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ABSTRACT. In 1981, Sen [4] have introduced the concept of I'-semigroups. We have
known that I'-semigroups are a generalization of semigroups. In this paper, we introduce
the concepts of the extensions of s-prime ideals, prime ideals, s-semiprime ideals and
semiprime ideals in I'-semigroups and characterize the relationship between the extensions
of ideals and some congruences in I'-semigroups.

1. Preliminaries

Let M and T be any two nonempty sets. M is called a I'-semigroup [5], [7] if
for all a,b,c € M and 7, u € T, we have (i) ayb € M and (ii) (ayb)pc = ay(buc). A
I'-semigroup M is called a commutative I'-semigroup if ayb = bya for all a,b € M
and v € I'. A nonempty subset K of a I'-semigroup M is called a sub-I'-semigroup
of M if ayb € K for all a,b € K and v € T.

For examples of I'-semigroups, see [1],[3], [5], [6], [7]-

Let S be a semigroup and I' = {1}. We define a mapping S x I' x S — S by
alb = ab for all a,b € S. Then S is a I'-semigroup. Hence we have known that
I'-semigroups are a generalization of semigroups.

For nonempty subsets A and B of a I'-semigroup M and a nonempty subset
IV of T, let AT'B :={ayb:a € A,b € B and v € I"}. If A = {a}, then we also
write {a}I"B as al"B, and similarly if B = {b} or I' = {~}. A nonempty subset
I of a I'-semigroup M is called an ideal of M if MT'I C I and ITM C I. The
intersection of all ideals of a I'-semigroup M containing a nonempty subset A of M
is the ideal of M generated by A, and will be denoted by I(A). If A = {z}, then we
also write I({z}) as I(z). Anideal I of a I'-semigroup M is called an s-prime ideal
[3] of M if for any a,b € M and v € T',avb € I implies a € I or b € I. Equivalently,
for any A, B C M and v € I'; AyB C I implies A C I or B C I. An ideal I of a
I-semigroup M is called a prime ideal of M if for any a,b € M,al'b C I implies
a € I or b € I. Equivalently, for any A,B C M,AI'B C [ implies AC I or BC .
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An ideal I of a I'-semigroup M is called an s-semiprime ideal of M if for any a € M
and v € I',aya € I implies a € I. Equivalently, for any A C M and vy e ' AyAC T
implies A C I. An ideal I of a I'-semigroup M is called a semiprime ideal of M
if for any a € M,al'a C I implies a € I. Equivalently, for any A C M, ATA C I
implies A C I. Hence we have the following statements for I'-semigroups.

(1) Every s-prime ideal is a prime ideal.

(2) Every prime ideal is a semiprime ideal.

(3) Every s-prime ideal is an s-semiprime ideal.
(4) Every s-semiprime ideal is a semiprime ideal.

For a I'-semigroup M, let
P(M) := {A:Aisaprime ideal of M},
SP(M) := {A:Aisan s-prime ideal of M}.

Then () # SP(M) C P(M). A sub-I-semigroup F of a I'-semigroup M is called
a filter [3] of M if for any a,b € M and v € T',ayb € F implies a,b € F. The
intersection of all filters of a I'-semigroup M containing a nonempty subset A of
M is the filter of M generated by A. For A = {z}, let n(x) denote the filter of
M generated by {z}. An equivalence relation o on a I'-semigroup M is called a
congruence [2],[6] if for any a,b,c € M and vy € T, (a,b) € o implies (avyc,byc) € o
and (cya, cyb) € . Let o be a congruence on a I'-semigroup M and M /o := {(z), :
x € M}. We define (2),7(y)o = (x7y)s for all (2)s, (y)e € M/o and v € T. Tt
is easy to verify that the definition is well-defined and M/o is a T-semigroup. A
congruence o on a I'-semigroup M is called a semilattice congruence [8] if for all
a,b € M and v € T, (ayb,bya) € o and (aya,a) € o. For an ideal I of a T'-
semigroup M and A C M, the set < A, I >:= {z € M : ATz C I} is called the
extension of I by A. If A = {a}, then we also write < {a}, > as < a,I >. For an
ideal I of a I'-semigroup M, we define equivalence relations on M as follows:

or = {(zr,y) eMxM:z,yelora,ydgl},
or = {(zyy) e M x M <z, >=<y,I>},
n = {(r,y) € M x M :n(z) =n(y)}.

Example 1.([3]) Let M = {a,b,c,d} and T' = {y} with the multiplication defined

by
| b ifz,ye{ab},
Ty = { ¢ otherwise.

Then M is a I'-semigroup. We can easily get all ideals of M as follows:
Py, =M,P, ={c,d}, Ps ={b,c}, Py = {c}, Ps = {a,b,c}, Ps = {b,c,d}.

It is easy to see that P; and P, are s-prime ideals of M, so P; and P, are semiprime
ideals of M. Let

oL = M x M,
{(a,a), (b,0), (¢, ¢), (d, d), (a,b), (b, a), (¢, d), (d, ¢) }.
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It is easy to see that o7 and oy are semilattice congruences on M.

Example 2. For n € {1,2},let M = {n,n+1,n+2,---} and I = {—n}. Then
M is a T-semigroup under usual addition. Let I = {2n,2n+ 1,2n + 2,---}. Tt is
easy to verify that I is a semiprime ideal of M and o = {(n,n)} is a semilattice
congruence on M.

The following theorem is obtained similarly in [3] and the following lemmas will
be used frequently in this paper.

Theorem 1.1. If M is a I'-semigroup, then

n = ﬂ agy.

I€SP(M)

In this paper, we consider the ideal extensions in a commutative I'-semigroup.
From now on, M stands for a commutative I'-semigroup. The next two lemmas are
easy to verify.

Lemma 1.2. If A is a subset of M, then I(A) = AU MTA.
Lemma 1.3. Let I be an ideal of M and A C B C M. Then < B,I >C< A, I >.

Lemma 1.4. Let I be an ideal of M, A C M and~y € I'. Then we have the following
statements:

(a) < A, I > is an ideal of M.

(0) IC< AT >C< ATA, T >C< AvA, T >.

(¢c) IfACI, then < A, I >= M.

Proof. (a) Let v €< A, I >,y € M and v € I'. Then ATl'(zyy) = (ATz)yy C
ITM C1I,s0xyy €< A, I >. Hence < A, I > is an ideal of M.

(b) If x € I, then ATe C MT'I CI. Thusx €< A, I >. If x €< A, I >, then
(ATA)Tz = AT'(AT'z) C MTT C I. Thus ¢ €< ATA, I >. If v e< ATA, T >,
then (AyA)Tx C (ATA)Tx C I. Thus x €< AyA,I >. Hence I C< A, ] >C<
ATA T >C< AvA, T >.

(¢) Let AC T and x € M. Then ATx C ITM C I, s0 z €< A,I >. Hence
<A I>=M. a

Lemma 1.5. Let I be an ideal of M and A C M. Then

<A1 >= ﬂ <a, I >=< A\I,1>.
acA

Proof. By Lemma 1.3, we have < A, I >C ﬂ <a,l > Letx € m < a,l >.
a€A acA
Then al'z C I for all a € A, so ATz C I. Thus x €< A, I >, so ﬂ <a,I >C<
acA
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A, I >. Hence < A, I >= ﬂ < a,I >. By Lemma 1.4 (¢), we have < A, I >=
a€A

() <al>=<A\ILI>. O

acA

Lemma 1.6. Let I be an ideal of M. Then I is a prime ideal of M if and only

if <A I>=1 forall AZ I.

Proof. Assume that I is a prime ideal of M and A € I. Let x €< A,I >. Then
ATz C I. By hypothesis and A Z I, z € I. Thus < A,I >C I. By Lemma 1.4 (b),
<A I>=1.

Conversely, assume that < A, 1 >= [ for all A € I. Let A,B C M be such
that ATB C T and A Z I. Then B C< A,I >= 1. Hence [ is a prime ideal of M.
O

We can easily prove the last lemma.

Lemma 1.7. Let A and B be two nonempty subfamilies of P(M) and SP(M),
respectively. Then we have the following statements:

(a) ﬂ P is a semiprime ideal of M if n P#£0.
PeA PeA

(b) U P is a prime ideal of M.
pPeB

(c) ﬂ P is an s-semiprime ideal of M if ﬂ P#0.
PeB PeB

(d) U P is an s-prime ideal of M.
pPeB

2. Main theorems

In this section, we give some characterizations of the relationship between the
extensions of ideals and some congruences in I'-semigroups.

Theorem 2.1. Let P be a prime ideal of M and A C M. Then < A, P > is
a prime ideal of M. Furthermore, < A, m P > is a semiprime ideal of M if
PeP(M)
(1 P#0.
PeP(M)
Proof. If A C P, then it follows from Lemma 1.4 (¢) that < A, P >= M. If AZ P,
then it follows from Lemma 1.6 that < A, P >= P. Hence < A, P > is a prime
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ideal of M. Now,

re<A, () P> & ArlzC () P
PeP(M) PeP(M)
ATz C P for all P € P(M)
xr €< A P> foral Pe P(M)

& ze (] <AP>.
PeP(M)

t e

Hence

<A, (] P>= [) <AP>.
PeP(M) PeP(M)

It follows from Lemma 1.7 (a) that < A, ﬂ P > is a semiprime ideal of M. O
PeP(M)

Theorem 2.2. Let A/B C M and A C MTA. Then I(A) C I(B) if and only if
for every ideal J of M, < B,J >C< A, J >.

Proof. Assume that I(A) C I(B). Let J be an ideal of M and x €< B,J >. By
Lemma 1.2, we have A C I(B) = BUMTB. For any a € A, if a = yab for some
y € M,b € B and a € T, then ayz = (yab)yx = ya(byx) € MT'J C J for all
v €T. Hence ayzr € J forally € I', so x €< a,J >. If a = b for some b € B, then
ayr =byr € Jforally € I'. Henceayx € Jforally € I', sox €< a,J >. Therefore

< B,J>C ﬂ < a,J >. It follows from Lemma 1.5 that < B,J >C< A, J >.

a€A
Conversely, assume that < B,J >C< A,J > for all ideal J of M. Then

< B,I(B) >C< A,I(B) >. Since B C I(B), it follows from Lemma 1.4 (c)
that < B,I(B) >= M. Thus < A,I(B) >= M, so MT'’A C I(B). Hence
A C MTA C I(B). This implies that I(A) C I(B). O

Theorem 2.3. If I is an s-semiprime ideal of M, then ¢ is a semilattice congru-
ence on M.

Proof. Let (z,y) € ¢r,c € M and v € I'. Then < z,I >=<y,I >. Thus

a €< xye, I > (zye)Ta C T
2l(cya) C 1
cya €<z, >
cya €<y, I >
yT(eya) C 1
(yye)Ta C I
ae<yye, I >.

(R R
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Hence (z7yc,yvyc) € ¢r. Similarly, we can show that (cyz, cyy) € ¢r. Hence ¢y is a
congruence on M. Let x € M and v € I'. Then

ae<zyx, ] > = (zxyz)TaClI
= (xyzTa)la CITM C I
= (aTa)y(aTa) C I
= zllaC1I
= ae<a,l>.

Thus < zvyx,I >C< z,I >. By Lemma 14 (b), < z,I >C< zvyx,I >. Hence
< zvyx,l >=<x,I >, so0 (xyz,x) € ¢;. Therefore ¢; is a semilattice congruence on
M. O

Theorem 2.4. If I is an s-prime ideal of M, then ¢;r = oy and n C ¢j.

Proof. Let (z,y) € ¢;. Then < z,I >=< y,I >. Suppose that (z,y) & o;.
Without loss of generality, we may assume that € I but y ¢ I. By Lemma 1.4 (c)
and Lemma 1.6, we have < x,I >= M and < y,I >=1. Thus I = M, soy € M.
This is a contradiction. Hence (z,y) € oy, so ¢; C o7. Let (z,y) € 7. lf € 1,
then y € I. By Lemma 14 (¢), < z,I >= M =< y,I >. If x ¢ I, then y & I.
By Lemma 1.6, < z,I >=1 =< y,I >. Hence (x,y) € ¢r, so o7 C ¢;. Therefore
¢r = oy. It follows from Theorem 1.1 that

n= m oy = m b5 C ¢r1.

JeESP(M) JeSP(M)

Hence the proof is completed. O
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