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CONVERGENCE OF VISCOSITY APPROXIMATIONS TO
FIXED POINTS OF NONEXPANSIVE NONSELF-MAPPINGS
IN BANACH SPACES

JoNG Soo JuNG

ABSTRACT. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm, C a nonempty closed convex subset of E,
and T : C — E a nonexpansive mapping satisfying the weak inwardness
condition. Assume that every weakly compact convex subset of E has
the fixed point property. For f : C — C a contraction and ¢ € (0, 1),
let ¢ be a unique fixed point of a contraction T3 : C — E, defined by
Tix = tf(x) + (1 —t)Tz, x € C. It is proved that if {z;} is bounded,
then x4 converges to a fixed point of T, which is the unique solution of
certain variational inequality. Moreover, the strong convergence of other
implicit and explicit iterative schemes involving the sunny nonexpansive
retraction is also given in a reflexive and strictly convex Banach space
with a uniformly Gateaux differentiable norm.

1. Introduction

Let E be a real Banach space and C be a nonempty closed convex subset
of E. Recall that a mapping f : C — C is a contraction on C' if there exists a
constant k € (0,1) such that || f(z) — f(y)|| < k|lz — vy, =, y € C. We use L
to denote the collection of all contractions on C. That is, X¢ ={f: f: C —
C' a contraction}. Note that each f € ¥ has a unique fixed point in C'.

Now let T : C' — C be a nonexpansive mapping (recall that a mapping
T : C — C is nonexpansive if ||Tx — Ty|| < ||z —y|, =, y € C) and F(T)
denote the set of fixed points of T'; that is, F(T) = {z € C : x = T'z}.

Given a real number t € (0,1), a contraction f € ¥ and a nonexpasive
mapping T, let a contraction T} := th : C' — C be defined by

(1.1) Tz =tf(x)+ (1 —¢)Tz, VYaedl.
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and let z; := xf € C be the unique fixed point of T;. Then z; is the unique
solution of the fixed point equation

A special case of (1.2) has been considered by Browder [2] in a Hilbert space
as follows. Fix u € C and define a contraction G on C by

Gix=tu+ (1 —¢)Tz, VaxeC.
Let z; € C be the unique fixed point of G;. Thus
(1.3) ze=tu+ (1 —t)Tz.

(Such a sequence {z;} is said to be an approximating fixed point of T" since it
possesses the property that if {z;} is bounded, then lim;_¢ || T2 — 2¢|| = 0.) In
1967, the strong convergence of {z;} as t — 0 for a self-mapping T of a bounded
C was proved in a Hilbert space independently by Browder [2] and Halpern [7].
In 1980, Reich [18] extended the result of Browder [2] to a uniformly smooth
Banach space. Ha and Jung [6] and Takahashi and Ueda [22] improved results of
Reich [18] to a reflexive Banach space with a uniformly Géateaux differentiable
norm. Thereafter, Singh and Waston [19] extended result of Browder and
Halpern to a nonexpansive nonself-mapping T satisfying Rothe’s boundary
condition : T(0C) C C (here OC denotes the boundary of C). In 1995, Xu
and Yin [27] proved that if C' is a nonempty closed convex (not necessarily
bounded) subset of Hilbert space H, if T : C' — H is a nonexpansive nonself-
mapping, and if {z} is the sequence defined by (1.3) which is bounded, then
{2} converges strongly as t — 1 to a fixed point of T". They also studied other
schemes involving the nearest point projection P from H onto C, which were
introduced by Marino and Trombetta [15]. Jung and Kim [10], Jung and Kim
[11], Kim and Takahashi [13] and Xu [24] extended the corresponding results
of Xu and Yin [27] to Banach space settings.

On the other hand, the viscosity approximation method of selecting a par-
ticular fixed point of a given nonexpansive mapping was proposed by Moudafi
[16]. In 2004, in order to extend Theorem 2.2 of Moudafi [16] to a Banach
space setting, Xu [26] consider the the following explicit iterative scheme: for
T : C — C nonexpansive mappings, f € X and A, € (0,1),

Znt1 = M\ f(zn) + (1 = X)) Tz, Vn>0.

Moreover, in [26], he also studied the strong convergence of x; defined by (1.2)
as t — 0 in either a Hilbert space or a uniformly smooth Banach space and
showed that the strong lim; . z; is the unique solution of certain variational
inequality. This result of Xu [26] also improved Theorem 2.1 of Moudafi [16] as
the continuous version. Very recently, using the sunny nonexpansive retraction
Q@ from E onto C' and T : C' — E nonexpansive nonself-mappings, Song and
Chen [20] considered the implicit iterative scheme

ye = Q(tf(ye) + (1 —t)Ty)
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and the explicit iterative scheme

Yn+1 = Q()‘nf(yn) + (1 - )\n)Tyn)a Vn > 0,

and improved the results of Xu [26] to the case of nonself-mapping in a reflexive
Banach space with a weakly sequentially continuous duality mapping.

In this paper, we establish the strong convergence of {x;} defined by (1.2) for
T : C — FE nonexpansive nonself-mapping in a uniformly convex Banach space
with a uniformly Gateaux differentiable norm, thus generalizing the results of
Xu [26] (and Moudafi [16]) to the case of nonself-mappings. We also study the
strong convergence of the implicit iterative scheme:

and the explicit iterative scheme:
Tnt1 = M\ f(zn) + (1 = X)) QTxy, Yn>0

for the sunny nonexpansive retraction @ from E onto C and T : C — FE
nonexpansive nonself-mapping in a reflexive and strictly Banach space with a
uniformly Gateaux differentiable norm. Our results improve the corresponding
results in Jung and Kim [10], Jung and Kim [11], Moudafi [16], Xu [24], Xu
and Yin [27] and others.

2. Preliminaries

Let E be a real Banach space with norm || - || and let E* be its dual. The
value of z* € E* at x € E will be denoted by (z,z*).
A Banach space E is called strictly convez if its unit sphere U = {x € F :

|z]] = 1} does not contain any linear segment. For every ¢ with 0 < e < 2, the
modulus 6(e) of convexity of F is defined by
. Tty
6(e) = inf{1 — | Izl <1yl <1 llz —yll = e}

2

E is said to be uniformly convez if §(¢) > 0 for every € > 0. If F is uniformly
convex, then F is reflexive and strictly convex.

The following lemma is well-known [1, p. 79].

Lemma 2.1. Let C be a closed convex of a reflexive and strictly convexr Banach
space E. Then C° = {z € C: ||z|| = inf{||ly|| : y € C}} is a singleton.

The norm of FE is said to be Gateauz differentiable (and E is said to be
smooth) if
|z + tyll — ]l

|
(2.1) Hm t

exists for each z, y in its unit sphere U = {z € E : |z|| = 1}. It is said to be
uniformly Gateaux differentiable if each y € U, this limit is attained uniformly
for € U. Finally, the norm is said to be uniformly Fréchet differentiable (and
E is said to be wuniformly smooth) if the limit in (2.1) is attained uniformly
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for (x,y) € U x U. Since the dual E* of E is uniformly convex if and only if
the norm of E is uniformly Fréchet differentiable, every Banach space with a
uniformly convex dual is reflexive and has a uniformly Gateaux differentiable
norm. The converse implication is false. A discussion of these and related
concepts may be found in [3, 17].

The (normalized) duality mapping J from E into the family of nonempty
(by Hahn-Banach theorem) weak-star compact subsets of its dual E* is defined
by

J(x)={f € E*: (a,f) = ||lzI* = | FI*}-
for each x € E. It is single valued if and only if E is smooth. It is also well-
known that if F has a uniformly Gateaux differentiable norm, J is uniformly
continuous on bounded subsets of E from the strong topology of E to the weak-
star topology of E*. Suppose that J is single valued. Then J is said to be weakly
sequentially continuous if, for each {x,,} € E with z,, — x, J(z,) = J(z) ([5]).

We need the following lemma for the proof of our main results, which was
also given in Jung and Morales [12].

Lemma 2.2. Let X be a Banach space and J the normalized duality mapping.
Then, for any given z, y € X, we have

lz+yl? < llz|® +2(y. j(z +y)), Vilz+y) € J(x+uy).

Let p be a continuous linear functional on I*° and (ag, a1, --) € I°°. We
write uy, (a,) instead of u((ag,a1,---)). wissaid to be Banach limit if i satisfies
|l = pn(1) = 1 and up(ant1) = pnlayn) for all (ag,aq,---) € 1°°. We know
that if x4 is a Banach limit, then liminf, . an < pp(ay) < limsup,,_, . a, for
every a = (a1, as,...) € £°°.

Let {x,} be a bounded sequence in E. Then we can define the real valued
continuous convex function ¢ on E by

(2) = pnl|, — 2||?, Vz€E.

The following lemma which was given in [6, 22] is, in fact, a variant of
Lemma 1.3 in [17].

Lemma 2.3. Let C' be a nonempty closed convex subset of a Banach space E
with a uniformly Gateaux differentiable norm and {x,} a bounded sequence in
E. Let p be a Banach limit and uw € C. Then

12 — o 2
ol — ul|” = 00in o — |
if and only if pn(x —u, J(x, —u)) <0 for all z € C.

We also need the following result which was essentially proved by Takahashi
and Jeong [21] (see also [10, 11]).
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Lemma 2.4. Let E be a uniformly convex Banach space, C a nonempty closed
conver subset of E, and {x,} a bounded sequence of E. Then the set

M ={u € C: ppllz, — ull® = min p, ||z, — 2|1}
zeC

consists of one point.

Recall that a closed convex subset C' of E is said to have the fized point
property for nonexpansive self-mappings (FPP for short) if every nonexpansive
mapping T : C' — C has a fixed point, that is, there is a point p € C such
that Tp = p. It is well-known that every bounded closed convex subset of a
uniformly convex Banach space has the FPP (cf. [4, p. 22]).

Let D be a subset of C'. Then a mapping @) : C — D is said to be retraction
from C onto D if Qx = x for all x € D. A retraction @ : C' — D is said to be
sunny if Q(Qr +t(x — Qx)) = Qu for all t > 0 and Qz + t(x — Qx) € C. A
sunny nonexpansive retraction is a sunny retraction which is also nonexpansive.
Sunny nonexpansive retractions are characterized as follows [4, p.48]: If E is
a smooth Banach space, then @) : C' — D is a sunny nonexpansive retraction
in and only if the following inequality

(2.2) (x —Qz,J(z—Qx)) <o, VxeCl, zeD.
Let Ic(x) be the inward set of a closed convex subset C' of E at = given by
Ic(z)={z€E:z=a2+ Ay —z) for someyecC, \>0}.

A nonself-mapping T : C — F is said to satisfy the inwardness condition if
Tz € Io(z) for all € C and respectively, to satisfy the weak inwardness

condition it Tx € Io(z) for all z € C, where Io(z) is the closure of Io(z) in
the norm topology. Every self-mapping is trivially weakly inward.

Using the proof of Theorem 2 in Jung and Kim [10], we prove the following
lemma.

Lemma 2.5. Let E be a smooth Banach space and C a nonempty closed
convex subset of E which is also a sunny nonexpansive retract of E with Q as
the sunny nonexpansive retraction. Let T : C' — E be a mapping satisfying the
weak inwardness condition. Then F(T) = F(QT).

Proof. 1t is clear that F(T') C F(QT). To show F(QT) C F(T), let z € F(QT).
Since @ is a suuny nonexpansive retraction, by (2.2), we have

(z—Tz,J(z—y)) <0, VyeC

On the other hand, Tz € I=(z) by the weak inwardness condition. Hence for
each integer n > 1, there exists z, € C and «, > 0 such that

Yn =2+ ap(zn—2) =Tz (n— o00).
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Since the duality mapping J in smooth space is norm to weak™ continuous, it
follows that

0<an(Tz—2z,J(2n — 2)) = Tz — 2z, J(an(2n — 2)))
= (T2 = 2, J (g — 2)) — (T — 2, J (T2 — 2)) = —|Ts — 2|
Hence Tz = z. The proof is complete. O

Finally, we need the following lemma, which is essentially Lemma 2 of Liu
[14].

Lemma 2.6. Let {s,} be a sequence of non-negative real numbers satisfying
Sng1 < (L= Ap)sn + AnfBn + v, VYN >0,
where {\,}, {Bn} and {v,} satisfying the condition:
(1) {Mn} C[0,1] and 3.7 o An = 00 or, equivalently, [T~ (1 —\,) =0,
(ii) Hmsup, . Bn <0 or > 07 ApfBn < 00,
(iii) 7 >0 (n>0), 37707 < oo

Then lim,, o S, = 0.

3. Main results
First, we study the strong convergence of {x;} defined by (1.2).

Theorem 3.1. Let E be a uniformly convex Banach space with a uniformly
Gateauz differentiable norm, C a nonempty closed convexr subset of E, and
T : C — FE a nonexpansive nonself-mapping satisfying the weak inwardness
condition. Suppose that for f € Yo and t € (0,1), the contraction T; =
tf 4+ (1 —t)T has a (unique) fized point x; € C. If the fized point set F(T) of
T is nonempty, then {x;} converges strongly ast — 0 to a fixed point of T. If
we define Q : Lo — F(T) by

(3.1) Qf) :=limz,, V€ e,
then Q(f) solves the variational inequality
(I =N, J(Q(f) —p)) <0, VfeXc, peF(T).
Proof. Let p € F(T). First, we prove that {z;} is bounded. In fact, for
p € F(T), we have
lze = pll < (1= 8)[| T2 — pll + ¢ f () — pl]
< (1 =t)llze —pll + 1 f(z2) = pll

and so

e = pll < 1[f (@) = pll < W f (@) = FR + 117 (p) = pll
< kllze —pll + [1f(p) = pll
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Hence

Iz~ pll < = 1£@) ~ pl
and {z} is bounded, so are {Tx:} and {f(z:)}. As a result, it also follows that
(3.2) lwy — Tay|| = t|| Tz — f(x)|| = 0 (ast — 0).

We now show that {z;} converges strongly as t — 0 to a fixed point of T
To this end, let ¢, — 0 and =, = z;,. Define ¢ : C — [0,00) by ¢(z) =
nl|zn — 2||?. Since ¢ is continuous and convex, ¢(z) — oo as ||z| — oo, and
E is reflexive, ¢ attains its infimum over C' (cf. [1, p. 79]). Let z € C be such
that

tnllTn — ZH2 = gggﬂn”xn - yH2

and let
M= {u€C: pnlan —ull? = min oz, - yl2}.
yeC
Then, by Lemma 2.4, we know that M consists of one point, say z. We must
show that this z is a fixed point of T'. Since T satisfies the weak inwardness
condition, there are some v, € C and A,, > 0 such that
Wy =2+ My, —2) = Tz,

If A\, <1 for infinitely many n and these n, then we have w,, € C and hence
Tz e C. Since ||z, — Tz|| < [|xn — Txn|| + ||zn — 2|, by (3.2) we have ¢(Tz) <

¢(z) and Tz = z. So, we may assume A, > 1 for all sufficiently large n. We
then write
Up = Ty, + (1 —74)2,
where 7, = A\;1. If {\,,} is bounded, then we have v = rTz + (1 — 1)z for some
cluster point r of {r,} and some weak cluster point v € C of {v,}. By the
convexity of ¢, we obtain ¢(v) < r¢(Tz) + (1 —r)d(2) < ¢(z) and hence v = z
and Tz = z. So assume that A, — oco. Then we must have v,, — z strongly.
By Theorem 2 of [23], || - ||? is uniformly convex on any bounded subset of E;
especially, we have a continuous increasing function g = g, : RT := [0,00) —
RT, with g(0) = 0, such that
Az + (1= Nyl < Mz + (1= Nyl = A1 = Ng(llx — yl)

for 0 < A <1andz, y € B,, where B, is the closed ball centered at 0 and with
radius r that is big enough so that B, contains z and {w,}. It follows that

oAz + (1= N)y) < Ad(z) + (1 = AN)o(y) — A1 = Ng([lz — yl])
for0 < A<1andz, y<€ B,. Noting v, € C, we derive that
9(2) < ¢(vn) < rpd(wn) + (1 = rp)d(2) = rn(1 —rp)g([lwn — z|)

and hence (1 — r,)g(||lwn, — 2||) < ¢(wy,) — ¢(z). Taking limit as n — oo, by
d(Tz) < ¢(z), we obtain

9Tz = z|)) < ¢(Tz) — ¢(2) < 0.
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Therefore, Tz = z, that is, z is a fixed point of T. Moreover, by Lemma 2.3,
we have

(3.3) pn(x — 2z, J (2, — 2)) <0.
On the other hand, since
w—z=1t(f(z)) —2)+ (1 - 1) (T, — 2),
e — 2l = t(f(2e) = 2, I (2 — 2)) + (1 = t){Tx; — 2, J (¢ — 2))
)

S t(f(@e) = 2, (we = 2)) + (1= t) e — 2|,

we have
e = 2)1* < (f(21) = 2, J (2 — 2))
= (f(ze) — 2, J(z¢ — 2)) + (x — 2, J (2 — 2)).
Hence by (3.3), for z € C,
fn||Tn — ZHz < pn(f(n) — 2, J (X0 — 2)) + pn (T — 2, J (27 — 2))
< pn{f(zn) — 2, J (20 — 2))
< pnllf(2n) = zllllzn — 2]

In particular,

pinllzn = 2l < pall f (@) = Fllzn = 2l < Bpnllan — 2]
Since k € (0,1), we have
fin|zn — 2[* = 0.

Hence there exists a subsequence, which is still denoted {x,, }, such that x,, — z.

Now suppose that there is another subsequence {z;} of {«}} such that z; —
q. Then q is a fixed point of T' by (3.2), that is, ¢ € F(T'). It follows from (3.3)
that
(34) llg == < fla) =2, J(g = 2)), and ||z —ql* < (f(2) —q,J(z = q)).

Adding two inequality in (3.4) yields

2z —ql* < Iz — all* + {f(2) = f(9), J(z = @)) < (L +k)[]z —ql|*.
Since k € (0, 1), this implies that z = ¢q. Hence 2; — g as t — 0.
Define Q : ¥¢ — F(T) by
Q(f) = lim 2.

t—0
Since x¢ =t f(x¢) + (1 — t)Tw¢, we have (I — f)zy = —+7(I — T)x;. Hence for
p € F(T),
(T = £, (= ) = =+ = T)e = (1= T)p, J (e — p)) <0,

Letting t — 0 yields (I — f)Q(f), J(Q(f) —p)) < 0. This completes the proof.
(]
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Remark 3.1. In Theorem 3.1, if f(x) = u, z € C, is a constant, then
(Qu) —u, J(Q(u) —p)) <0, VueC, pe F(T).

Hence by (2.2), @ defined by (3.1) reduces to the sunny nonexpansive retraction
from C to F(T)

Remark 3.2. (1) Theorem 3.1 generalizes the corresponding results of Moudafi
[16] and Xu [26] to the case of nonself-mappings.

(2) Theorem 3.1 improves the corresponding results of Jung and Kim [11],
Xu [24] and Reich [18] to the viscosity method.

(3) To guarantee the existence of a fixed point of the contraction T} defined
by (1.1), the weak inwardness condition upon the mapping 7" is used. In fact,
it is well-known (cf. [4]) that if C, a bounded closed convex subset of a Banach
space E, has the FPP and a nonexpansive T : C — FE is weakly inward, then
the contraction T; does have a fixed point for every ¢t € (0,1). Hence we have
the following corollary.

Corollary 3.1. Let E, C, T be as in Theorem 3.1. Suppose in addition that
C' is bounded. For each f € ¥ and t € (0,1), let x; be a unique element of C
which satisfies
xy = tf(xs) + (1 — t) Ty
Then {xz} converges strongly as t — 0 to a fized point of T. If we define
Q:YXc— F(T) by
Q(f) = }ii%xt, Vf e Xc,

then Q(f) solves the variational inequality

(I = NHR), J(Q(f) —p)) <0, VfeZe, pe F(T).

Remark 3.3. (1) Corollary 3.1 generalizes Corollary 1 of Xu and Yin [27] to
the viscosity method in a Banach space.

(2) Since Rothe’s boundary condition : T(0C) C C implies the weak in-
wardness condition, Corollary 3.1 also improves upon Theorem of Singh and
Waston [19] in the case of f = u a constant.

Next, we denote by @) the sunny and nonexpansive retraction of E onto C.
Now let T : C — E be nonexpansive and f € X¢. Following Marino and
Trombetta [15], we define the contraction U := Utf and Sy := Stf from C into
itself by

U =tf(z)+(1-)QTz, VreC, te(0,1).
Then Banach’s contraction principle yields a unique point ; € C' (resp. y; € C)
that is fixed by Uy, that is, we have

xe =tf(xy) + (1 —)QTx,, Vte (0,1).

Theorem 3.2. Let E be a reflexive and strictly conver Banach space with
a uniformly Gateaux differentiable norm, C' a nonempty closed convex subset
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of E, and T : C — E a nonexpansive mnonself-mapping satisfying the weak
inwardness condition. Suppose that C is a sunny nonerpansive retact of E
with @ as the sunny nonexpansive retraction, and that for each t € (0,1) and
f € X, x; is a (unique) fized point of the contraction Uy :==tf + (1 — t)QT.
If the fized point set F(T) of T is nonempty, then {x;} converges strongly as
t — 0 to a fizred point of T. If we define R: ¥c — F(T) by

R(f):=lima;, Vf€Ze,

then R(f) solves the variational inequality

Proof. If the fixed point set F(T') of T is nonempty, then {x;} is bounded. In
fact, for p € F(T), we have

[z —pll < (1 = )[[QT 2 — QT'p|| + t||f () — pll
< (X =O)llze — pll + tll.f (ze) — pll-
Hence, as in the proof of Theorem 3.1, [|z; — p|| < 2|/ (p) — p|| and so {x;}
is bounded.

Now, let ¢, — 0 and x,, = x4,. As in the proof of Theorem 3.1, we define
the same function ¢ : C' — [0,00) by ¢(2) = pn |z, — 2||* and let

M = {z € C: ppllw, — |* = minp, ||z, —y[*}.
yeC

Then M is invariant under Q7. In fact, since
|lzs — QTz]| = t||QTxs — x| — 0 ast — 0,
we have, for all x € M,
$(QTx) = pnllzn — QT2|? = pn|QTn — QT < pinllzn — 2| = (),

and hence QTr € M because QTx € C. Furthermore, M contains a fixed
point of QT. To this end, define

M°={veM:|v-w|=min |w-y|}
{veM:fv—wl| = min[lw-y|}

Then, by Lemma 2.1, M? is a singleton. Denote such a singleton by z. Then
we have

1QTz — w|| = |QTz — QTw]| < ||z — w||
and hence QT'z = z. Applying the method of the proof of Theorem 3.1 to the
nonexpansive mapping QT', we have that {x;} converges strongly as ¢ — 0 to
a fixed point z of QT. By Lemma 2.5, z is a fixed point of T. The remainder
of the proof follows from that in the proof of Theorem 3.1. O

Remark 3.4. Theorem 3.2 improves the corresponding results of Jung and
Kim [10], Jung and Kim [11], and Xu and Yin [27] to the viscosity method.
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Now we consider the explicit iterative scheme: for ) the sunny and non-
expansive retraction of E onto C, T : C' — FE nonexpansive nonself-mapping,
f €Xcand A\, € (0,1),

g € C
(3.5) {xn_H = Mof(zn) + (1 = /\n)QTxn Vn > 0.

Theorem 3.3. Let E be a reflexive and strictly conver Banach space with a
uniformly Gateaux differentiable norm, C a nonempty closed convex subset of
E, and T : C — E a nonexpansive nonself-mapping with F(T) # 0 satisfying
the weak inwardness condition. Suppose that C is a sunny nonexpansive retract
of E with Q as the sunny nonexpansive retraction, and that for each t € (0,1)
and f € Lo, {xn} is the sequence defined by (3.5). Let {\,} be a sequence in
(0,1) which satisfies the conditions:

(C1) lim A\, =0; (C2) Y A, =oc;
n=0

n—oo

(C3) At = Anl S0(Ang1) +0m, D> 0p <00
n=0

Then {xn} converges strongly to R(f) € F(T), where R(f) which solves the
variational inequality

(I =NR(), J(R(f) —=p)) <0, VfeXeo, peF(T).

Proof. We proceed with the following steps:

Step 1: ||z, — 2| < max{|lzo — 2|, 25 [ f(z) — 2|} for all n > 0 and all
z € Fiz(T) and so {z,} is bounded.

We use an inductive argument. Indeed, let z € Fiz(T) and d = max{||zg —
2|, 72%11f(2) — z||}. Then by the nonexpansivity of T and f € X¢,

L= 20)1QTzo — QT2 + Xol| f(z0) — 2|l

L= Xo)llzo — 2|l + Ao([lf (wo) — f()II + (| £(2) — 2]
1— (1= k)Xo)llzo — 2| + Xollf(2) — =
1—(1=k)Ao)d+ (1 —k)d=d.

P

Using an induction, we obtain
|Xne1 — 2] <d, ¥n>0.

Hence, it follows that {z,} is bounded, and so are {QTx,} and {f(z,)}.
Step 2: lim, oo [|Zns1 — x|l = 0. By Step 1 above, there exists a constant
L > 0 such that for all n > 0, ||f(zy)|| + [|QTx,|| < L. Since for all n > 0, we
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have
[Zn+1 — znll
=1 = A)(QTzy — QT 1)
+ (A = A1) (f(@n-1) = QTzn—1) + M (f(2n) — f(Tn-1))|l
(1= X)) lwn — Tn_1ll + LA — An—1] + EAn||Zn — Tr—1 ||
(1= A =k)A)llzn = zn-1ll + (o(An) + on-1)L.

By taking snt1 = [|Znt1 — Znll, an = (1 — k)An, anfn = o(Ay)L and v, =
on_1L, we have

<
<

Spa1 < (1 - an)sn + Oénﬂn + Yn,
and, by Lemma 2.6,
lim ||2n4+1 — 2] = 0.
n—oo
Step 3: lim,, —oo [|Znt1 — QT 2,|| = 0. Indeed, since

for some L, by (C1), we have lim,, o ||Tp+1 — QT x,|| = 0.
Step 4: lim,,—oo ||2n — QTx,|| = 0. Indeed, by Step 2 and Step 3,

lzn — QT2 < |20 — Tpyt || + [[Tnr1 — QT2y|| — 0.

Step 5: limsup,, .. ((I—f)R(f), J(R(f)—zn)) < 0, where R(f) = lim;_,¢ ¢,
(¢ = tf(x¢) + (1 — t)QTxy), solves the variational inequality

(I = HR(f), J(R(f) —p)) <0. Vf€Xc, pe Fia(T).
Indeed we can write
xp — Tp = t(f(x1) — 2pn) + (1 = ) (QTxt — x4).

Putting a,(t) = ||QTx, — z,||(2||z: — 0| + [|QT 2y — x4||) — 0 (n — 00) and
using Lemma 2.2, we obtain

e =zl < (1= 1) QT s — wn||® + 26{f (w0) =z, J (21 — 2n))
< (1= 0*(1QTz, — QTay| + QT wn — x,l])?
+ 2L f (w4) — w4, J (¢ — ) + 2t||zp — 20 ||?
< (1= )2z — 20l + an(t)
+ 2L f(w¢) — m¢, J(zp — 20)) + 2t||7p — 20 ||
The last inequality implies

(zt — f(), J (2 — 7)) < % + %an(t).

o~ — o~

It follows that
t
(3.6) lim sup(z; — f(:ct), J(37t - l’n)) < Mi’

where M > 0 is a constant such that M > |z; — x,||? for all n > 0 and
t € (0,1). Taking the limsup as t — 0 in (3.6) and noting the fact that J is
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uniformly continuous on bounded subsets of E from the strong topology of F
to the weak-star topology of E*, we have

imsup((Z — )R(f), J(R(f) - ) < 0.

n— o0

Step 6: limy, 0 ||z — R(f)|| = 0. By using (3.5), we have

Tnt1 — R(f) = An(f(2n) — R(f)) + (1 = X)) (QTz, — R(f)).
Applying Lemma 1, we obtain

|01 — RO
< (1= X)21QTwn — R(A)IP + 2Xn(f (n) = R(f), T (@ns1 — R(f)))
< (1= Ma)?llzn = RO + 200 {f(20) = F(R(F)), I (@ns1 — R(f)))
+ 20 (f(R(f)) = R(f), J(zns1 — R(S)))
< (1= Ma)?llzn = ROFIP + 2kAnllzn — R(H)|lznss — R(f)]
+ 20 (f(R(f)) = R(f), T (&ni1 — R(f)))

< (1= Xa)?llzn — ROOIP + BNl — ROHIZ + 240 — ROFI)

+ 20 (f(R(f)) = R(f), J (&nt1 — R(f)))-

It then follows that
1—(2—k)\, + X2

R e e L
2B (RO ~ R, T s — RO)
(3.7) n
1-(2—Fk)An 2 A
< WH% - R(HIF+ = k:)\nM
2\,
+ TR = RO I nss = BUD)
where M = sup,,>q [lzn — R(f)||*. Put
21— k),
R Ry W
MM, 1
B0 = g T R = R Toni = RUD)-

From (C1), (C2) and Step 5, it follows that c, — 0, Y0" ; c, = 00 and
limsup 5, < 0.

n—oo

Since (3.7) reduces to
lzns1 = ROOI® < (1= )|z — RN + B,

from Lemma 2.6, we conclude that lim,_,« ||z, — R(f)|| = 0. This completes
the proof. O
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Remark 3.5. (1) Theorem 3.3 improves Theorem 4.2 of Xu [26] (and Theorem
2.2 of Moudafi [16]) to the case of nonself-mappings.

(2) Condition (C3) on {A,} in Theorem 3.3 is independent of Xu’s condition
[25, 26]:

- A
Z [Ant1 — An| < oo or lim ntl _ g,

n=0 n

For this fact, see [8, 9].
(3) Our results apply to all uniformly convex and uniformly smooth Banach
spaces and in particular, to all L? spaces, 1 < p < co.

References

(1] V. Barbu and Th. Precupanu, Convezity and Optimization in Banach Spaces, Editura
Academiei R. S. R., Bucharest 1978

(2] F. E. Browder, Convergence of approzimations to fized points of nonexpansive mappings
in Banach spaces, Archs Ration. Mech. Anal. 24 (1967), 82-90.

(3] J. Diestel, Geometry of Banach Spaces, Lectures Notes in Math. 485, Springer-Verlag,
Berlin, Heidelberg 1975.

[4] K. Goebel and S. Reich, Uniform Convezity, Hyperbolic Geometry and Nonexpansive
Mappings, Marcel Dekker, New York and Basel 1984.

[5] K. Goebel and W. A. Kirk, Topics in metric fivzed point theory in “Cambridge Studies
in Advanced Mathematics,” Vol. 28, Cambridge Univ. Press, Cambridge, UK 1990.

[6] K. S. Ha and J. S. Jung, Strong convergence theorems for accretive operators in Banach
spaces, J. Math. Anal. Appl. 147 (1990), 330-339.

[7] B. Halpern, Fized points of nonexpansive maps, Bull. Amer. Math. Soc. 73 (1967),
957-961.

(8] J. S. Jung, Viscosity approxzimation methods for a family of finite nonexpansive map-
pings in Banach spaces, Nonlinear Anal. 64 (2006), 2536-2552.

9] J.S. Jung, Y. J. Cho and R. P. Agarwal, Iterative schemes with some control conditions
for a family of finite nonexpansive mappings in Banach space, Fixed Point Theory and
Appl. 2005-2 (2005), 125-135.

[10] J. S. Jung and S. S. Kim, Strong convergence theorems for nonezpansive nonself-
mappings in Banach spaces, Nonlinear Anal. 33(2) (1998), 321-329.

[11] J. S. Jung and T. H. Kim, Strong convergence of approzimating fized points for nonez-
pansive nonself-mappinfs in Banach spaces, Kodai Math. J. 21 (1998), 259-272.

[12] J. S. Jung and C. Morales, The Mann process for perturbed m-accretive operators in
Banach spaces, Nonlinear Anal. 46 (2001), 231-243.

[13] G. E. Kim and W. Takahashi, Strong convergence theorems for nonexpansive nonself-
mappings in Banach spaces, Nihonkai Math. J. 7 (1996), 63-72.

[14] L. S. Liu, Iterative processes with errors for nonlinear strongly accretive mappings in
Banach spaces, J. Math. Anal. Appl. 194 (1995), 114-125.

[15] G. Marino and G. Trombetta, On approzimating fized points for nonezpansive maps,
Indian J. Math. 34 (1992), 91-98.

[16] A. Moudafi, Viscosity approzimation methods for fized-points problems, J. Math. Anal.
Appl. 241 (2000), 46-55.

[17] S. Reich, Product formulas, nonlinear semigroups and accretive operators, J. Functional
Analysis 36 (1980), 147-168.

[18] S. Reich Strong convergence theorems for resolvents of accretive operators in Banach
spaces, J. Math. Anal. Appl. 75 (1980), 287-292.



CONVERGENCE OF VISCOSITY APPROXIMATIONS 95

[19] S. P. Singh and B. Watson, On approzimating fized points, Proc. Symp. Pure Math.
45(2) (1988), 393-395.

[20] Y. Song and R. Chen, Viscosity approzimation methods for nonezpansive nonself-
mappings, J. Math. Anal. Appl. 321 (2006), 316-326.

[21] W. Takahashi and D. H. Jeong, Fized point theorem for nonexpansive semigroups on
Banach spaces, Proc. Amer. Math. Soc. 122 (1994), 1175-1179.

[22] W. Takahashi and Y. Ueda, On Reich’s strong convergence theorems for resolvents of
accretive operators, J. Math. Anal. Appl. 104 (1984), 546-553.
bibitemXu91 H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal.
16 (1991), 1127-1138.

[23] H. K. Xu, Approzimating curves of nonexpansive nonself mappings in Banach spaces,
C. R. Acad. Sci. Paris, Ser. I Math. 325 (1997), 179-184.

[24] H. K. Xu, [terative algorithms for monlinear operators, J. London Math. Soc. 66(2)
(2002), 240-256.

[25] H. K. Xu, Viscosity approzimation methods for nonexpansive mappings, J. Math. Anal.
Appl. 298 (2004), 279-291.

[26] H. K. Xu and X. M. Yin, Strong convergence theorems for nonexpansive nonself-
mappings, Nonlinear Anal. 24 (1995), 223-228.

DEPARTMENT OF MATHEMATICS, DONG-A UNIVERSITY, BUSAN 604-714, KOREA
E-mail address: jungjs@mail.donga.ac.kr



