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ABSTRACT. Let W, be a weighted shift with positive weight sequence o = {a;}i2. The
semi-cubical hyponormality of W, is introduced and some flatness properties of W, are
discussed in this note. In particular, it is proved that if a, = an+1 for some n > 1, then
Qntk = ay for all k> 1.

1. Introduction and preliminaries

Let H be a separable, infinite dimensional, complex Hilbert space and let £(H)
be the algebra of all bounded linear operators on H. An operator T in L(H) is
weakly n-hyponormal if p(T') is hyponormal for any polynomial p with degree less
than equal to n. And an operator T is polynomially hyponormal if p(T') is hyponor-
mal for every polynomial p. In particular, the weak 2-hyponormality (or weak
3-hyponormality) refered to as quadratical hyponormality (or cubical hyponormal-
ity, resp.), and has been considered in detail in [5], [6] and [8]. The flatness property
makes an important role for detecting the bridges between subnormal and hyponor-
mal operators. In [10] Stampfli proved that every subnormal weighted shift W,
with any two equal weights has a flatness property, i.e., it holds that if o, = ag41
for some k € Ny := NU {0}, then g = ag = ---. In [2], R. Curto proved that
the 2-hyponormal weighted shift W, with any two equal weights has flatness prop-
erties. And he obtained a quadratically hyponormal weighted shift W, with first
two equal weights but not the flatness property and gave a question: describe all
quadratically hyponormal weighted shifts with first two equal weights, which can
be applied to the detections of operator gaps (cf. [CuJ], [JuP1]). But it is still
open whether there exists a cubically hyponormal weighted shift W, with a weight
sequence a : ap = a1 < ag < --- . Also [1], Y. Choi proved that every polynomially
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hyponormal weighted shift W,, with any two equal weights has flatness properties.

In this note we introduce a semi-cubically hyponormal weighted shift (which will
be defined below) and discuss their flatness properties. In particular, we proved that
if W, is a semi-cubically hyponormal weighted shift with a,, = a1 for some n > 1,
then oy = o, for all k > 1. Hence this flatness property preserves in the case of
cubical hyponormality. Some of the calculations in Section 2 were obtained through
computer experiments using the software tool Mathematica [12].

2. Construction of formulas

For A,B € L(H), we write [A,B] := AB — BA. Let W, be a hyponormal
weighted shift with a positive weight sequence o := {a; }32,. Recall that a weighted
shift W, is cubically hyponormal if W, +aW2+bW2 is hyponormal for any a,b € C

(19), ie.,
D(a,b) := Wy 4+ aW2 + bW3)* W, +aW?2 + W3] >0 for any a,b € C.

Let {e;}3°, be an orthonormal basis for H and let P,, be the orthogonal projection
on VI {e;}. For a,b € C we let

Dp(a,b) = Pu[(Wy+aW?2 +0W3)* Wy + aW?2 + W3R,

[0 70 20 O i
T ¢ 1t 2z 0
Z0 1 g2 1m2 22 O

0 z T q 713 =23

Zn—2

Tn—1

where

2 2
an = (0h —op )+ (ahop  —op son ) |al” 4+ (ahog 00 — an_gan _gan 1) b7,

o 2 2\~ 2 2 2 2 7
Tn = an(an—i-l - an—l)a + an(an+1an+2 - an—lan—Q)abﬂ
Zp = anan+1(ai+2 —a2_))b.
Then it is obvious that W, is cubically hyponormal if and only if the pentadiagonal

matrix Dy, (a,b) > 0 for any a,b € C and any n € N. To detect D, (a,b) > 0 for any
a,b € C and any n € N, we consider d,,(a,b) := det D,,(a,b) and it follows from [11]
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that for n > 5,

dn(a, b) _ Gn1 — M dnfl _ ‘Tn72|2 _ qn—2rn—3Tn;2Zn—3 dn72
Irn73| |7"n73|

2 Zs)d
- |Zn73| gn—2 — Tn—3Tn—22n—3 n—3

+ |Z'n._4|2 |Zn—3|2 o Qn73rn737'n;2,z7173 dn—4
|7n—3]

‘Zn—4|2 ‘Zn—2|2 Tn—3rn—22n—3d

2 n—>5-.
rn—3]

Hence if W, is cubically hyponormal, then d,(a,b) > 0 for any a,b € C.

Definition 2.1. (i) A weighted shift W,, is semi-cubically hyponormal with type I
if W, + sW2 is hyponormal for any s € C.

(ii) A weighted shift W, is semi-cubically hyponormal with type II if W2 + sW2 is
hyponormal for any s € C.

2.1. Type I. Let {¢;}32, be an orthonormal basis for H and let P, be the orthog-
onal projection on VI_,{e;}. For s € C, we let

DiY(s) =P, [(Wa +sWE) W, + swg} P,.

It is obvious that a quadratically hyponormal weighted shift W, is semi-cubically
hyponormal with type I if and only if the matrix DLl ] (s) > 0 for any s € C and
n € N. Recall that for s € C,

DY) = P [(Wat s Wak s3] P,

[ q0 0 20 0
0 q1 0 21 0
Z 0 ¢ 0 2z O

0 zZz 0 g3 0 23
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where

2 2 2
qr = up + |87 vk, |zk|” = (8] we,

2 2 2 2 2 2 2 2
Uk = O — Op_q, Vg = QpQp1Qp g — Qp_30p_o0p_1,

22 2 2 \2
Wk = akak+1(ak+2 —ag_q)%,

as usual, we set a_1 = a_o = a_3 = 0 for our convenience. To detect DE](S) >0
for any s € C and any n € N, we consider dt = al! (s) :=det DE](S). Hence if W,,

is semi-cubically hyponormal with type I, then dg ] (s) > 0 for any s € C and any

n € N. Note that

n+1
dil(t) =Y " cM(n,i)t',  where t:= Is|®.
=0

For brevity, we will write ¢(n, i) for c¢[!l(n,) in this subsection without confusion.

Lemma 2.2 ([11]). The following recursive relations hold.

d[ol] = U + Uot,
d[ll] = wpuyi + (Uoul + uovl)t + ’Uo’Uth,
il = gqudily e o guadily + [zsze o dil, (> 2),

where d[_l]1 =1 and d[_l]2 =0.
By direct computations, we obtain the following formulas.

Lemma 2.3. The following formulas hold.
i) ¢(0,1) = vg, ¢(0,0) = up; ¢(1,2) = vov1, c(1,1) = vour + uovy, ¢(1,0) = uouq,
ii) ¢(n,0) = uouy - - - Up,

iii)

1
c(n,1) =upc(n—1,1)+ un{z (Uptin—2 — Wp—2) (WU ** * Up—2up—1) (N >2),
iv) e¢(n,n+ 1) = vyvp—1 - V100,

v) e(n,n) = up(vp—1---v100) + vpe(n — 1,n — 1) — wy—20p—1 (Vp—3 - - - V1V,

(
(
(
(
(
(

vi) ¢(n,i) = upc(n — 1,4) + vpe(n — 1,4 — 1)
FWp—g [Wp—zc(n — 4,01 —2) —vp_1c¢(n — 3,0 —2) — up_1c(n — 3,7 —1)]
(0<i<n-—1).

Proof. Using formulas in Lemma 2.2 and comparing the coefficients of V! (n>0),
we can obtain formulas in this lemma. O
We now detect some flatness properties as following.

Theorem 2.4. Let W, be a semi-cubically hyponormal weighted shift with type I.
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Then we have the following assertions.

(1) If an = apy1 for some n > 1, then = o, for all k> 1.

(i) If ap = Qpg1 = Qppa = Qg for some n > 2, then g =ag =g -+ .

Proof. (i) We first claim that if a, = ayp41 = uppo for some n € Ny, then o,y = ap

for all k£ > 1. For this proof, without loss of generality, we may assume that n = 0,
i.e., ag = a1 = ag = 1. Then it is sufficient to show that ag = 1. To do so, we

detect the positivity of DY (t) for t > 0. Note that ¢(n,0) = 0 = ¢(n,1). Since
i (t) > 0 (t > 0), the coefficient of #> which is the smallest order of s (t) should
be positive. By Lemma 2.3, we have

c(4,2) = wiwzc(0,0) — wavsze(l,0) + vae(3,1) — wauze(1, 1) + uge(3,2)
= —ai (ag — 1)3 >0,
which implies that ag = 1. We now prove the assertion (i). Without loss of gener-
ality, we may assume n = 1, and oy = 1, i.e., a3 = as = 1. And then it is sufficient

to show that a3 = 1 or a9 = 1. Obviously ¢(n,0) = 0. The coefficient ¢(n,1) of ¢
which is the smallest order of d,(t) is positive, but since

1
c(4,1) = wgc(3,1) + — (vaug — we) (upuiugus)

U2

= aia% (1 — a§>3 (1 — ag) ,

we have ag = 1 or a3 = 1. Hence by the above claim we have this conclusion.

(ii) Without loss of generality, we may assume n = 2, i.e., ap = a3 = ag = a5 = L.
Then it is sufficient to show that a; = 1. First note that ¢(n,0) = 0. By Lemma
2.3, we have ¢(3,1) = o} (a% — 1)3 >0, and so a; > 1. Hence a1 = 1. O

2.2. Type II. We use the same idea with type I. By direct calculation, we have
that

DI .= pB(s) = [(Wi +sWE), (W2 4 swg)]

[wo do O i
¢o w1 ¢1 O

0 ¢1 wy ¢2 O
0 ¢2 w3 ¢3 0

= 0 ¢3 wy ¢g - ,
0 ¢4 ws '
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where

2
é-k: + |S| urs
¢k =S 6]6)
2 2 2 2
&k 1= Q1 — Qo Q_1,

2 2 2 2 2 2
Mk = QO 1Oy 0 — Q30 o0 q,

Wk

2
O = ai (ai+1ai+2 - aifzaifl) (k>0),

and a_1 = a_y = a_3 := 0. Clearly, W2 + sW3 is hyponormal if and only if
D (s) > 0 for every s € C and every n > 0. Let ¥ ()= det(DE] (). Then

d([)2] = Wwo,
d[12] = wowi — |¢ol®,
dily = wnradiiy = |bnnl*dY (n20),

and that d[f lis actually a polynomial in t := |s|2 of degree n + 1, with Maclaurin

n+1 )

expansion di2 (t) := > ¢l (n,i)t". This gives at once the following lemma. For
i=0

brevity, we will write ¢(n, i) for c?l(n,i) in Subsection 2.2 without confusion.

Lemma 2.5. It holds that

(i) ¢(0,0) = &, ¢ (0,1) = o,

(ii) ¢(1,0) = &80, c(1,1) = &mo + om,  c(1,2) = mno,
(ili) ¢ (n,0) = &1+ & > 0,

(iv) e(n,n+1) =nomr -+ 1n >0,
(

v)e(n+2,i) =&ppoc(n+1,4) + npyecn+ 1,4 — 1) — §pp1c(n,i — 1)
(n>0, 0<i<n+3).

Proof. Repeat the methods which were used in Lemma 2.3. O

Theorem 2.6. If W, is semi-cubically hyponormal with type II such that o, =
Qnt1 for some n > 1, then ap4r = ay for all k > 1.

Proof. We first prove that if a,, = ap11 = apyo for some n, then ay, 1, = oy, for
all k > 1. For this proof, without loss of generality, we assume that n = 0, i.e.,
ag = a1 = ag = 1. Then it is sufficient to show that az = 1. In fact,

¢(6,0) = —aZaj (o — 1) (e3a] — 1) (afai — a3) (afad — a3ad) .

and d([sz} (t) > 0 for all ¢ > 0, we must have ag = 1. By using this claim, we prove
this theorem. Without loss of generality, we may assume n = 1, and a3 = 1, i.e.,
a1 = ag = 1. By the positivity of ¢(6,0), we obtain ag = ay = 1. Hence the above
assertion about three equal weights proves this theorem. O
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Theorems 2.4 and 2.6 provide a question about the flatness of semi-cubically
hyponormal weighted shifts as the following problem.

Problem 2.7. Let W, be a semi-cubically hyponormal weighted shift with a weight
sequence o = {152, satisfying oy, = 41 for some n > 0. Does it hold that
a1 =g =qg---?
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