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SECOND ORDER REGULAR VARIATION AND ITS
APPLICATIONS TO RATES OF CONVERGENCE IN
EXTREME-VALUE DISTRIBUTION

FuMING LIN, ZUOXIANG PENG, AND SARALEES NADARAJAH

ABSTRACT. The rate of convergence of the distribution of order statistics
to the corresponding extreme-value distribution may be characterized by
the uniform and total variation metrics. de Haan and Resnick [4] de-
rived the convergence rate when the second order generalized regularly
varying function has second order derivatives. In this paper, based on the
properties of the generalized regular variation and the second order gener-
alized variation and characterized by uniform and total variation metrics,
the convergence rates of the distribution of the largest order statistic are
obtained under weaker conditions.

1. Introduction

Let {X;,i = 1,2,...} be independent random variables with common dis-
tribution function F. Denote the largest extreme value of X1, Xo,..., X, by
M, =max{Xi,...,X,},n=1,2,.... According to Gnedenko [6], if there exist
normalizing constants a, > 0, b, € R such that

a7 (M, —b,) -5 G
as n — 00, where G is non-degenerate, then G must be of the type of
G (z) = exp{—(1+~z) Y}, y € R, 1 +~z > 0.

Denote V = (—log™" F)~, where U : I — R is the left continuous inverse
defined by U (z) = sup{s: U(s) <z}, z € I. Then

— d
(1.1) a; (M, —b,) = G,

holds for a given v € R if and only if there exists a function a(t) on Rt such
that

(1.2) Jim oM B[V (te) - V(1)) = ””7_ L
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The rate of convergence of (1.1) is an important part in extreme value theory.
There are so many papers devoted to this subject. The purpose of this paper
is not to review the literature. We refer the readers to Nadarajah [7] for a
comprehensive review of the papers on rates of convergence. However, in re-
lation to this paper, we like to mention the following. Under the second order
von Mises condition, de Haan and Resnick [4] derived Edgeworth expansions
of P{(M,, — bs)/an < z} and used related results to obtain the rates of con-
vergence of (1.1) in the uniform metric and the total variation metric when V
has second order derivatives. Under weaker conditions, Cheng and Jiang [2]
obtained Edgeworth expansions and uniform convergence rates of (1.1).

In this paper, we consider the convergence rates of (1.1) characterized by
the uniform and the total variation metrics under some weak conditions. Our
main tools are inequalities based on regular variation functions and generalized
regular variation of second order. In Section 2, some properties of generalized
regularly varying functions and second order regularly varying functions are
provided. Some lemmas related to the convergence rates of (1.1) are given
in Section 3. In Section 4, the convergence rates of (1.1), characterized by
the uniform and the total variation metrics, are established under some weak
conditions.

2. Regular variation and its properties

In de Haan [3], a measurable function f on R+ is said to be regularly varying
with index v € R at infinity, denoted by f € Ru(v), if f is positive near infinity
and

t
lim f(tz) =z7,Vz € RT.
t—oo f(t)

Following is an extension of Potter bound of regularly varying functions.
Lemma 2.1. If f € Ru(y,a), for any e, § > 0, there must exist to = to(g, d)
> 0 such that for t > tg

(1 - &) min{z", 277%} < f(tz) < (14 ¢)max{z"*?, 277%).

0
Proof. See de Haan [3]. g

A measurable function f on R* is a generalized regular variation function
with index v, denoted by f € GR(v,a), if there exists a positive auxiliary
function a(t) such that

fltz) - f(t) =" 1

lim = ,Vz € Rt.
Y

Now denote
vF(#), v >0,

@)= { () - 10, 7 <0,
f(t), v=0,
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where f(t) == f(t) - 1 [ f(u)du.
Lemma 2.2. If f € GR(y,a), there exists a*(t) ~ a(t) as t — oo. For any
€,0 > 0, there exists to = to(e,6) > 0 such that
flte) — f(t)  a¥ -1
a(t) v
Proof. See Cheng and Jiang [2]. O

< emax{z"0 &7 0} Vi, tx > to.

According to de Haan and Stadtmuller [5], a measurable function f on R™
is a generalized regular variation function of second order, denoted by f €
GRy(v, p;a, A) if there exist positive function a(t), and function A(¢) with
constant sign near infinity, satisfying lim;—,, A(f) = 0 and |4| € Rv(p) with
p <0, and function K(z) which is not a multiple of (z7 — 1)/, such that

im (L) SO 21y o v e mY.
t) v

100 Af a(t)

By a perfect choice of a(t) and A(t), K(x) may take the form of
log2 T -0 =
x7210g’:c 1 z7-1 ! 0 ”

Koy p(z) = T TR Ty p=0+#n,
Yt 0
v+p 7 p <0

In this paper, we suppose that the measurable function f on R satisfies the
following properties, i.e., there exist function A(¢) with constant sign near
infinity, lim;_,, A(t) = 0, and |A| € Rv(p) with p < 0, and function a(t) > 0,
such that

f'(tx) _ x’y—l

—Ta(t)
(2.1) —W—

— K ,(z),

where
' tlogzr, p=0,

Ko pl@) = {x”*”‘l, p <0.

Note that the condition (2.1) is weaker than the second order von Mises con-
dition in de Haan and Resnick [4] since the latter assumes that the regularly

varying function has second order derivatives, see page 104 of de Haan and
Resnick [4].

Lemma 2.3. Let f be a measurable function on R™T. If there exist functions
a(t) € Ru(y), and A(t) € Ru(p), p <0, such that
fltz) 271

. t~la(t) — y+p—1
(2.2) tlggo ————Am x

we have

(1) co = limy—eollog f(t) — (v — 1) logt] < oo,
(2) co - [log f(t) — (v — 1) logt] € Ru(p),
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(3) limyoo t™7a(t) = ec.

Proof. Notice for p < 0, A{t) — 0 as t — oo. Hence for x > 0, we have

log =15
aw 7
log f(tz) — (v — 1) logz + logt — log a(t) P
A(t)
log f(tz) —log f(t) — (y — 1) logx ., |
PA(t) p
llog f(tz) — (v — Dlogta] — [log f(t) — (v —1)logt] * -1

PA(t) p
By the well-known property of generalized regularly varying functions, we have
co = lim¢—,oo[log f(t) — (v — 1) logt] and co — [log f(t) — (v — 1) logt] € Ru(p).
Now (1}, (2) and (3) are obvious. O

Lemma 2.4. If a measurable function f on RT satisfies (2.1), we have
£tV f'(t) € GRO, T ()IAIR), f p=0;
flt)—ct"™ ' € Ru(y+p-1), if p<O0,

where ¢ = lim;_,oo t*=7 f/(t) for p < 0.

Proof. If p =0, we have
f'(tx) — g1

t—la(t)
AQD)

f'(tz) —t ta(t)z’ !
T Al)

o =Y f(tx) — ttalt)
e A®D)

oY (tx) — f(t

= t‘lc(t(t))A(t) D~ toga

(tz)! =7 f'(te) — 17 f'(2)

1= f1(t)A(t)
which means 77 f/(t) € GR(0,t1=7 f'(t)|A|(t)). If p < 0, according to (2.1),

we have A(t) ~ t—fll((l—t()t) —1¢€ Ru(p) and

— 2" ogzx

— 2" logzx

— logzx

=

— logz,

f(tz) 71
t~'a(t) — gl
fr(t) 1 ’

TTalt)
ie.,
(tz)'! =7 f'(tx) — tVa(t)
1= fI(t) — t7a(t)

— P,
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which implies
(t2) = (ta) ~ () af -1
Pl 7 (8) — ta(t)] b
Hence, 17 f'(t) € GR (p, p[t'=7 f'(t) — tVa(t)]). By the properties of gener-
alized regularly varying functions, we have

c:=lmt'"7f'(t) < o0

and
c— "7 f(t) € Ru(p)
if p < 0. The result follows. o

Remark 2.1. If p < 0 in Lemma 2.4, we have
lim t'77f'(t) = lim t7a(t) = c.
t—00 t—oo

Lemma 2.5. If there exist function A(t) with constant sign near infinity, satis-
fying lim; o A(t) =0 and |A| € Rv(p) with p <0, and function a(t) > 0 such
that measurable f on R satisfies (2.1) then a*(t) ~ a(t) and A*(t) ~ A(t),

where
tf'(¢ =0
ct?, p<0
and
! tl—’y 1 tl ’Y, — 0’
arty = {082 B
T p <0,
where g(t) = fo w)du. Furthermore, for any ,8 > 0, there exists
to = to(e,8) > 0 such that for t > tg, we have
fl(m‘) -JZ7_1
(2.3) t—a—(f;)*T — K, (z)| < e max{g P 1H0 grte-i=oy

For v > 0, we have

[ =) _ g1
e PR

For v < 0, we have

flte)—f(oo)=v"1a"(t) _ g7—1
(2.5) - (t)4*(t) T— — Ky p(z)| < emax{a? TP g7 tP70),

where f(00) := limy—.o f(t).
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Proof. For p = 0, we have

I’ (tz) — g1
1o (1) ()
A*(t) Y.P
f'(tx) y—1
_ |\ Fo ~*
= A0 27" logx
:cl_'*f/gtz! _
= gt S ! logz
Ax(t)

1 |27 f (k) — 2 ()
At (2)

B i o Ay L N
BT fI T (@[ ()]

_ et |1 0) - 1)
)
e1max{z =%, 2%}

= emax{z?’" 1 z7~1-9},

For p < 0, we have

—logzx

—logz

7!

IA

f'(tz) _ x’y—l

tTa* () g
A* (t) K’va(x)
flGx) y—1
_ | iter(® z — gYte-1
A*(t)

f’(t.’l)) — t_la’* (t)x’y_l Y+p—1
() A ()

_ f’(tx) - C(tw)’y_l _ x’y—}—p—l

t=la*(t)(a* () "1 (tf (1) — ct?)

fl(tx) — c(tx)’y—l Y+p—1

T et T

< emax{gYtPIHe pr+e-1-0Y

which completes the proof of (2.3). Now consider (2.4) and (2.5). For v > 0,
we have

flz)—f@) g1

a*(t
(34*(t) X _K’Yvﬂ(x)
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K;,p(xl)dan

_ fzft(ﬁf;)d:cl f1 z]” dxl_/x
A*(t) 1

flx —‘ft,__(ffli) - d$1
= A (t / K’Y p(ibl)dil'}l

T f/(*iﬂcl) gt ,
= / t7ler 1 (z1)dz;
1

A*(t) v,P
T f,(fml) _ x'ly—l ,
< /; t aA*(t)___ _K'y,p(xl) dxq
x
< 51/ max{x¥+""1+‘s,x¥+p_1_5}dxl
1
<

x T
- —-1—
€1 max{/ z) TP 1+5d331,/ z) e del}
1 1

1 1
= grmax{ — (VTP gy L8 1 }
' {7+p+5( )'y+p—5( )

< emax {;ﬂ“’”, :v"*J”"é} .

For v < 0, we have

f(tx)—f(ooz—)v_la* ® _ z7=1

> tA*(t) - Ky, p(z)
f(tm)—(f)(oo) _z’
a*(t
= _A—*(t)—l — Ky p(z)
[ L) gry — (P2 Mmoo
= _( L ey A*(t) z 2 “‘/ K’yﬂ xl)d-’l?l)
fa;oo t{’l(éfzg) —z]"ldm i K (1)
= 1)azy
Ax(t) s 7

Itz — 1

_ RO S
= L ————-———A* (t) K,Y’p(:vl)diln

oo | Ltz it
t=1la*(t) 1 ’
< /Z _———_—A*(t) - K., ,(z1)| dz1

IA

o0
—1438 —1-4
81/ max{z] P70 L]t Ydxq
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> 5 = 1-5
€1 max{/ gyttt dwl,/ gyte= dwl}
x x

1 1
Y SRR 2 2 7 Yoo
slmax{’y_‘_p_*_é( T )s (—=x )}

Y+p—46
< emax {z7H* x7+”‘5} )

(AN

i

3. Lemmas related to rates of convergence

Let a, = a*(n) and A, = A*(n) in which ¢* and A* are as defined before,
and f := V. Denote

V(n), 720,
bn =< V(oo) +7v 7 Yan — (v +p) tandn, v<0, p<O,
V(OO) + 7_1an + 'Y~2anAna v<0, p=0,
—b T -1
Pry(@) = V(m;) n_ 2 vz € R*,
nV'(nz)

Pl (@) = -z""! vz eRT,

and
Ko@)+ 545, 7<0, p<0,
H% P(w) = K’Y;P(x) _'712—7 v<0, p=0,

K, ,(z), otherwise.

Lemma 3.1. If function V satisfies the conditions in (2.1) then

3.1 P (2) ~ H, ()| < emax{z"t?+ z7Hr=%} vyn nz > ng
An YsP
and
Pny () 1 +p—146 ,y+p—1=5
(3.2) —a H, (r)| < e max{z” &' TP } Vn, nz > ng.
Proof. ¥or v < 0, p < 0, write
Pry(T)
‘X—n ~ H, ,(z)
- (V(nzz:) —V(c0) =7 lan + (v + p)landn - 1) A-l
an v "
1
( 7e(®) v+ p)'
V(nz)—V(cc)~y la, A |
= an Y T — K, o(z)]
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Now (3.1) follows by Lemma 2.5. For v < 0, p = 0, we have

PnA\T
—XT(L_)’ — H, ,(z)
_ \<V(nac) - V(o) =7y lan +7%anAn 27 - 1) 41
an gl "

V(nz)-V(oo)—y lan z¥—1

- e Y K, ().

Using Lemma 2.5 again, (3.1) holds for v < 0, p < 0. Similarly for (3.2). O

Lemma 3.2. Let o, = —log™! A2 and 8, = A;2. IfV satisfies the conditions
in (2.1) for k 2 0 then

(3.2.1) lim sup z77 " *Go(logx)|A, pu~(x) — Hyp(x) =0, k>0,

=0 zefom,Bn]
(3.2.2) Jim E[sup/3 ]x“VGg(log o)A, pr, o (x) — HY (z)| =0, k>0,
Te|®XnHPn

(32.3) lim sup A a7 Fpl (z)=0, k>0,

n—00 A S [O‘n 7571]

(3.24) lim sup A;lx_%’_kpnn,(x)p;ﬁ(x) =0, k=0,

n—oo IE[an 1Bn]

(32.5) lim sup A;'zTIpd () =0.
n—»ooxe[an”@n] 4
Proof. For p <0, |A*| € RV (p) and |A*|? € RV (2p). According to Lemma 2.1,
there exists constant ¢ > 0 and integer ng > 0 such that A2 > cen?®~! for
n > ng, which implies na, > —n[(2p — 1) logn +logc] ™" — 0o as n — co. Set

n such that nx > ng. From Lemma 3.1, for § € [0,1) we have

sup g~ () exp(—x'l)lA;Ipn,,Y(x) - H, ,(z)]

an<z<fn

< e sup o) exp(—a™ ) max{a? 70, 47070}
reRT

= ¢ sup exp(—z ") max{z~FTFTe gTFHemo)

z€Rt

Tt is easy to check sup, ¢ p+ exp(—z~") max{z—F+e+s g=FHP=8} < oo for k > 0
which implies (3.2.1). Similarly, (3.2.2) can be proved. For (3.2.3), we have
sup Atz Fp2 ()
an<z<fn ’

= sup Az AL pn sy (2))?
an<z<Bn



84 FUMING LIN, ZUOXIANG PENG, AND SARALEES NADARAJAH

= sup  Anz P F[(A7 pny(2) - Hy p(2)) + Hy p(@))?

an Lz Pn
<2 sup Anz P F(A pp s () — H, p(2)? +2 sup AT FH, L(z)
angzgﬁn anSmSBn
= : 20 + 2I.
Notice
Li=A, sup 2777 %A pn,y(x) — Hy (@)
an<z<fn
< A, sup max{g2(Pm2kte) g2e—3k-d)y
an<z<On
= A, sup max{zgXP-3k+d) g2p-3k=0)}
ansxsﬁn
< Anmax{A;%, (~log™' AZ)2P7249} o0
and

L=A, sup z 27%H, (2)>—0
an<z<fn

hence (3.2.3) follows. Before proving (3.2.4), we need to prove:

(3.3) Jim P ]A; LT (p, , (2))? = 0.
ZTE[On,POn
Write
sup Az F (p 4 (x)')?
CCE[OLn,,Bn]
= sup A,,.’)C_Q'Y"“(A,;lpnyﬂf(x)')2
$E[anyﬂn]
= elsupﬂ ]An-’ﬂ_%_k(Aﬁlpn,v(Z)' ~ Hy ,(z) + Hy p(z)")?
X Oy fOn
< 24, [SUP T—%_k(Aﬁlpn,v(m),'H'y,p(x)’)z‘*'ZAn ESUP -']U—zv_k(H%p(x)’)z
T€[on,On z€[an,Bn] -
= :2I3+ 2I4.

For § € (0, 1/4), we have

o= An s 2T HAT @) @)
TC(Xn,On

< A, sup max{z2le—F)He Al HH)-ely
ze[amﬁn]

< Anmax{A;%¥, (~log™! A2)Xr~F -0} 0,
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It is easy to check Iy = Ansup,e(a, 5,12 2" F(Hyp(z)')> — 0 as n — oo.
Therefore (3.3) holds. Combining (3.3) and (3.2.3), we have

sup A 2e 7 pl(2)(pnq(2))? — 0
z€[an,Bn]

= sup [Av_115’3—27_kpn7'y(x)pnm/(x)/P -0
me[anyﬁn]

= lim sup A;'z""*p, . ()pn~(z) =0
N0 pefan,Bn)
and so (3.2.4) follows. The proof of (3.2.5) is simpler since
sup A;Sx"G"”Q
zE€[an,Bn)

= sup A;lx"h”lpf’w(x) — 0.
$€[anaﬂn]

P (z) =0

O

Lemma 3.3. Let J,(z) = Go(logz+qn(z))—Go(logz) = ¢nGy(log z+0gn(x))
and J(z) = 2~ NGy (log 2)H.,, ,(x), where g, (x) =y~ log{1+~a; (V (nz)—
bn)} —logz = 7 p, (2)[1 + Oy Ypn ()] IFV satisfies the conditions
in (2.1) then
(3.4) lim sup |A4;'Jn(z) - J(z)|=0

]

=0 ref0,00

and

(3.5) lim  sup |A;'J)(z) — J'(z)| =0.
" z€(an,Bn]
Proof. If V satisfies (2.1) then (3.2.1) and (3.2.2) hold. Especially letting k = 1,
(3.2.1) is tantamount to (2.2) of Cheng and Jiang [2]. (3.2.2) is equal to (2.1)
of Cheng and Jiang [2] if k¥ = 0 in Lemma 3.2. Now (3.4) may be obtained as
in Cheng and Jiang [2]. We pay attention to (3.5). Write
sup A7t (2) - T (2)]
|

zE[am@n
= sup |4, [q,(z)G(logz + Ogn(z))

z€[on,fn
+qn(2)Gy (log x + 09, (2))(x™" + 8g;,(2))] — J'(2)]

= [supﬂ | |4, g, (z)Gh(log z + 0g, ()
zE|0n,On

+A; g (2)G)y (log z + g () (27 + 0, ()T ()]

s | A5 o) (@) (27 + Bovpn A (2)] T G (log 2 + Bgn ()}
€ Cn,On

+ AP0 (@) [0 H07Pn 4 ()] 72 (7277 4+ B0 y1],  (2)) Go (log 2 + Ogn (2)) }
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+AL Py (2)[27 + B07Pn  (2)] 71 GG (log & + O (2)) (27" +0g,,(2)) } — T ()]

= |4, P}, (@) [ +807Pn,(2)] " Gy (log = + Ogn (x))}
TE|Qn,On

+ AL {=pn A (@)[27 +607Pn ()] 72 (72" " + 007Dy, - (2)) G (log  + g, (x))}
+ A5, H{Pn (@) (27 + 007Pn ()] 7' Gf (log & + 0gn (2))(z ™" + 04, (2))}

—H, (x)z7"Gy(logz) +vH,, H(@)x™ " G (log z)

- H,, p(z)z™" " G (log z)|

. _ 1
A P (@) (

< sup
14 Bov2 =V ()

Ie[an,ﬁn]

—- H, ,(z)x7"Gp(logx)

A H{pn (@)™

)G (log z+0gn(z))}

1
1+ Gpyz~Ypp ()

+ sup

P (vz" "' + 0P, - (z))
T€ [anyﬁn]

xGy(log z+0gn(2))} — vH,, o(z)z7" " Gp(log x)'
+  sup AP (@)[8” + B07Pn,y ()] 71 GG (log @ + Ogn(x))

z€[an,Bn]
(@™ + bogr,(2))} — Hy, ,(z)z7 77 G (log )]
=:A+B+C,
where
1
A< su AZHpl  (z)x™ Gh{log z+0g, (x
celon Bl hsle) (1+90'yw'7pn,w(w)) o(log 2+ 00 (=))}

- Agl{p;ﬁ (z)x ™" Gy(log z+0g,(x))}
+ sup |A Npl, ,(2)z77Gy(log x+6gn(z))} — H, ,(2)z7"Gy(logz)]

we[an, n

=A1 +A2

Let M = max{sup,cp+ Go(logz), sup,cp+ Gilogz), supyecr+ Gy (logx)}.
We have

1
A1 £ M su A lx™2 z)p, (x
1 ze[anp,ﬁ"] | n pn,’)‘( )pn,'y( )I 1 + 90’71'—'an,»y(l‘)

and A; — 0 as n — oo by Lemma 3.2. For A5, we have

Az

< sup  |ATHp, ()57 Gh(log z+04n(z))} — A, N Dy, . (2)z 77 Go(log x) }
z€{ovn,Bn]
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+ sup |4 Y{pl, ,(x)2" " Gh(logz)} — H., ,(z)z77G{(logz)]

z€[n 6]
< L |47 P (@)™ 7 G (log £+61g,(2)) g () |
* ze[saunl,)ﬁn] x_ng(log x)} \Ar_tlplnﬁ/ (x) B Hih p(x)l
< S M | AL 2™ o ()], o (2)[1 + Bove ™ pn ()] 7Y
Lo 2 Gy(logz) |4, pl, (@) — H, ()],

where 0 < #; < 1. According to Lemma 3.2, Ay — 0 as n — oo. Hence A — 0
as n — oo.
Write
1
1+ 0gvz=""pp~(2)

B= sup ]lAﬁl{pn,w(w)z‘Q”( 2 (v27 7 + Oovpy, 4 (@)

ze[an,,@n
xGo(logz+0g,(2))} — vH,, o(z)z~ 7" Gy (log x)’
1
= sup (A7 {pn,(x)z™7} 2(1+ 6oz pl, (@
ze[anl?ﬁn]\ {Praz) 7(1"”‘907-’5—%@%,7(@')) ( ’ Py (%)
xGy(log z+0g,(z))} — vH,, ,(z)2™" "1 Gp(log x)’
1

IA

sup |45 {pns ()77 (1 + 602", ()

z€[an,Bn] 1+ 907$_7pn,w (.’IJ)
X Gy (10 2+04(2)} = A7 {pn (2)2 ™7~ 9Gplog 3+ 0gn (@)}

+ sup  |A;Hpny (@) T G (log z+8gn(z))}
Ie[a'ruﬁn]

~ A {Pny(2)277 Gy (log )} |
+ sup AT oy (@)27 7T G (log )} — YH,, p()2 7T Gy(log o)

Z€[an,Bn)

=: By + By + B,

where

B

1+ 6oz =7pl, . (x) — (1 + B0y "pp 7(a:))2
<M sup IA“lp x)z 7! il ’ ’
I (L + 8077~ Py @)

=M sup |A'pu(z)z7 71y

xe[anyﬁn]

fox'~1pl, . (2) — 20072 pn 4 (&) — B335 ™27p2 (x) '
(14 Ogyz="pp.~(z))?
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1
(L + 6072~ "Dn, (2))?
1
(1 + 80yz~"pn 4 (x))?
1
(1+ 6072 pny(2))3 |

<M sup
A4S [anaﬁn]

Ar_i, lpn,'y (x)p;z.,'y (x)x_z’Y’YeO

+M sup 2A;1pi’7(a:)m‘27"17200

me[ann@n]

AP (2)a 3 y%02

+M sup
z€[een,n)

According to Lemma 3.2, B; — 0 as n — co. Notice

By<M sup  |A7'pn(@)z™ " y0g,(z)|
ze[anﬁn]
1

1+ 80y "pn 4 (2)

Atp] (@)=

=M sup
z€[an,Bn]

Using Lemma 3.2 again, B, — 0 as n — oo. Similarly, Bs — 0 as n — oc.
Hence B — 0 as n — oo.
Write

C<  sup IA;lpnﬁ(x)x"V'll
me[anaﬁn]
1
X
1+ Gpyx=pp ()

+ sup z777IGY(log ) lAr_Llpn,'y($) - H,, p(m)l
l'E[O-’ny/Bn]

= : (1 + C..

(14 6oq), (z)z )Gy (log 4+ 0ogn (2))—Gh (log z)

Notice C2 — 0 as n — oo by Lemma 3.2(3.2.1). Write

Ci < sup |A7'poy(z)z Y
we[anvﬁn]

1+ 6og), (z)z~!
14 6oyz=pp 4 (z

+ sup AZMpn(2)277 7 |GY(log z+00gn(x)) — Gi (log )]
xE[an’ﬂn]

G{ (log z+60gn(z))

)—l

_ _ boq, (z)z™! ~ Goyz ™y ()

< M sup |Alp, ()71 2 :

xe[anﬂn], n Pra(®) ’ 14 6pvz=7pn ()

+M sup A;lpnﬂ(x)m””‘lqn(m)
1E€[Oén,,3n]
=: Cn + Cg,
where
1
Cio=M sup A;Ipnw(sc)a:""lpnﬁ(:n)z‘” -0

@€l fn] 1+ 60ovx="pn,(z)
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by Lemma 3.2. Write

1
Cih < M su Al )z " o4’ (z)z !
' ze[anl?ﬂn] pn,’y( ) an( ) (1+007$_7pn,7(w)
1
+M sup AZlp? (z)x= L
Te[anxﬁn] ’Y " pn”Y( ) (1+90’Y‘,1;_‘an»7($)
= J1+ Js.

Using Lemma 3.2 again, we have J» — 0 as n — oco. Write

1

J = M sup |A? Yz~ V " 00q! ()t ’

z€fan,Ball Pra(@) 04 (@) (1+0wx‘”pm(:v)
1
= M sup |A7! )z 20oq’ (2
v€lanbnl | Pr(2) 00n )(1+907$'”pn,7(
Since
a0, (z)

= - Wx—vnlpn,v ()1 + GO'YZ_’ypn,'y(x)]_l + x—’yp,n;y (z)[1 + 0oy "Pry (x”_l
=27 Pny (8)00 =722 Py (2) + v2 By, (@)L + G072 P, (2)] 7

= =727 oy (@)[1 + 0072 Py (2)] 7+ 27y (@) (1 + Bova T Py (2)] 7
+ 00722 1p2 @)1+ 907m_7pn,7(x)]_2
- 90737_271771,7( )pn,'y (@)1 + 00v2™ "pn,y (x>]_27

we have

SIS M sup  [A7tye™P70pk (2)[1 + 60vz T pay (2)] 72
z€{0un,Bn]

+M sup_ A5 22 2 (2)p o (@)1 + 80727 Py (2)] 7
L€ [Cn,On

+M sup  |A7'667%2 3 3p3  (2)[1 + B0z Py (2)] 70
xe[a'mﬂn]

+M sup ]|A510ovw 2 (@) (@)1 + ova T pn ()] 7.
c€{an,Bn

If J; — 0 as n — oo then the proof of the Lemma will be complete. We need
to prove

() SUP,e(a, 6. An P2 ()22 =0,
( ) Supze[an,ﬁn] Ar_{lpny’y(x)piz,'y ‘T)x_QW_Z —0
( ) SUPze(an,8n] A;lpg)’y(x)x—37—3 — 0,
(d) sUP,eian,5,) An'Pa (@), ()23 = 0,
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where (a) and (b) are obvious by Lemma 3.2. For (c) and (d), by Lemma 3.2,
we have

sup A;2pi,7(x)x_47*4 -0
TE€ [0, 0n]

-3.3 3y—3
= sup  An’p, . (T)2777" =0
IE[an,,@n]

— 0

)

—3~v-3
o sup A 'p; L (2)z
TE[0n,Bn) A
(z 2, —6v—4

sup  A;%py, . (2)(p), ,(z))’z
z€[an,Bn)

= ]Ailpi,v(ﬂf)f%z‘lnz‘lfpi,y( 2)(pn () *a~ 74,
TE|Qn,Bn

TN

and

sup  A.'pl (2)z7* — 0,
IL‘E[OLn,ﬂn]

sup  A%pl (2)(P),,(x)’z~"* - 0.
z€[an,Bn]

4. Main results

Theorem 4.1. IfV satisfies the conditions in (2.1) then
< —
1) lim P{M, < apu+b,} — Gy(u) _

n—oo An

—J((1+yu)7)

holds locally uniformly on R.

Proof. Combining (3.4) in Lemma 3.3 and (1.2), the result follows in a similar
way to Theorem 3.1 of Cheng and Jiang [2]. d

Remark 4.1. The following Edgeworth expansion of the distribution of the
normalized maxima may be obtained by Theorem 4.1:
P{M, < anpu+by,}
= G (u) + AnGy (W H,, ,(~log™" G, () log"" Gy (u) + o(An).

Remark 4.2. We may find the uniform convergence rate of (1.1) by Theorem
4.1:

P{M, < bn} —
lim sup {Mn < anuA+ b= Gy supu~ TV |H, ,(u)]exp(—u~t).
NP yeR n u€ER

Note that this result is the same as equation (3.4) in de Haan and Resnick [4].
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The next theorem considers the rate of convergence with respect to the total
variation metric (Billingsley, [1]):

D, = sup |P[a;1(Mn - bn) S A] - G’Y(A)I
A€B(R)

1 /*0d ,
= 5/_00‘£F (anz + by) — G, ()| dz.

Theorem 4.2. Let

b _ V(n)7 ’Y Z 07
e V(o) +v 7 a,, v <0,

zp(u) = [-nlog Fa,u + bn)]'l,
and
nV(nz,(u))
dx, (u)
If V satisfies the conditions in (2.1) for vy € R and p <0 then

= anpdu.

D 1 [
42 im P _ 1 ) da,
42 fm =g ) @

Proof. Denote

QuAlu) = M_b_’g

Gn
u? —1
@ny(u) = poy(u)+ o

Quy(w) = ppo(u) +u

and write
>0 d n
| e b - |

V(nz,(u)) — by

[PV ) Vi), )
- /’ drn(u) T L
) o
= 7| ) o) (@ 10D o),

Writing z instead of z,,(u), note that

B = | AF™(V (nz)) , )
2Dn B /0' \T - Q””Y(x)G'y(Qn,'y(w)) dx
= [T %l g 016 o)
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= [ |iGutiog o - £6,(@Quofan)|de

= [ |[Gutiog o) ~ 6oty log{1 +9@ns @) do
=[] L Gt og{1 +1Qu ()| o

[ @

Since

Bn Bn
/ @~ [ 1A ) - (@)l

n Qn

IA

ﬂn
[ At @las

n

Bn
= [ @) - 7 + @)

n

IA

Bn Bn
[ @i+ | 1470 @) - @)ids

and
lim sup |A,'J,(z) = J(z)|=0
NT® z€lan,Bn)

Bn
= lim |A T (x) — J'(x)|dz = 0,

=00
n

we can write

ﬁn o0
lim |A LT (z)|dx = / |J(z)|dz.
n 0

—
n—o0 a

We must deal with the parts of the integral near £co. Write

[ ,_d
451 [ Golioga)) = £.6,(Qu @)l

< AT - Golog A7)} + ATH1L — G (Qnr (A7)}
< 24741 - Go(=log A7)} + A HG, (Qnr(47%)) — Gollog A7)}
The first part goes to zero by simple operation and the second part goes to
zero by the proof of (3.4). Similarly,
d
[Go(log z)]' — ——G+(Qniy ()| dz

at
n /0 dz

< A;ng(log an) + A;1G7 (QnA(an))
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24, Go(log o) + A1 |G (Qnr(an)) — Go(log )]
24, Go(log —log™" A2)
+AL |Gy (Qny(—log™! A2)) — Go(log —log ™" A7)

— 0.

The result follows. O

Remark 4.3. Note that under the second order von Mises condition the integral

in

(4.2) is essentially the same as that given by Theorem 4.1 of de Haan and

Resnick [4].

1]
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