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STRONG CONVERGENCE OF AN IMPLICIT ITERATION
PROCESS FOR A FINITE FAMILY OF STRONG
SUCCESSIVELY ¢-PSEUDOCONTRACTIVE MAPS

RuDONG CHEN AND QIAN MIAO

ABSTRACT. The aim of this paper is to prove convergence of implicit
iteration process to a common fixed point for a finite family of strong
successive ®-pseudocontractive mappings. The results presented in this
paper extend and improve the corresponding results of S. S. Chang [On
the convergence of implicit iteration process with error for a finite family
of asymptotically nonexpansive mappings, J. Math. Anal. Appl. 313
(2006), 273-283], M. O. Osilike [Implicit iteration process for common
fixed points of a finite finite family of strictly pseudocontractive maps,
Appl. Math. Comput. 189(2) (2007), 1058-1065].

1. Introduction

Let K be a nonempty closed convex subset of E, o € K be any given point
and {T;}Y., : K — K be N mappings. Let {a,} be a sequence in [0, 1], with
lim sup,, _, o o < 1, z,, defined by
x1 =120+ (1 — ap)Tha,
T2 = asry + (1 — ag)Thxo,
ey =antn-1+ (1 —an)Inzy,
TN+1 = ON4+1TN + (1 — OZN)T12{,CN,

Ton+1 = aant1Tan + (1 — aon1) TP Tan 11,

A family {T;}Y, is called uniformly Lipschitzian with a Lipschitzian con-
stant L > 1, i.e., there exists a constant L > 1 such that

T -1 < L|z—vy||, Vn>1, z,ye K, i=1,--- N.
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Definition 1.1. A family {73}, is called generalized strongly successively

D-pseudocontractive if, for all xz,y € E, there exist j(x —y) € J(x —y) and a
strictly increasing function @ : [0,00) — [0, 00) with ®(0) = 0 such that

(T"z = Ty, j(x - y)) < llz = y[|* = &(|lz - y]).

Definition 1.2. A Banach space F is said to satisfy Opial’s condition if, for
any {z,} C E with x,, — z, the following inequality holds:

liminf ||z, — z|| < liminf ||z, —y||, Yy € E (y # x).

Tool 1: Let E be a real reflexive Banach space which satisfies Opial’s
condition, K be a nonempty closed convex subset of £ and T': K — K be an
continuous pseudocontrative mapping, Then I — T is demiclosed at zero.

Tool 2: Let E be a uniformly convex Banach space with the modulus
of uniform convexity dg. Then dg : [0,2] — [0,1] is continuous increasing,
dr(0) =0 and dg(t) > 0 for all ¢ > 0, while

llcu 4+ (1 —c)v|]| <1 —2min{c,1 — c}dp(|u—v|)
whenever 0 < ¢ <1 and |Jul|, ||v]| < 1.

Thereom 1.1. ([1, Theorem 1, p.276]) Let E be a real uniformly conver Ba-
nach space satisfying Opial’s condition, K be a nonempty closed convexr subset
of E with K+ K C K, {T;}Y, : K — K be asymptotically nonexpansive map-
pings with F = "\, F(T;) # 0. Let {u,} be a bounded sequence in K, {cv,}
be a sequences in [0,1], {h,} be a sequence defined by

1T =Tyl < bl —yll, 2,y € K,

and L = supp>1hy, > 1 satisfying the following conditions:
() 30,21 [lunll < o0;
(b) >y (hn — 1) < o0;
(c) there exist constants 1,72 € (0,1) such that
NM<l—ay) <y, ¥n>1

Then the implicit iterative sequence {x,} defined by (1.1) converges weakly to
a common fized point of {T;}N, in K.

Theorem 1.2. ([3, Theorem 3.1, p.354]) Let K be a nonempty closed con-
vex subset of a Banach space. Let {T; : i € N} be N asymptotically quasi-
nonexpansive self-mappings of K with w;, € [0,00) (i.e., |Tz —xf|| < (1+
Uin) ||x — 2} for allz € K abd x} € F(T)) such that Y oo win < 00 for alli €
N and F = F(T;) # 0. Suppose that zo € Kand {a,} C (s,1 —s) for some
s € (0,1). Then the implicit iterative sequence {x,} defined by (1.1) converges
strongly to a common fized point in F' if and only if iminf,,_, d(z,, F) = 0.

Theorem 1.3. ([3, Theorem 3.3, p.355]) Let K be a nonempty bounded closed
convex subset of a uniformly convex Banach space. Let {T; : i € N} be N
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uniformly L-Lipschitzian asymptotically quasi-nonexpansive self-mappings of K
with wiy, € [0,00) such that oo | i < o for alli € N and F = F(\F(T;) #
(. Suppose that there erists one semicompact member T in {T; : 1 € N} and
xo € K and {an} C (5,1 —s) for some s € (0,1). Then the implicit iterative
sequence {x,} defined by (1.1) converges strongly to a common fized point in
F.

2. Main Results
Now, we are ready to give our main result in this paper.

Theorem 2.1. Let E be a real uniformly conver Banach space with a Fréchet
differentiable norm. Let K be a closed convex subset of E and {T;}Y., be a
finite family of uniformly Lipschitzian strong successively ®-pseudocontractive
self-mappings of K such that F = NY,F(T;) # 0. Let {x,} be a sequence in
K defined by
Ty = QpTp_1 + (1 — a")TiIEES)x”’ n>1,

where n = (k(n) — 1)N + i(n). If {an} is chosen so that oy, € (0,1) with
limsup,, . an < 1, then the sequence {x,} converges weakly to a common
fized point of the family {T;} N ;.

Proof. For all p € F, lim,_, ||z, — pl|| exists. Obverse that

(n)

. k(n .
20 = pII* = anl@n—1 = p,d(@n —p)) + (1 = (T 0 — p, (20 — p))

2

< ap|[zp-1 = pllllzn —pll + (1 = )|z — plI” = ([|zn — p))]
2

< ap |1 = p| |zn — ol + (1 — o) |20 — 2l

which implies that ||z, — p|| < ||zn—1 — p|| and so lim,,_,, ||z, — p|| exist. Thus
we can assume that lim, . ||z, — p|| = d where d > 0 is some real number.
Since {||z,, — p||} is a convergent sequence and so {x,} is a bounded sequence
in K.

1—ay k
lan = Il < |z = p+ 5o (@ = T )
1-« k(n
= ||[Tn — P+ 9 = (Tp—1— Tz(sb))xn)
|| Tn—-1 + Tn
1 1
B T T

n HH1+1 il ]
= llzn—1 —pll |5 + 57—
2 3 =2l

snwhl—mﬂl—a(””%“”)]
Tenss — 7l
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[[Tn—Tn_1]| )

which implies that ||z,—1 — pl|| &( ool ) < |Zn-1—pll = |z —p| and

hence z,, — x,_1 — 0.

k(n)

Again, since x,, — x,_1 — 0, we have Ti(n) Ty — Tp—1 — 0 and so

TZ(EL))QJn — 0
and

Tp — Tpng; — 0, Vi=1,2,---.N
For any positive interger n > N, it can be written as n = i(n)(modN), where
n = (k(n)—1)N+i(n) fori(n) € {1,2,--- , N}. Letting o, = ’ T H

i(n) Ty — Tp—-1]||-
Then we have

|1 = Tazal < |01 - T;;@;)m + T — T
=o,+ ‘ Z(n = Ti(n)Tn
<an+L‘ l’zfl") 1x — Ty
e
k(n

YN — ZC(an)AH + Hx(an)fl — InH} .

Since, for each n > N, n = (n — N)(modN) and n = (k(n) — 1)N +i(n), we
have

n— N = ((k(n) — 1) = N +i(n) = (k(n — N) = DN +i(n - N),
ie.,
kln—N)=k(n)—1, i(n—N)=1i(n).
Therefore, we have

Tk(n)flx

k(n)—1

e

and

Tk(n) 1

n—-N In—-N —L(n—N)-— 1’ i(n— N) l'an_x(n—N)—lH = 0On—N

Thus we have

||(En71 - TnmnH < On + L2 H-Tn - -Tan” + Lo—an +L ||$n7N71 - xn”

and so

lim ||zp—1 — Thzy| = 0.
n—oo

It follows that
lim ||z, — Thz,| = 0.
n—oo
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Consequently, for each j =1,2,--- | N,

lzn = Toyjznll
<@n = Tnigll + 1Zn+i — Tt iTntjll + 1 TntiTnss — Tt jnll
< (T + L) |l = wpsill + [[2nri = Taginsil = 0 (0 — 00),

which implies that the sequence

N
UAllzn = Turjaall} =0 (n— oo).

Jj=1

Since {||z, — Tiz,||} is a subsequence of Ujvzl{Hxn — Tptjxn|} for each | =
1,2,--- , N, we have

lim |z, — Tjx,|| = 0.
n—oo

Since F is uniformly convex, every bounded subset of E is weakly compact.
Since {z,} is a bounded sequence in K, there exists a subsequence {z,,} C
{n} such that {z,, } converges weakly to ¢ € K. Hence we have

n

lim ||z,, —Tiwn,| =0, Vi=1,2,--- N.
k00

By Tool 1, we have that (I —T;)qg =0, i.e., ¢ € F(T;). By the arbitrariness of
le{1,2,---,N}, we know that g € F = (", F(T}).

Next, we prove that {x,} converges weakly to q. Suppose the contrary, then
there exists some subsequence {z,,} C {x,} such that {z,,} converges weakly
to ¢ € K and g1 # g. Then, by the same method as given above, we can
also prove that ¢; € F = ﬂllil F(T;). Taking p = g and p = ¢;. Then, by the
same method as given above, two limits exist, i.e., lim, o ||Zn, — ¢l = d1 and
lim, o0 ||Zn, — q1]] = d2, where di and dy are two nonnegative numbers. By
virtue of Opial’s condition of E, we have

dy = limsup ||z, — ¢|| < limsup ||z,, — ¢
n—oo N — 00

= lim sup ||9cnJ — qu
< limsup ||asnj — qH
o0

n;—

:dh

which is a contradiction. Hence ¢ = g1, This imply that {z,} converges weakly
to ¢q. This completes the proof. O

Remark 3.1. Theorem 2.1 extends and improves the corresponding results
(Theorems 1.1~1.3) of Chang [1] and Osilike [4] in several ways.
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