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DIAGONAL LIFTS OF TENSOR FIELDS OF TYPE (1,1) ON
CROSS-SECTIONS IN TENSOR BUNDLES AND ITS
APPLICATIONS

AYDIN GEZER AND ARIF SALIMOV

ABSTRACT. The main purpose of this paper is to investigate diagonal lift
of tensor fields of type (1,1) from manifold to its tensor bundle of type
(p,¢) and to prove that when a manifold M,, admits a Kihlerian structure
(¢, 9), its tensor bundle of type (p,q) admits an complex structure.

1. Introduction

Let M, be n-dimensional differentiable manifold of class C>°, TF(M,) its
tensor bundle of type (p,q), and 7 the natural projection T?(M,) — M,. Let
x’, j = 1,...,m be local coordinates in neighborhood U of a point = of M,.

Then a tensor ¢ of type (p,q) at z € M,, which is an element of TP(M,) is
expressible in the form

(a:J,t]l ;p) _ (mj,;v;), ) _th o, J=n+1,...,n+nPte

whose tﬁ;‘; are components of ¢ with respect to the natural frame 9;. We may
consider (z7,27) as local coordinates in a neighborhood 7= (U) of TP(My,). To

a transformation of local coordinates of M, : z/ =z’ (z7), there corresponds
in TP(M,) the coordinates transformation

23 =g (mJ)
(11) = i i iy i ()
o = kAl Al = Al A o,

Ji .7/

where

. i’ j
<z> ) AT Y A A/ T M </
A A = A Ay A A A = S Al = o
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The Jacobian of (1.1) is given by the matrix
oxi Bzt ,

oz’ ; = A 0
(1.2) (—7> = | 9z Oxf =< @) A Al 4B\ A 40 )
Oz gz’ Ozl tindi (A Agh)  Aw A
Oz OxJ

where ) o
J= (]73)7 J = 17 Y ] + np+q’ tg;c)) = t;cll'.“"llgq_

We denote by S?(M,) the module over F(M,) of C*° tensor fields of type
(p,q)( F(M,) is ring of real-valued C™ functions on M,). If a € S¢(M,,), it
is regarded, in a natural way, by contraction, as a function in TP (My), which
we denote by 1. If o has the local expression

o= afi:::f:ajl ® - ®0;,®dT"® - ® dz'»
in a coordinate neighborhood U (zf) C M, then 1o = a(t) has the local ex-
pression 1 = af;ffff:tgll’_'_’_;‘z with respect to the coordinates (2%, z?) in 7= *(U).

Let A € $2(M,). Then there is a unique vector field VA € g(TF(M,))
such that for o € S (M)

VA(za) =a(A)om =V (a(4)),

where ¥ (a(A)) is the vertical lift of the function a(A4) € F(M,). We call ¥ 4
the vertical lift of A € $F(M,) to TP(M,) (see [2]). The vertical lift V A has
components of the form

VA 0
VA= - = i -ed
4= ( VA ) ( AT )

with respect to the coordinates (z7,x7) in TF(My).

Let V be a symmetric affine connection on M,,. We define the horizontal lift
Hy =y € SHTP(M,)) of V € S(M,) to TP(M,) [2] by

HY (10) = 1(Vya),a € 34 (My).
The horizontal lift 7V of V' € S§(M,,) to TP(M,) has components

Vi
(1,3 Hy — P N D i i1
) VI T, 6, = 3 Tt )

with respect to the coordinates (z7,27) in TP(M,) (1], where I fj are local
components of V in M,.

Suppose that there is given a tensor field £ € SP(M,). Then the corre-
spondence z — &, £, being the value of £ at x € M,,, determines a mapping
o¢ : My, — TP(M,), such that 7 o g = idp,, and the n dimensional sub-
manifold o¢(M,,) of TP(M,) is called the cross-section determined by £. If the



DIAGONAL LIFTS OF TENSOR FIELDS 369

tensor field £ has the local components fg::?;q (z*), the cross-section o¢(M,) is
locally expressed by

.’L'k_l'k
(1.4) { 7 fll " ( )

with respect to the coordinates (z*, z*) in T?(M,). Differentiating (1.4) by 27,
we see that n tangent vector fields B; to 05( M,,) have components

o5 ;
(1.5) B =0 = ( e )

with respect to the natural frame {0, 0z} in TF(M,,).
On the other hand, the fibre is locally expressed by

xk = const,
Iyl Iyl
tkl tkl k ?

gt being considered as parameters. Thus, on differentiating with respect
ki-ekg

to 27 = t;ll j”, we see that n?*9¢ tangent vector flelds C; to the fibre have

components

oK 0
Ky_ 977\ _ 4 :
(1.6) (03)_(8337)_(5111"'51152'”52 >

with respect to the natural frame {0k, Og} in TF(M,,), where 4 is the Kronecker
symbol.

We consider in #=1(U) C TP(M,), n + nP*? local vector fields B; and
C; along o¢(My). They form a local family of frames {B;, C;} along o¢(M,),
which is called the adapted (B, C)- frame of g¢ (M,,) in #~1(U). Taking account
of (1.3) and also (1.5) and (1.6), we can easily prove that, the lifts ¥ 4 and #V/
have along o¢(M,) components of the form

V49 0
Vo4 R e

(1.8) 7V = < ﬁ‘ij ) = ( (vajl o )

with respect to the adapted (B, C)-frame, where (va)
nents of vy & in M,.

“r are local
i j are local compo-
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Let A,B € SP(M,), V,W € 34(M,) and ¢ € S1(My,). Let R denotes the
curvature tensor field of the connection V. Then (see [1])
(1.9)
VAV B] =0
(V.Y 4] =Y (vv4)
[V, 30 = 10] = 4Ly + (W) = o(VV)) = 1(Lve + (VV)p = p(VV))
[(FVAW] =" [V.W] + (5 - DRV, W),
where 9 — ¢ is a vector field in TP(M,,) defined by
1.10 5 = i 0 R
(1.10) Yo — v = TR N S P

p=1 Y51 mee gy A=1 b1 4,

2. Diagonal lifts of affinor fields on a cross-section

Let ¢ € 37(M,). We define a tensor field Py € S1(TP(M,) along the
cross-section o¢(M,) by

2.1 Do(Hy) =H (p(V)), YV € S§(M,)
& { Pp(VA) = =V (p(4)), VA € S5(M,),

where p(A) = C(p® A) € $(M,,) and call Py the diagonal lift of ¢ € S1(M,)
to TP(My) along o¢(M,). Then, from (2.1) we have

22 { () Lok HVL =F (5(V))K

(i) Pk VAL = _V(o{A)K,

. 0
where " (p(4)) = ( V(soigl))"“ > - ( ALY )

131
Pm ky-kg
First, consider the case where K = k. In the case, (i) of (2.2) reduces to
(23) Dot BV AP g PV =T (o(V)F = (o(V)* = of V"

Since the right-hand side of (2.3) are functions depending only on the base
coordinates z¢, the left-hand side of (2.3) are too. Then, since #¥"* depend on
fibre coordinates, from (2.3) we obtain

(2.4) Pek =0,
this implies
(2.5) Por =of.

When K = k, (ii) of (2.2) can be rewritten, by virtue of (1.7), (2.4) and
(2.5),as 0=0._
When K =k, (ii) of (2.2) reduces to

D@ll_c Vil +D @lg VAz': —V(SOEA))E
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or
Poranle = —SOmAle = sl ol g AT
for all A € SP(M,,), which 1mphes

D~k __ 11 5l2 1 T1 Tq
(2.6) Pr =~ 0g 020 07, p> 1,
T .8515 kb _ il
where ° =t o0, 2¥ =8, ] .
Similarly, we have

(2.7) Dof = 60 -8 87, ¢ > 1.
When K = k, (i) of (2.2) reduces to
(2.8) Pf Hyt 40 g HYT =M (o(V))*.

We will investigate components P c,b{“.
Let £ € S5(M,,). We consider a new ®-operator

1ol szk fop21
(2.9) (o) = GV £ ’
@ lk1 1 ki--kq ¢k1vl§mk2___kq, q> 1.

From (2.9), we have

m cedp mlg-l,
V@8 %, = (Vi) V&l + ol V(TR 2), p> 1
q

and
mia::dy Ledy
(2'10) ( vf)lkl (V 5 ) Vap(v)fkl...kq'
Using (1.8), from (2.10) we have
(@p&h 5, TV 4 gt o ol ot gt HyT = _H(p(v)F
and

211) (@&, TV = pliel sl sy o BV =H (p(V)F

31 s2

Comparing (2.8) and (2.11) and making use of (2.6), we get

Sb;c— —-(2 <p§)lk1 k,p>1

Similarly, we obtain

P (q)vf)lkl ke 42 1.
Thus, the diagonal lift P of ¢ has along the cross-section o¢(M,,) components
D‘p? - ¢l s
Dk —
1 lp g7 7
(2.12) D(ﬁ?:{ 805152 ...6sp5k11...(5kz’ p>1

1 1 T
6511 63290;11522 o 5]9[:7 q > 11
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_ Iy--lp
- _(Q‘Pé.)lkl

Now, on putting B; = Cj3, we write the adapted (B, C)-frame of o¢(M,) as
By = {Bj, B;}. We define a coframe B’ of of(M,) by B'(B;) = 8}. From
(1.5), (1.6) and BXBL = 6% we see that covector fields B’ have components
B' = (Bk) = (6,0)

B = (By) = (=0wel 3, o8- ainof o)

21 iq

(2.13)

with respect to the natural coframe (dz* , dz* ). Taking account of

Pol = Pp(da®,d) = By ® (dz¥,0;)
1dz™ (Bs)B! (9p) = ¢1dz™ (B 0n)B],
= PoiBJ6BL =" ¢{BfB]
and also (1.5), (1.6), (2.12) and (2.13), we see that “¢ has along the cross-
section o¢(M,,) components of the form

Dk _ k
Y = ¥

Pop =0,
D§_ 90151512;...5?;5211...522’le
=03 0 PO O, g2 1,

8;5"”2 e p>1
— (@ ) o mg z1 l y P2
( so’f)lh. &, TP f alfmkz s @ > 1.

Thus, P has along the cross-section ¢ (M,,) components of the form
(2.14)
4

1 I, 7 Tq
Dk = ok, Pk =0, Dk = —P 05 0k G, p 2 1
AU —8g SRz b g > 1

( Z F l1~~~s~~-lp n Z F l1 Ay )

,

k1---s---k

mila---lp ml ceselp meslp

\ bz +90 (E lk 5 25 - Z Fls k1 -2--kq _Fls£k1~~~kq)5 p>1,
= . l1~~s---l,, glae
(- ;nw b8 T, €0

d 11 -l 11 l Leeegeed

+s0k1(2 Emkorsky T Lim Z I mk2 ) a1
\ \ pu=2

with respect to the natural frame {9, 05} of 6f (My,) in 7~ (U) C TP(M,) [5].

In particular, if we put p = 0, ¢ = 1 in (2.14), then P are the components
of the diagonal lift of ¢ from manifold to its cotangent bundle with respect to
the natural frame {0, 07} of o¢(M,) [6, p.291].
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3. Complex structure in T?(M,)
We shall first state the following lemma, for later use.

Lemma ([3]). Let S and T be tensor fields in TP(M,) of type (1,q), where
q > 0, such that

SVi,...,V))=T(V1,...,V,)
for all vector fields Vi,...,V, which are of the form VA or HV, where A €
S$P(My) and V € S§(M,,). Then S=T.
Let ¢ € $}(M,). We define #o € S1(TP(M,)) along o¢(M,) by

o(FV) = H(p(V)), YV € (M)
(3.1) { e(VA) = V(p(A)), VA€ SF(M,),

where p(4) = C(p ® A) € SP(M,) ([4]).

Theorem 3.1. If o, ¢ € I1(M,,), then with respect to symmetric affine con-
nection V in M, , we have

(3.2) PePo+P P =" (09 + 00,
(3.3) Pl +P oMo =M oPo+1 6P =P (0o + ¢).
Proof. 'V € Sg(M,,) and A € 3P(M,,), then we have by using (2.1) and (3.1)
(PP +P ") (" X)
= P (B(X) +P o™ (p(X) =7 (p(6(X)) +7 (8(p(X))
Hop) (T X) +7 () (T X) =7 (00 + o) (" X)),
(PePo+7 ¢Pp)(V 4)
= =PV (a(4) =P ¢V (p(A) =" (p((4)) +V (d(p(4))
= T(po)(V A) +7 () (Y A) = (00 + ¢0) (V' A).

In a way similar to that of the proof of (3.3), we can prove by using similar
device easily. O

Putting ¢ = ¢ in (3.2), we obtain
(34) PoPo =t (pp), (Pe)? =" (p%).
Since 7 (idar, ) = idgz(ar,), using (3.4), we have

Theorem 3.2. If ¢ is almost complex structure in M, then the diagonal lift
Py of ¢ to TP(My,) along o¢(M,) is an almost complex structure in TP (My).

Theorem 3.3. If o, ¢ € $1(M,,), then
(3.5) Po(i =79 = (v =D (w9).
Proof. (3.5) can be prove by using local expressions of ¢ and (y —v)¢. O
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Let ¢ € 31(M,) and N, be the Nijenhuis tensor of ¢:
N<P(V’ W) = [(PV, QOW] =P [SOV, W] - ¢ [V7 ‘PW] + 802 [V’W] 5 Va W e %(l)(Mn)
Let now No,, be the Nijenhuis tensor of Py in T?(M,). Then by (1.9) and
(3.5), if VW € §5(M,) and A, B € SP(M,,), we have
No,(VAY B)
- [D(PVA,D (PVB] _D @ [DQDVA,V B] _D © [VA,D QOVB] + (D(P)Q [VA7V B]
= [Y(p(4)," (B)] +P o [V(w(4),Y B] +P o [VA,Y (0(B))] +
+(Pe)? [VAY B]
=0,
No,(7V,V B)
= [P9TV,L Y B] -0 o [PoHVY B] =P o [V, oV B + (Pp)? [FV,Y B]
= [T, (eB)] =7 ¢ ["(e(V),Y Bl +P o [*V,Y (0(B))] +
+ (P9 [7V,Y B]
=V (Vowye(B)) =P 0V (Vo1 B) +P 0V (Vvo(B)) + (P)? V(Vy B)
=V (Vowye(B) + (27 B)) =V (p(Vvo(B))) +¥ (¢* (Vv B))
V(=) @(B)) + 9(Vo(v)B) — p(Ive(B)) + ¥*(Tv B))
= Y(~(Voy¥)B = ¢(Vo)B) + 0(Vp(v)B) — p(Vv9) B — ¢* (Vv B)+
+¢* (Vv B))
V(—(vcp(V)QO)B - cp(pr)B),
No,(AVE W)
= [PHV,D W] ~ @[D Hy Hyp) - W[HVDQOHW] + (P HV,HE W)
= [FleN.H (eW)] =L o [T (V) ,E W] =P o [HV.H (o(W))] +
+(Po)? v w]
=T p(V), o(W)] + (5 - ’Y)R( (V),o(W)) =P o(F[o(V), W] +
+ (7 = MR@V), W) =P o("[V,o(W)] + (7 = V)RV, 0(W)))+
+ (Po)?([V, W]+ (¥ — V)RV, W))
= T{(e(V)): o] + (7 ~ NR(e(V)), o(W)) =7 (0 [(0(V)), W]+
+ (v = NeR((e(V), W) = (o [V, o(W)]) + (v = 7RV, o(W)))+
+ (@ VW) + G — )RV, W)
= (No) + (7 = M(R(2(V), o(W)) — oR(V, (W) — pR(V, W)+
+@*R(V,W)).

I

!

i
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Summing up, we have the following formulas;
No,(YAY B)=0
(3.6) JYDw(Hvav B) = V(‘(vw(v)‘P)B - W(VVLp)B)
No ,(MVHW) = T(Ny) + (5 = M)(R(p(V), p(W)) = pR(V, (W)
—pR(pV, W) + @*R(V,W).

We now suppose that (p, g) is a Kahlerian structure in M, and Vv the Rie-
mannian connection determined by the metric g. Then we see that

(i) ¢ is an almost complex structure in M,. i.e., > = —I;
(ii) Vo =0;
(iii) The curvature tensor R of V satisfies R(pV, W) = R(V,W) for any
V,W € S(M,) [7, p.129].
Thus, from (iii), we get R(pV, W) = —R(V, pW), since ¢* = —I. Hence again
using ¢? = —I, we find

R(p(V), (W) = 9R(V, o(W) = pR(oV, W) + 9*R(V, W) = 0.
Therefore it follows, from (3.6) and (ii), that
No,(VAYB)=0
Ko (VY B) =0
NDw(HV,H W) =0

for any V,W € 34(M,,) and A, B € $¢(M,,). Hence, by Lemma, Nb,, is zero,

since N is skew-symmetric. Thus, Py is necessary integrable. Summing up,
we have

Theorem 3.4. Let (p, g) be a Kihlerian structure in M, and V the Riemann-
ian connection determined by the metric g. Then the diagonal lift P of ¢ to
TP(My) along o¢(M,) is an complex structure in TP (My).
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