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APPROXIMATIONS OF THE ITERATIVE SEQUENCES FOR
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS IN
BANACH SPACES

SHIH-SEN CHANG, YEOL JE CHO AND HAIYUN ZHOU

ABSTRACT. In this paper, we first introduce some iterative sequences
of Halpern type for asymptotically nonexpansive mappings and nonex-
pansive mappings in Banach spaces and then we discuss strong conver-
gence for the iterative processes. The results presented in this paper
extend, supplement and improve the correspoding main results of Re-
ich [11], Shimizu and Takahashi [13], Shioji and Takahashi [15], [16] and
Wittmann [18].

Throughout this paper, we assume that E is a real Banach space, E* is
the dual space of E, D is a nonempty subset of E and J : E — 2" is the
normalized duality mapping defined by

(1) J() ={f € B, (&, [) = <l WSl =l=ll}, VzekE.

Definition 1. Let T': D — D be a mapping.

(1) The mapping T is said to be asymptotically nonexpansive ([7]) if there
exists a sequence {ky,} C [1,00) with lim,,_,o kn, = 1 such that
(2) [T"2 = T"y|| < knllz =yl
for all z,y € D and n € N.

(2) The mapping T is said to be nonexpansive if the sequence {k, } appeared
in (2) is a constant sequence {1}, i.e.,

[Tz —Tyll < ||z —yll, Vz,yeD.

Definition 2. Let U = {x € E : ||z|| = 1}. The norm of E is said to be
uniformly Gateaux differentiable if, for each y € U, the limit

ety —
t—0 t

exits uniformly for all x € U.
It is well-known that the following proposition is true:
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Proposition 3. ([6]) Let E be a Banach space with a uniformly Giteaux dif-
ferentiable norm. Then the normalized duality mapping J : E — 2F defined
by (1) is single-valued and uniformly continuous on each bounded subset of E
from the norm topology of E to the weak™ topology of E*.

Let D be a nonempty closed convex subset of X, T': D — D be a nonexpan-
sive mapping and F(T') denote the set of fixed points of T'. For a fixed u € D
and each t € (0,1), we can define a contractive mapping Ty : D — D by

(3) Tix=tu+ (1—1)Tx

for all x € D. Then, by Banach’s contraction principle, there exists a unique
fixed point z; € D of T}, that is, z; is the unique solution of the equation

(4) ze=tu+ (1 —t)Tz.

In [3], Browder proved that, if X is a Hilbert space, then z; converges
strongly to a fixed point of T as t — 0 and, in [11], Reich extended Brow-
der’s result to the setting of uniformly smooth Banach spaces.

The fixed point z; of T in (4) is defined implicitly, but we can devise explic-
itly an iterative method which converges in norm to a fixed point of 7.

In [8], Halpern studied initially such a method as follows:

Let {a,} be a sequence in (0,1] and o € D be any initial value. Define a
sequence {z,} C D in an explicit and iterative way by
(5) Tp = apu+ (1 —ap)Tx,, Yn>0.
Then, under some additional conditions, the sequence {z,} converges strongly
to a fixed point of T if {«,} satisfies the following control conditions:

(C1) a, =0 (n—o00),
(C2) Z oy, = 00 or, equivalently, H (1—-ay)=0.
n=0 n=0

In [9], Lions improves Halpern’s control conditions by showing the strong
convergence of the sequence {x,,} if {a,} satisfies (C1), (C2) and the following
condition:

(C3) Gntl 7% 0 (n— o).

2
an+1

Note that, for the natural and important choice {2} of {ay}, the results of
both Halpern and Lions don’t work.

In [18], Wittmann overcame the problem mentioned above by proving the
strong convergence of {x,} in Hilbert spaces if {«a,} satisfies (C1), (C2) and
the following conditon:

(C4) Z |an+1 — a| < o0.

n=0



APPROXIMATIONS OF THE ITERATIVE SEQUENCES 127

In [19], Xu suggested the following control condition instead of the conditions
(C3) or (C4) and proved the strong convergence of the sequence {z,}:

(C5) Gntl = On — 0 or, equivalently,

—1 (n— o0).
anJrl OénJrl

Recently, in [5], Cho, Kang and Zhou considered the new control condition
(C6) |1 — an| < oanyr1) + on,

where Y 0, < 0o, and proved some strong convergence theorems of the
sequence {z,} for nonexpansive mappings in uniformly smooth Banach spaces.
They improved the corresponding results of Lions [9], Wittmann [18], Xu [19],
[20] and others. For more results and examples on the control conditions of
Halpern’s iteration, see [5].

Now, we are in a position to introduce the following new iterative sequences
of Halpern type for asymptotically nonexpansive or nonexpansive mappings in
Banach spaces:

Let D be a nonempty closed convex subset of £, z € D be a given point
and T : D — D be a mapping.

If T is an asymptotically nonexpansive mapping with a sequence {k,} C
[1,00) and k,, — 1, then we consider the sequence {z,} of Halpern type defined

by

x9 €D,

1
Tpt1 = apx + (1 — an)mZijnv
i=0

I &y
n = Mndn 1= 0n)—— T’ ny Vn >0,
Yn = PBntn + (1 -8 )”+1j§0 Tny Vn
where {a,, } and {5, } are two sequences in [0, 1].

If 5, =1 for all n > 0 in (6), then y, = x,, and so we have the sequence
{z,} defined by

To €D,

(7) _ L N~
mnﬂ—anw—i—(l—an)m;zjn, Vn > 0.
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If T is a nonexpansive mapping, then we can consider also the sequence {x,, }
of Haplern type defined by

xg €D,

I
n = Up 1l—a,)—— 17 ny
Tnt1 = o + ( Oé)TH_l]Z:% (]

1
n+1

ZTj:z:n, Vn > 0,
=0

Yn = ﬂnxn + (1 - ﬁn)

where {a, } and {f,,} are two sequences in [0, 1].
If B, =1 for all n > 0 in (8), then we have the sequence {z,} defined by

x9 € D,
1
xn+1:anx+(1—an)7Zzjn, Vn > 0.

n+1j:0

9)

Now we consider some special cases of the sequences defined by (6)~(9) as
follows:

(I) If F = H is a Hilbert space and T : D — D is a nonexpansive mapping,
then the sequence {z,} defined by (9) was introduced and studied in Shimizu
and Takahashi [13]. They showed that, if F(T") # 0 and {«,, } satisfies 0 < a,, <
1, ap — 0 and Y% @, = 0o, then the sequence {x,} converges strongly to
some point in F(T') which is neal rest to  in F(T).

(IT) If E is a uniformly smooth Banach space, D is a weakly compact convex
subset of E, then the sequence {x,} defined by

(10) {330 ebD,

Tnt1 = @t + (1 — )Tz, Yn >0,

was introduced and studied in Reich [11], [12]. He showed that, if o, = n™®
with 0 < a < 1, then the sequence {z,} defined by (10) converges strongly to
a fixed point of T in D.

(III) In [15], Shioji and Takahashi extended Wittmann’s result to the case
of Banach space whose norm is uniformly Gateaux differentiable.

The purpose of this paper is to study the strong convergence problem of
the sequences of Halper type defined by (6)~(9), respectively. The results
presented in this paper extend, supplement and improve the corresponding
results of Reich [11], Shimizu and Takahashi [13], [14], Shioji and Takahashi
[15], [16] and Wittmann [18].

The following lemmas play an important role in proving our main results:
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Lemma 4. ([4]) Let E be a real Banach space and J : E — 25" be the nor-
malized duality mapping. Then, for any x,y € E, the following hold:

(a) lz +yll* < llzl* + 20y, i (= + v))
for all j(x+vy) € J(z +y) and
(b) lz+yl* > l|l2[* + 2(y, j(2)), Vi(z) € J().

Lemma 5. ([10]) Let {an}, {bn} and {c,} be three nonnegative sequences
satisfying the following condition: There exists a positive integer ng such that

ant1 < (1= Ap)an + by + ¢y, Vo > ng,

where {\,} is a sequence in [0,1], Y07 Ay, = 00, by = 0(An), Yopep Cn < 00.
Then a,, — 0 as n — oo

Now we give our main results in this paper as follows. Let F(T) denote the
set of all fixed points of the mapping T.

Theorem 6. Let E be a real Banach space whose norm is uniformly Gateaux
differentiable, D be a nonempty closed convex subset of E andT : D — D be an
asymptotically nonexpansive mapping with a sequence {k,} C [1,00), kn — 1
and 07 (e, — 1) < oo, where

n

1
ke > 1 >
n—i-lj;)J_ , =20,

(11) en =

and let F(T) # 0 in D. Let {«,} and {Bn} be two sequences in [0, 1] satisfying
the following conditions:

(12) Zan = 0.
n=0

For any given x € D and n > 1, define a contractive mapping S, : D — D by
(13) Sn(z) = (1 —dp)x +d,T"z,
where
(14) k2 -1<(1-4dy,)? n>0, d,e(0,1), d,—1 (n— o).
Let z,, be the unique fized point of Sy, i.e., z, satisfies the following:
(15) Zn =Spzn =1 —-dp)z+d,T"z,, VYn>1
If the sequence {z,} converges strongly to a point z € F(T) and
[#n =T =0 (n— 00),

where {x,,} is the sequence of Halpern type defined by (6), then {x,} converges
strongly to the fixed point z if and only if {y,} defined by (6) is bounded.
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Proof. Necessity: If the sequence {z,} converges strongly to z € F(T), it
follows from (6) and the asymptotically nonexpansive property of T that

1y — 2|

1 n
< Ballzn — 2|+ (1 - ﬁn)m ijnxn — 2|l
=0

n

Bnon =)+ (1= )3 S (T = 2)
j=0!

= Bnllzn — 2l + (1 = Bn)enllzn — 2|
<enllzn — 2|, VYn >0,

where e,, (n > 0) is defined by (11). By the assumption that k,, — 1 as n — oo,
the sequence {k,} is bounded and so

(17) 1<e, <supk, := M; < co.
n>0

Since z,, — z, it follows from (16) that y, — 2z as n — oo and hence {y,} is a
bounded sequence.
Sufficiency: Let {y,} be a bounded sequence. From (6), we have

[€nt1 = 2|

n

1

Tjn_
i (T7yy — )

—
(18) 1 <

< — 1-— —_— E ; —

< ay||z Z”"’( an)n+1j=0kj||yn ZH

an(z—2)+ (1 —ay)

[

= apllz = z[| + (1 = an)enllyn — 2|
SMlv VnZQ

where My = max{||z — z|[,sup,,>q €n - [|yn — z||}. Besides, we also have

(19) [T" %0 — 2| < Enllzn — 2], Yn =0,
(20) IT"yn = 2[| < knllyn — 2], Yn =0,

which show that {z,}, {T"x,} and {T"y,} all are bounded sequences. On
the other hands, by the assumption that the norm of E is uniformly Gateaux
differentiable, it follows from Proposition 3 that the normalized duality map-
ping J : E — E* is uniformly continuous on each bounded subset of F from
the norm topology of E to the weak* topology of E*. Hence, for any n > 0, it
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follows from (6) and Lemma 4 (a) that

|41 — 2

1 2

n+1

Y (Tyn = 2) + an(z - 2)

Jj=0
n

1 2
<= { =52k} v =12
§=0

+ 20 (x — 2, J(Xpt1 — 2))

(1—ay)

=(1- an)2672¢||yn - Z||2 + 20 (x — 2, J(Tpt1 — 2)).

Next, we consider the first term on the right side of (21). From (16), we
have
(1= an)®eqllyn — 2|
< (1 = an)ep]lzn — 2|
= (1— o)z — 2l* + (1 — an)(ep, — Dljzn — 2|

< (1 —ap)|lzn - ZH2 +(en — 1) - My,

(22)

where My = sup,,>o{(e3 + €2 +en + 1)} - sup,>¢ [z, — 2|
Now, we consider the second term on the right side of (21). From (15), we
have

(23)  xp—zm =1 —dp)(zy —2) +dn(rtn —T"2n), Yn>0, m>1.
Hence, from Lemma 4 (b) and (23), we have

dpnl|n — T 2 )

= [(@n = 2m) = (1 = du) (25 — 2)|?

> 2n — 2ml|? = 2(1 = dp)(zn — 2, J (T, — 2m))

= ||z — 2m || = 2(1 = dp) (@ — 2 + 2 — T, T (Tp — 2m))

=1 =201 —dp)||zn — 2ml* +2(1 = dp) (@ — 2im, J(Tn — 2m)).
Simplifying the above inequality, we have

&2, - 1 2d,,
(24) g o = Tl
> 2z — zm, J(Tn, — 2m)).

Since ||z, — Tz, | — 0 as n — oo, it follows that ||z, — T™z,| — 0 as n — oo
for m > 1 and so {x,, — T™z,} is bounded by a positive constant Ms. Also,
by the assumption, z,, — z € F(T') and hence we have

lim ||[T™z, — 2] < lim ky|lzm — 2] =0,
m—00 m—0o0
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ie., Tz, — z as m — oo and so

(25) W}EHOO [ = 2m| = mlijgo, [@n =T 2 |
25 :
= [lzn — =l

which shows that the sequences {x,, — z,} and {z, — T™z,,} are bounded
sequences by a positive constant My.

On the other hand, since d,,, — 1, k,,, — 1 as m — 0o, we can assume that
> % and 1 < k,;, <2 for all m > 1 and, from (14), also we have

d? 1—2d
Amn: dL n_Tmm2 — n_m2
= T = TP+ S i —
d? 2d,, — 1
-7 —nZlm |zn — TmZm”2 - m”$n Zm||2
2d,, — 1
T 4 (lzn = T2 )1* = 0 — 2mll?)
+ (1 —dm)l|zn — TmZmHQ
1 m m m
< 1—d [(IT™ 2 = T™ 2| + | T™ 20 — 2l)? = 20 = 2m%]
MZ(1—d,
=14 (1T 2 — T™ 2 ||? + 2| T™ 0, — T ||| T™ 200 — T |
+ |77z, — anQ — lzn — ZmHQ) + Mf(l —dn)
1 m
< 1—d [(kvzn = Dllzm — In”z + 2k [T zn — o ||| 2m — znl
+ M3|| T xy — ] + Mf(l —dp)
1
< 1—d [(1— dm)QMZ + M5||T™ 2 — 2 l] + Mf(l —dp)
- Um

M,
<(1- dm)Mf + 1 7; 1Tz, — 20| + Mf(l —dn),

where My = 4My + Ms. For fixed m > 1, letting n — oo in (26), we have
| T™2, — x,|| — 0 as n — oo by our assumption (||Tz, — x,| — 0 as n — o0)
and so
M;
1—-d,
Thus, from (26), it follows that

IT™xy — 2n]] = 0 (n— o0).

limsup A, < 2MZ(1 —dp)

n—oo

and so letting m — oo yields

limsup limsup A, ,, < 0.

m—0o0 n—oo
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Thus it follows from (24) that
Appn > 2(x — 2, J(Tn, — 2m))

and
0 > limsup limsup A, ,
27 m— 00 n— 00
(27) > 2limsup limsup(z — zm, J(Zn — 2m))-
Next, we prove that
limsup(z — z, J(x, — 2)) < 0.

n—oo

In fact, it follows from (27) that, for any € > 0, there exists a positive integer
N such that

(28) lim sup(z — zm, J (T — 2m)) < €

n—oo

for all m > N. Since J : E — E* is uniformly continuous from the norm
topology of E to the weak™ topology of E* on each bounded subset of F and
Zm — 2z as m — 00, we have

limsup(z — z, J(x, — 2)) <e.

n—oo

Since € is arbitrary, we have

(29) limsup(z — z, J(z, — 2)) < 0.

Next, set 7, = max{(z — z, J(z,, — 2)),0}. Then 7,, — 0 as n — co.
Substituting (22) into (21), we have
01— 2|
(30) < (1= an)||lzn — 2|2 + 200 (@ — 2, J (Tpi1 — 2)) + (€ — 1) My
< (1= an)||lzn — 2||2 + 20070 + (€ — 1) My,  ¥n > 0.
Taking a, = ||z, — 2||%, A\ = @, ¢n = (e, — 1)My and b, = 2\, 7, in (30), we
have
Ap41 S (1 - )\n)an + bn + Cn, vn Z 07
since Y07 jcn = Do o(en — )My < o0, b, = o(\,) and Y07 j A, = oo. By
Lemma 5, we know that a, — 0 as n — oo, i.e,, x, — 2z as n — oo. This
completes the proof. O

Remark 7. We can consider an example of the sequence {d,} defined by
dp=1— (k2 —1)2 for 1 < k,, <22 (n >0) and d, = ;5 for k, =1 (n > 0)
which satisfies the condition (14) in Theorem 6.

From Theorem 6, we have the following:
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Theorem 8. If all the conditions in Theorem 6 are satisfied, then the sequence
{zn} defined by (7) converges strongly to a fized point z of T if and only if {x,}
is bounded.

Proof. In (6), taking 8, = 1 for all n > 0, we have y,, = x, for all n > 0.
Therefore, the sequence {z,} defined by (6) deduces to the sequence {xz,}
defined by (7). The conclusion of Theorem 8 can be obtained from Theorem 6
immediately. O

Finally, we give a convergence theorem of the iterative sequences defined by
(8) or (9) for nonexpansive mappings.

Theorem 9. Let E be a real Banach space whose norm is uniformly Gateaux
differentiable and D be a nonempty closed convex subset of E andT : D — D be
a nonezpansive mapping with F(T) # 0. Let {a,} and {B,} be two sequences in
[0, 1] satisfying the condition (12). Let x € D and define a contractive mapping
Si:D— D by

(31) Si(z2)=(1—-t)x+tlz, VzeD,
where
(32) 0<t<l, t—1".

Let z; be the unique fixed point of Sy. If {z} converges strongly to a point
z € F(T) ast — 17 and ||z, — T2zn|| — 0 as n — oo, where {x,} is the
sequence defined by (8) or (9), then {x,} converges to the fized point z of T.

Proof. Since T' : D — D is a nonexpansive mapping, 7' is an asymptotically
nonexpansive mapping with a constant sequence {k,} = {1} for n > 0. This
implies that

1 n
en:n+1ij:kn:1, Vn >0,
7=0
and so - -
Slen—1) = (ky—1) =0 < .
n=1 n=1

(I) In order to prove Theorem 9, we first prove that the sequences {x,},
{yn} and {z,,} defined by (8) and (9), respectively, all are bounded. For the
sake of simplicity, we only prove the sequences {x,}, and {y,} defined by (8)
are bounded.

For the purpose, we denote by

(33) M = max{|[zy — 2|, [l — =[]},

where x € D, z € F(T) is the points appeared in Theorem 9. Now, by
induction, we can prove the following inequalities:

{len -z <M,

(34)
lyn — 2| < M, Vn>1.
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In fact, for n = 1, from (33), we have
ey — z[| < M

and

—_

1
lyr = 2l = 1Bu(w1 = 2) + (1 = B1)5 > _(Tay — 2)|
=0

l\.’)

J
< Billzr — 2l + (1 = Bo)llzy — 2|
<M.

Hence the conclusion of (34) is true for n = 1. Suppose the conclusion of (34)
is true for n = k. Now, we prove that the conclusion of (34) is also true for the
case of n = k + 1. In fact, it follows from (8) that

[€h41 — 2]

Hak(l’ —2)+ (1 — ag)

k
E Tjk—z
jO

<agllz = 2[ + (1= o)y — 2|

<M
and
Hyk+1 - Z||
=
= ||Bers@in =2+ (0 = B g DT - 2)
=0
< Brrrllzrsr — 2l + (1 = Brr 1) |r41 — 2]

<M.
This implies that the conclusion of (34) is true and so the sequences {x,,} and
{yn} both are bounded.

(IT) Taking e,, = 1, n > 0, d,, = ¢, t € (0,1), and t — 17, 2z, = 24,
T™2, = Tz in (16) and (21)~(27), we can prove similarly that the sequence
{z,} defined by (8) satisfies the following inequalities:

limsup(z — z, J(x, — 2)) <0
and
[€nt1 = 2] < (1= an)llzn — 2] + o(an), Vn>0.

Therefore, by Lemma 5, it follows that z,, — z as n — oco. This completes the
proof. O

Remark 10. It is pointed out by Reich [12], Takahashi and Ueda [17] that,
in Theorem 9, if D satisfies additional condition that “D is a weak compact
convex subset of E”, then the sequence {z;} satisfying
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converges strongly to a fixed point z € D of T.

Remark 11. Theorem 9 extends, supplements and improves the corresponding
results of Wittmann [18] and Shioji and Takahashi [15], [16], Shimizu and
Takahashi [13], [14]. Besides, the method of proof is also quitely different from
that that given in [11], [13]-[16] and [18].

Remark 12. Theorem 6 and Theorem 8 are two new results which estab-
lish some necessary and sufficient conditions for the strong convergence of the
sequences defined by (6) and (7), respectively.

Remark 13. Under some conditions of Theorem 6 and Theorem 8, we can
obtain the same results which establish some necessary and sufficient conditions
for the strong convergence of the sequences (of Halpern type) with errors,
respectively.
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