to the determi-
nant of a Toeplitz matrix in (6) defined with respect to the normalized
derivatives of J{,(é)), i.e., we may say that H,,(2) = D,,(P(z); z). Also, we
consider Hy, j(2) = Dy i(P(2); 2).

By Theorem 1.1 and Theorem 1.3, we have
() Husl2)

f'(2) Hpa(2)
A closed form expression for a basic family B,, can be found in Theo-
rem 1.3. From Theorem 1.2,

(22) B (P(2);2) =

f'(2) Qumia(2)

where Qa() = Tand for m = 2, Qi (2) = ($3) Qu(2) = 7552 Qi (2).
Both of B,, and G,, have order of convergence m and it was shown that
B,, = G,, for each m > 2 in [5]. By Theorem 1.4 and the recursion
formula {Q,,}5°_,, we have

3 Hnale) = (1{((3) Hi—(2) - ﬁ JJ:((?) Hios(2)

for m > 2. We now have the following key result.

THEOREM 3.1. Suppose that f is an analytic function with a simple
zero at a. For each m > 1, H,,_1(z) and L,,(z) are related by

(24) f'(2)" Hype1(2) = Lin(2).

Proof. Use an induction on m. Since Hy = 1, (24) is true for m = 1.

! 1" /
Form =2, Ly = 2 — ff" = f? L2241 = f’g(%> = f7 H,. Hence,

(24) is true for m = 2. Assume that (24) is true for m — 1, i.e., Ly,—1 =
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(f)y™' H,,_5. By Theorem 2.1, L,,, = f' L,_1 — —= Ly, forallm > 2.
Using the induction hypothesis and (23), then we obtaln
Ly = PO oy = 5 ()7 Hos)
= (P Hea = i (m = D20 B + ()" )
= ()" Hyp = S 72" s = F(F)" 5 (P Hypy = Hi)
= (F)" Honor+ Honoa (£ = £ (P27 = ()™ )

= (/)" Ho1 + Hpo(f')"2 ((f) —fI" =% )
= (/)" Hpn

since £ f' = (f')? — f f". Hence, (24) holds for all m > 1. O

We note that the relationship between L, and H,, in (24) can be ob-
tained by recursive row operations. We also show (10) follows from (24).

THEOREM 3.2. If {L,,}3_, satisfies (24), then the recursion formula
(10) holds for each m > 1.

Proof. We use a mathematical induction on m. For m = 1, the right-
hand side of (10) is f' Ly — f L}, = f”— f f” which is equal to Ly. Assume
that (10) is true for m — 1. Applying Theorem 3.1, then

f/L _ 1 fL/
= {1 (f) Hiey = 5 ()" Hint)'
(f’)m+1H = E( (f)m 1f// 1+ (f/)mH;n71)
(f/)m+ <f (f/ Hm l_mf’ H, >
(f/)m (P/ ml__PH/ >
— (f/)erle
= Lm+1

Therefore, (10) holds for all m > 1. O
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4. Convergence analysis

For each m > 2, define K,,,(2) as in (4). We use the recursion formula
for L,, to show the fixed-iteration 2,11 = K,,(z,), n = 1,2... converges
with order m to a simple zero of f(z). We give closed form expansions of
K,,(2) and U,,(z) and show that iterations defined by U,,(z) also have
mth order of convergence.

THEOREM 4.1. Let f(z) be an analytic function over the entire com-

plex plane with a simple zero at «. For each m > 2, define K,,(z) as in
(4). Then, K,,(z) satisties the following

Km(2) = a+ Z(—nm%(a —2)".

Moreover, the fixed point iteration defined by z,.1 = K, (z,),n =
1,2,... converges to « in some neighborhood of o with mth-order of
convergence and the asymptotic error constant is

O — Znyi Hyyoy (@)

— (-

(25) lim @)

oo (a0 — 2,)™ = (=1)"Hp—1,m()

where, for any m > 1 and for each k > m + 1, f]mk(z) is defined by
]:Imﬁk(z) = ﬁm,k(P(z); z)
where D, . is defined in (7).

Proof. For m > 2, (22) implies that

mel(z)
Bu(P(2)i2) =2-Pl) = =2 — £330
(26) LHm-1(<)) 7 Iy

By [6], the closed form of {B,,(P(z);2)}>_, is given, (25) is obtained
and the fixed-point iteration z,1 = K,(2,),n = 1,2, ... has mth order
of convergence with

i & A Hyo1m (@)
n—00 (Oz — zn)m

since H,,_1(a) = (P)™ ' (a) = 1. O
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We shall show that iteration using (5) also give mth order of conver-
gence.

THEOREM 4.2. Let f(z) be an analytic function with a simple zero
at a. Suppose v is a complex constant with v # «. For each m > 2,
define U,, (v, z) as in (5). Then U,,(v, z) satisfies the expansion

Un(v,2) = a+ (1) T 1m(z) + EL2T, 50 1(2)) (@ — 2)™
+2 e Sk(2) (@ — 2)"
for some function Sk(z), k > m + 1. The iterations
Zn1 = Un(v,2,), n=1,2, ...

converge to o and the order of convergence is m.

Proof. From (4), we have f(2)L;,—1(2) = Lyn(2) (2= K (2)) for m > 2
and, plugging into (5), then we have

_ (v=2) Lon—1(2)+£(2) Ln—2(2)
Un(v:2) =2~ () G o

_ Ly—1(2) Km—1(2)—v
=<- f(Z) Lm(lz) Km(lz)—v )

K, (2) is rewritten as K, (2) = a +> e, (=1)™"Tp11(2) (e — 2)* where

Ton—sk(z) = s k@) f01r some positive integers m, s and k. Hence

Hpm—s(2)
(27) Kmalelov — 1 4 5™ O(2) (o — 2)F
Km(2)—v k=m—1 -k
for some function Cy(z). For k =m—1, Cp,_1(2) = (_;)_T:ITm,Zm,l(z).
Substituting (27) to (5), then we have
Um(U,Z) =z ( )L = Kj?mlyv

=z - f(Z)LZ”‘—m1 + (2= F(2) 5= 20,1 Cr(2) (= 2)F
-z Zzozm—l Ck‘(z) (Oé - Z)k
=+l (D) T k(o —2)F + 3702 O(2) (o — )M
(o (D)™ T k(@ = 2)9)) (30021 Ck(2) (e = 2)7)
= o+ ((—1)me_1,m(z) + %Tm_g,m_l(z)) (v —2)™
2 e Se(2) (@ — )
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where
>t Sk(2)(a = ) =57 (1) 1k + Croa(2)) (o = 2)FH

(2 (CD) Tna k(e = 2)9)) (31 Cr(2) (@ = 2)1).

Hence, the iterations z,.1 = U, (v, 2,),n > 1 converge to o with order

m.

1]

]

References

W.F. FORD AND J.A. PENNLINE, Accelerated convergence in Newton’s method,
SIAM Rev., 1996, 38(4):658-659

J. GERLACH, Accelerated convergence in Newton’s method, SIAM Rev., 1994,
36(2): 272-276

E. HALLEY, A new, exact, and easy method of finding roots of any equations
generally, and that without any previous eduction (Latin), Philos. Trans. Roy.
Soc. London,, 1694 18:136-148.

B. KALANTARI, Generalization of Taylor’s theorem and Newton’s method via
a new family of determinantal interpolation formulas and its applications , J.
Comput. Appl. Math., 2000, 126(1-2): 287-318.

B. KALANTARI AND J. GERLACH, Newton’s method and generation of a deter-
minantal family of iteration functions, J. Comput. Appl. Math., 2000, 116(1):
195-200.

B. KALANTARI, I. KALANTARI AND R. ZAARE-NAHANDI, A basic family of iter-
ation functions for polynomial root finding and its characterizations, J. Comput.
Appl. Math., 1997, 80(2): 209-226.

B. KALANTARI AND Y. JIN, On extraneous fixed-points of the basic family of
iteration functions, BIT, 2003, 43(2): 453-458.

B. KALANTARI, An infinite family of bounds on zeros of analytic functions and
relationship to Smale’s bound, Math. of Computations, 2005, 74(250): 841-852
S. KuLik, On the Laguerre method for separating the roots of algebraic equa-
tions, Proceedings of AMS, 1957 8(5): 841-843.

E. N. LAGUERRE, Oecuvres de Laguerre, Gauthier-Villars, Paris, 1880, 1: 87-
103.

T. POMENTALE, A class of iterative methods for holomorphic functions, Numer.
Math., 1971 18(3): 193-203.

Department of Mathematics
Kyonggi University

Suwon 443-760, Republic of Korea
E-mail: ymham@kyonggi.ac.kr



494 YoonMee Ham, Sang-Gu Lee and Jerry Ridenhour

Department of Mathematics
Sungkyunkwan University

Suwon 440-746, Republic of Korea
E-mail: sglee@skku.edu

Department of Mathematics
University of Northern Towa

Cedar Falls, TA 50614-0506, USA
E-mail: jerry.ridenhour@uni.edu



