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On Color Cluster Analysis with Three-dimensional Fuzzy Color Ball
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Abstract

The focus of this paper is on devising an effcient clustering task for arbitrary color data. In order to tackle this problem,
the inherent uncertainty and vagueness of color are represented by a fuzzy color model. By taking a fuzzy approach to
color representation, the proposed model makes a soft decision for the vague regions between neighboring colors. A
de£nition on a three-dimensional fuzzy color ball is introduced, and the degree of membership of color is computed by
employing a distance measure between a fuzzy color and color data. With the fuzzy color model, a novel fuzzy clustering

algorithm for effcient partition of color data is developed.

Key words : Fuzzy color, fuzzy clustering, color space, color clustering

1. Introduction

Color is one of the most important features in our lives.
Even though color can be considered as a simple and in-
tuitive object, it is not an easy task to effectively describe
color in our language [1][2][3]. This paper focuses on the
color clustering problem. For a given set of color data and
number of clusters, the color set is partitioned into homoge-
nous color sub-partitions. This kind of color clustering task
can be widely used in a variety of applications, such as
color image segmentation. The diffculties of this research
include the lack of a correct color model that can describe
the uncertain characteristics of color and the lack of an ef-
£cient clustering algorithm that can deal with vague color
data.

All the studies related to color modeling, includ-
ing RGB(Red, Green, and Blue), HSV(Hue, Satura-
tion, and Value), and CIELAB(Commission Internationale
del’Eclairage LAB) color spaces, have only handled the
crisp representation of color data. However, color has in-
herently uncertain and vague characteristics. For overlap-
ping areas between two major colors, absolute color clas-
sifcation is not possible because it depends on both visual
decisions by the observer and the surrounding color effects.
This phenomena is called “simultaneous contrast” [2][4].
Even though Vertan recently proposed a fuzzy approach to
color modeling, his model has limitations [5]. First, there
1s no consideration of the relative strengths between colors
(simultaneous contrast). Thus, the membership degree of
a given color to a certain color has always the same value
regardless of the given color distribution. Second, the sizes
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of areas of all colors in a color space were £xed as the same
value, which does not correspond to human color percep-
tion. According to human perception, for example, a green
color has a larger area than red color {4]. Consequently
we have tried to develop a new color model that can repre-
sent the uncertainty and vagueness of color. The proposed
fuzzy color model is represented by a three-dimensional
fuzzy color ball on CIELLAB color coordinates. We have
also proposed color distance measures that compute the
distance between color elements, and the distance between
a color element and a fuzzy color. With the distance mea-
sures, a computation method for color membership values
was de£ned.

For effective partitioning of the color data set, fuzzy
cluster analysis techniques are less prone to local minima
than crisp clustering algorithms, and allow us to manage
uncertainty on measures [6]. As mentioned before, color
measurements are usually affected by uncertainty and sub-
jectivity, and can be interpreted as degrees of membership
to major colors. However, most of the previous fuzzy clus-
tering algorithms were designed for crisp pattern data; thus
we need to develop a new algorithm that can handle the
fuzzy color data. This explains why a novel fuzzy cluster-
ing algorithm is required in order to deal with the vague
mapping of color data to clusters, and compute degrees
of membership that specify to what extent color data be-
long to fuzzy clusters. Hence we need to develop a fuzzy
color model that can explain the uncertainty of color and
can compute the relative difference between colors. With
the proposed color model, we developed an effective fuzzy
clustering algorithm for color data. By minimizing the
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evaluation function, we could obtain near-optimal conver-
gence 1n an iterative color clustering.

2. Three-dimensional Fuzzy Color Ball

We should establish an approach to model three com-
ponents, pattern representation, a proximity measure, and
a clustering algorithm, to solve the color clustering prob-
lem. We create and use a new fuzzy color model as the pat-
tern representation of color data, and de£ne a color distance
measure to solve the inter-color pattern proximity. Finally,
we apply the fuzzy color model to the development of a
new fuzzy clustering algorithm, where as cluster centroid
is represented in the form of fuzzy color.

2.1 Description of Fuzzy Color Ball

The proposed fuzzy color is described with a three-
dimensional spherical representation. Color, in general, has
its own volumetric representation. The magnitude of color
volume 1s determined on the basis of its own perception
boundary, which i1s known as a JND (Just Noticeable Dif-
ference) [3]{4]. This value is computed by changing the
wavelength of color until there is a discernable difference.
For the volumetric representation, we created a ball model
due to 1ts simplicity and ease of manipulation. When we
look at a color or colored object, such as a red object, some
pairs of red colors are diffcult to distinguish. However,
beyond a certain boundary, we can easily distinguish color
pairs. The radius of the color ball takes the JND of each
color. For a pair of two colors within the JND value, we as-
sumed they are not easily distinguishable and we consider
those two colors to be equal. Colors that do not belong to
the same JND volume can be distinguished.

To describe the fuzzy color ball, two numerical values
should be specifed: the center and JND value. The cen-
ter value is the center point of the three-dimensional fuzzy
color ball. The JND is the distance from the center to
a volume boundary of a given color ball. Here we must
distinguish two objects: the color element and the fuzzy
color. Color element, denoted by =z, is a point on CIELLAB
color coordinates, which is represented by (1, 2, zp) tu-
ple value. Fuzzy color, denoted by ¢; € C , 1s a ball with
a three dimensional volume representation on CIELAB
space. Taking CIELAB as basic color coordinates, the pro-
posed model has uniform color scaling, and provides a hu-

man perception-based color distance metric [7].

For a given color element z, the membership pz, () of
x to fuzzy color ¢; is obtained by the distance computation.
Suppose that there are fuzzy color ¢; and color element .
The fuzzy color has its own center value center; and JND
value jnd;, which build three-dimensional spherical rep-
resentation. That is, & = (center;, jnd;). If a color x

is within JND distance, it strongly belongs to that color
and has a membership degree 1.0. If color x is out of the
JND range, the membership degree is computed relatively
by comparison with neighbor colors. The left and right
shapes of the fuzzy membership function are determined
based on the distance from neighbor colors.
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Fuzzy color ball Ci Fuzzy color ball Cj
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Figure 1: Membership computation between fuzzy colors

Figure 1 depicts the membership computation situation
between two fuzzy colors. If a color element x strongly be-
longs to a given color ¢;, it is classifed to that color with a
membership degree of 1.0. If the color x is within another
color &;, then color x has no relation to the fuzzy color ¢,
and thus the membership degree to ¢; is 0.0. Except for the
above two cases, color x is located in the middle of fuzzy
colors. Therefore, for example, the color x in £gure 1 has
membership degrees pz, () and pz, (x). The pg, (x) gets a
higher value than ;. (x) because x is closer to fuzzy color
¢; than ¢;. The degree of membership pz(x) can be deter-
mined by both distribution of neighbor fuzzy colors and the
relative distances from x to each fuzzy color.

2.1.1 Distance Measures Between Colors

We defned inter-color distances: distance between
color elements and distance between a fuzzy color and
a color element. Let x and y be two color elements on
CIELAB color space, then the distance between x and y,
denoted by p(z,y), is defned as

p(z,y) = V(@L —y0)2 + (2o — Ya)2 + (@6 — 16)% (1)

where * = (21, Z, %) and ¥ = (YL, Ya, Yp). The above
de£nition is easily obtained from CIELAB color difference
formula.

One of the major concerns is to compute the distance
between a fuzzy color and an arbitrary color element. With
the above distance measure between color elements, we can
defne the distance between a color element and a fuzzy
color. Let x and ¢&; be a color element and a fuzzy color
on CIELAB color space respectively. Then the distance
between z and ¢&;, denoted by 0(x, ¢; ), is defned as

8(x,¢;) = ||p(x, center;)|| — jnd; (2)

where © = (xp,Zq,%p), and center; and jnd;
are the center and JND value of fuzzy color ¢; =
((center® , center?, centert), jnd;).
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As can be seen in the above defnition, the distance
measure considers not only the center point but also the
JND value. Some colors have larger JND values, and oth-
ers have smaller ones on a color space.

2.1.2 De£nition of the Fuzzy Color Ball

With the distance measures def£ned in the above sec-
tion, we can establish a formal fuzzy color model. Let
fuzzy color & in a universe of discourse C' be as a three
dimensional fuzzy ball set & = (center;, jnd;) € C with
a membership function such that

(1.0 if §(x,&) < jnd,
pe(w)={ 00 A o(z.&) < jnd; (04,6 €C)
\ ( Lc:‘|1 g((iﬁj%)_l otherwise

3)
where o-function means the distance between a fuzzy color
and a color element.

If a color z strongly belongs to a given fuzzy color ¢;,
1t is classifed to that color with a membership degree 1.0.
Conversely, if the color x is within an other fuzzy color
c;, then 1t means z has no relation to the fuzzy color ¢;,
thus the membership degree is 0.0. Except for the above
two cases, the color z is located between fuzzy colors like
in £gure 1. We compute the relative distance from fuzzy
colors and determine the membership value. The sum of
membership values to the whole fuzzy color families must
be equal to 1.0.

Let us compute the fuzzy color distance with numeri-
cal examples. There are three fuzzy colors including ¢,.q,
Cgreens and Cpjye, and one color element x. We calculate
the distance between fuzzy color ¢,..4 and a given color el-
ement . Let’s compute the membership degree of z to
fuzzy color ¢,.q. Suppose that color element = doesn’t be-
long to any fuzzy colors at all, and the distances from each
fuzzy color are given like this: 20 units to ¢,.4, 30 units
t0 Cgreen, and 10 units to Cpjye. In this case, we should
£rst compute the relative strengths between fuzzy colors,
and based on the strength we compute the relative color
membership values. Thus, the £nal membership degrees of
color z to fuzzy colors are as follows:

uz.,(z) = (20/20 +20/30 + 20/10)~* = 0.27
1, moen () = (30/20 4+ 30/30 + 30/10) ™! = 0.18
1z, () = (10/20 + 10/30 + 10/10) " = 0.55

From this result, we can say that color element x is
close to fuzzy color ¢,.4 with a membership 0.27.

3. Proposed Fuzzy Clustering Algorithm

The given color element data are z1, ..., z, € X where

each z; (j € 1,...,n) 1s a color element represented as
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three-dimensional L*a*b* value on CIELAB color space.
The algorithm objective is to cluster a collection of given
color elements into p homogeneous groups represented as
fuzzy sets (Fy,i=1,..,p).

The collection of the fuzzy cluster sets is denoted by
F = {151, Fg, . ﬁ’p}. Each fuzzy cluster is represented
by its centroid denoted by fuzzy color ¢;. The pattern ma-
trix M, which is handled by clustering algorithm, 1s repre-
sented as an p X n pattern matrix. An element ¢;; In ma-
trix M means the degree of membership of a color element
z; to a fuzzy cluster F;. Equation 4 shows the evaluation

~

function J(F") of clustering results, which extends the typ-
ical evaluation function of FCM in order to apply the fuzzy
color model to the color clustering problem [8]. The ob-
jective is to minimize the evaluation function for a given
pattern matrix.

J(E) =) lug, (x)]"0(x;, &) (4)

i=1 j=1

where p g (x;) is the membership degree of color element

x; to a fuzzy cluster set F;, and § (x;,¢;) is the proposed
color distance between the color element x; and the cen-
troid c; of the fuzzy cluster set F,. The parameter m con-
trols the fuzziness of membership of each color elements.
The goal is to iteratively improve a sequence of sets of
fuzzy clusters F'(1), F(2), ..., F(t) (¢ means the iteration
step) until no further improvement in J(F) is possible.

3.1 Inmitialization of Clustering

Before we describe the detailed clustering algorithm,
we discuss how to obtain the initial partition of the color
cluster set. In clustering algorithm, initialization plays an
important role. The clustering algorithm might terminate at
a different clustering result according to the selected initial
partition. There is no general agreement on a good 1nitial-
ization scheme. In this paper, we propose a novel initial se-
lection method based on the notion of fuzzy color because
it is simple and 1ntuitive.

The basic concept of initialization is to seek dominant
colors from a given color pattern set. The dominant color
is defned as the color that occupies a large portion of
the given color set rather than others. Starting a cluster-
ing algorithm with the initials from the dominant colors
i1s more helpful to avoid falling into local minima rather
than the random 1nitialization. To accomplish this, a notion
of reference fuzzy color, denoted by Cg, is employed to
cover all the dominant colors in a color space. Ten refer-
ence fuzzy colors are adopted from the hue families of the
Munsell color system: Red, Yellow, Green, Blue, Purple,
Yellow-Red, Green-Yellow, Blue-Green, Purple-Blue, and
Red-Purple. The Munsell color system has been used for
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color reference guides for color selection and communica- Step 2) Create the initial color centroids, ¢;(t),...,¢,(1)

tion. Furthermore, this color arrangement takes an effect in
both separating each of colors and managing the simultane-
ous contrast phenomena [2]. For the color element x ;€ X,
we compute the matching score to the ten reference fuzzy
colors, and increase the occurrence count of the reference
fuzzy color that has the highest matching score.The input
of initial color selection system is color elements in pattern
space, and the output is a set of dominant fuzzy colors that
have larger matching scores. The £rst p fuzzy colors of the
list are chosen as the initial fuzzy cluster centroid where p
1s the number of groups to be clustered.

For a given color element x;, the matching score is
computed by considering the membership degree p7, ()
to all reference fuzzy colors #; € Cg. The member-
ship degree u5, (x;) is obtained by calculating all distances
from reference fuzzy colors. Each reference fuzzy color
r; has two additional attributes denoted by occur; and
candidate;. The occur; refers to how many color elements
belong to the given reference fuzzy color 7;.

occur; < occur; + 1if pr (x;) > pi (z;)  (5)

for Vi, € Cg. The candidate; 1s determined by the input
color element that has the maximum membership degree to
this reference fuzzy color, and it will be used as a center
point of a newly generated initial centroid.

candidate; < x; if i (x) > pr (xk) (6)
for Vzi € X. The output set R of the initial color selection
process can be described in equation 7.

R = {..., {7, occur;, candidate;}, ...} (7)

for 2 = 1,...,10. From the output set R, we select the
dominant fuzzy color set, denoted by D C R, which in-
cludes the £rst p reference fuzzy colors that have a larger
occurrence count than other colors. Each candidate; € D
is employed as the center point of the initial fuzzy color
centroids when the reference color 7; is selected.

3.2 Fuzzy Clustering using Fuzzy Color

As mentioned in an earligr section, the olgjective 1S to
obtain the optimal partition ' = {Fl, Fy, .. F,} for given
color elements x4, ...,x, and the number of clusters p by
minimizing the evaluation function J(F). We extend the
conventional FCM procedure to exploit the notion of the
fuzzy color centroid and cluster membership computation.
The complete clustering algorithm includes the following
steps:

Step 1) Given p and 1, ...,x,, € X, run the proposed clus-
ter initial selection method to obtain the dominant
color set D that is used to create the initial centroids
C1, .., Cp of fuzzy clusters ﬁl, s Fp.

where ¢ means the iteration step (initially ¢ = 0)
with D. The newly created fuzzy color centroid
¢; (i=1,..,p) is obtained as follows:

o

¢; = (center;, jnd;)
(candidate; € D)
(’F@' € D)

center; — candidate;

jnd; «— jnds,

where 7; and candidate; are elements of the ith
dominant fuzzy color, and jndz, 1s the JND value
of fuzzy color 7;.

Step 3) Update the membership degree of fuzzy cluster sets

F;(t+1) by the following procedure. For each color
element x;:

(a) if 6(x;,¢;) < jnds,, then update the member-
ship of z; in F; by pz (7;)(t +1) = 1.0.

(b) if 8(x;,8) < jndg,, for k # i,& € C
then update the membership of x; in F; by
KE, (x;)(t+1) =0.0.

(c) otherwise, update the membership of z; by
Eq. 3.

Step 4) Update the fuzzy color centroid ¢; of each fuzzy clus-

ter. The center; is computed with the degree of
membership of each color element, and the jnd; 1s
updated by jndz, where 7 is the closest reference
fuzzy color to the newly updated center;(t + 1).

D i1 B ()(E) - x;
Z?:l M, (z)(t)

center;(t+ 1) = (8)

jnd;(t+1) = jnds, s.t ps (center;) < pz (center;)
9)

where ¢ # k,V7, € Cr, and Cg is the universe of
discourse of the reference fuzzy colors.

Step 5) If |F3(t+1)— Fi(t)| < eforall F; € F, where eis a

termination threshold, then stop; otherwise, ¢ « t+1
and go to step 3.

4. Clustering Examples

The original color image is mapped into feature space
where each pixel corresponds to a color element x; in color
space and each segmented region to a cluster set £;. As a
simple illustration of the proposed procedure, we consider
a color data set consisting of 15 elements from CIELAB
color space in Table 1. We suppose the number of clusters
1s given as three (p = 3).
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Table 1: Sample color elements and their CIELAB values
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Color element L* a* b*
1 53.24 76.16 68.65
To 87.74 -89.94 85.77
T3 3230 76.16 -102.67
T4 2696 5284 -31.34
Ts 88.35 -82.17 54.90
6 94.14 -26.40 97.21
T 39.60 79.11 -92.32
s 64.99 4394 74.62
To 4770 -14.82 54.75
10 60.32 93.81 -55.62
11 91.11 -52.39 -8.74
X192 54.62 79.75 13.21
14 11.21 4284  -57.79
15 4432 -29.56 -4.91

According to the proposed initialization method, the de-
gree of membership of each data to the ten reference colors
1s calculated in order to get the occurrence and candidate
value of each reference color 7;. Table 2 shows the degree
of membership of each data to the reference colors. The ten
reference colors from the Munsell hue families are origi-
nally described in a Munsell notation. Thus, we convert
the Munsell notation to L*a*b* space in order to obtain the
center and JND value using a conversion software [9].

Table 3: The output set R of the color decision process

T Center(L*a*b*) JND Occur Candi
ro  81.3 41.5 125.81 125 1 Ty
rs  91.0 5.1 141.2 10.5 0 Te
ry 81.3 -43.7 127.0 10.5 S Te
rs 51.5 -153.7 239 143 0 Ts
r¢ S1.5 -117.1 -20.3 143 0 T11
f’z 51.5 -48.2 -61.8 20.1 2 15
rg  20.5 554 -102.8 13.1 2 T3
r9  30.7 65.6 524 13.1 2 T4
710 515 1138 -18.1 15.6 1 10

Table 3 shows the count of occurrence and the candi-
date value of each reference color that are calculated by the
equations 5 and 6. This table corresponds to the output set
R of the initial color selection process. From the output set
R, the dominant color set D is extracted by sorting R by
the largest count of occurrence. In this example, a given
number of clusters is three, thus the rows of {74, 71,77}
become the elements of ). Even though the {7g, 79} have
the same occurrences as the {7, 77} do, the {r{,7;} get
the right for D since they precede others in the list. Table 4
shows the initial cluster centroids represented by the fuzzy
color. We can see, for example, zg is selected as the center
of the initial cluster centroid because it is the closest - color
to the reference color 74. For three fuzzy cluster sets F .

and F, three fuzzy color centr01ds have their own centers
and JNDs.
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Table 4: Initial fuzzy color centroids for three clusters

Cluster Fuzzy color centroid(c)
(F) Candidate L* a* b* JND
F Tg 94.14 -264 9721 10.57
Fy ) 5324 76.16 68.65 17.61
F T1s 4432 2956 -491 20.13

Given this initialization, the clustering algorithm itera-
tively computes the membership degree of each color ele-
ment to the fuzzy cluster sets, and updates the fuzzy color
centroids of each cluster. Table 5 shows a series of itera-
tion steps until the algorithm reaches at convergence. The
termination threshold was | F;(t + 1) — F;(t)| < € = 0.001.
The clustering algorithm stopped at step 15. According
to the £nal fuzzy membership of each color elements, the
color elements {x2,zs,2s, 211,213} belong to the £rst
fuzzy cluster Fy, {x1,x8,T9,X12, %15} belong to F, and
{x3, 14,27, 210,14} belong to Fg. In particular, color el-
ements {xs3, 4, T5, L7, Ly, T10, } is considered to be vague
at the £rst step since the maximum membership degrees
of those elements are around 0.5. However, as the itera-
tion step increases, they turn out to be elements of clusters
F3, Fg, F‘l, 153, Fy, Fy respectively at the £nal step.

5. Concluding Remarks

In this paper we discussed the color clustering problem.
To successfully partition color pattern data, we £rst pro-
posed a new fuzzy color model that can describe the vague-
ness underlying natural colors. The fuzzy color model is
based on CIELAB color space which gives uniform color
scaling. We de£ned the concept of fuzzy color and a new
distance measure between fuzzy color and a color element.
Each fuzzy color has a tuple of its center and JND value.
With the fuzzy color distance, we proposed a color mem-
bership computation method to a specifc fuzzy color and
its desirable properties. In order to effectively deal with
color data in clustering, we adopted a fuzzy cluster analy-
sis. We developed a new fuzzy clustering algorithm with
the proposed fuzzy color model. The key concept was to
exploit the fuzzy color centroids. Each fuzzy color cen-
troid can help to calculate the membership degree of each
color data.

As further work, we would like to study the follow-
ing issues. We should conduct an analysis on the proposed
fuzzy color model and its properties. The color’s asym-
metric characteristics and the reference color selection pol-
icy should be considered. Furthermore, clustering issues
include automatic determination of the number of clusters
and a centroid initialization technique.
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Table 2: Degrees of membership to ten reference colors (75,2 = 1, .., 10)

T I ) I3 L4 Zs Lg L7 £Lg L9 L10 T11 12 13 T14 L15
r1 RED 1.00 006 000 0.00 0.07 006 006 020 0.11 008 0.07 029 006 0.06 0.08
2 Y-R 0.00 009 0.00 0.00 009 0.13 003 022 0.12 004 0.07 007 010 0.04 0.07
r3 Yellow | 0.00 0.13 0.00 0.00 0.11 0.21 003 0.12 0.12 004 007 0.05 014 003 0.07
rqs G-Y 0.00 022 000 000 0.16 030 003 0.10 014 0.03 0.08 0.05 026 003 008
rs Green | 0.00 0.14 0.00 0.00 0.16 006 003 005 008 003 010 0.03 0.11 0.03 0.09
r¢ B-G 0.00 0.11 000 0.00 0.15 006 0.04 005 009 004 017 004 010 0.04 0.13
r- Blue 0.00 008 0.00 0.00 0.11 005 006 006 010 006 022 006 008 0.09 0.24
rs P-B 0.00 004 1.00 0.00 005 004 038 005 006 013 0.07 007 005 020 0.08
T9 Purple | 0.00 0.05 0.00 1.00 006 0.05 024 007 009 027 008 0.12 0.05 039 0.10
10 R-P 0.00 0.05 000 000 006 005 0.11 0.09 0.08 027 007 023 005 009 0.07
Table 5: Iteration steps of the proposed clustering

2 ja L1 o L3 T4 Iy Tg Iy I8 4 i) 10 11 L12 L13 14 15

1 F; 000 070 0.16 011 053 1.00 0.16 006 031 0.15 009 007 080 011 0.00

F, | 1.00 009 033 033 009 000 034 091 016 045 005 079 006 025 0.00

Fg 0.00 022 051 056 038 000 050 003 052 040 086 0.14 014 063 1.00

2 F; [ 003 091 011 004 088 093 0.10 010 043 008 023 000 097 006 0.02

F, | 094 003 035 035 004 004 036 080 023 050 011 099 001 025 0.02

F’3 0.04 005 055 060 008 004 054 010 033 042 066 001 002 069 096

15 151 001 097 001 0.03 099 075 000 0.00 038 002 060 0.04 099 0.02 0.37

Fr, | 097 002 002 0.3 001 021 001 099 056 006 025 080 001 005 039

Fg 0.02 001 097 08 000 004 098 0.00 0.06 092 0.15 0.17 000 094 0.23
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