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HARDY INEQUALITIES IN HALF SPACES OF THE
HEISENBERG GROUP

JUNQIANG HAN, PENGCHENG N1U, AND WENJI QIN

ABSTRACT. In this paper we prove some Hardy inequalities in the half
space of the Heisenberg group and indicate the sharp constant.

1. Introduction

The well-known Hardy inequality in the Euclidean space plays an important
role in the study of linear and nonlinear partial differential equations. The
inequality and its generalizations have been established by using many different
methods. There exists a large literature dealing with it.

The Hardy inequalities related to vector fields have also been widely studied
and applied in recent years. The following Hardy inequality on the Heisenberg
group H" was first established by Garofalo and Lanconelli [2]:

Q—2 2 2 |x|2 + |Z/[2 2
(1) (———) u < |V gnu|®,
) s (il +i?) "+ 22 Jo

where u € C§° (H™\{(0,0,0)}), @ = 2n + 2. The L” version of the inequality
(1) has been produced by Niu, Zhang, and Wang [5]. A different proof of

2
(1) with the sharp constant (9—53) appeared in Goldstein and Zhang [3]. In

[1], D’Ambrosio set up weighted Hardy inequalities on H™. Han and Niu [4]
examined some Hardy inequalities in the domains of H™.

Recently, Tidblom [6] deliberated some Hardy inequalities in the half-space
of the Euclidean space R™. Aroused by [6] we will make some Hardy inequalities
in the half-space of the Heisenberg group H™ in this paper. The results here
do not include in [1].

Now we recall some notations and basic facts about the Heisenberg group
H™. More detailed information can be found in [2] and references therein.
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Let £ = (x1,...,Zn,Y1,--->Yn,t) = (z,y,t) € R where n € N. The
Heisenberg group H™ is the nilpotent Lie group of step two owing underlying
manifold R?"*! and the group law

(2) fof= (i+i,@+g,i+£+22(m—m)), §EcH"
=1

A left invariant basis for the Lie algebra of H™ has the form

d 0 0 0
X; = a—mi+2yi§, Y, = 53‘/;—2%'&',

We denote the associated Heisenberg gradient by
Van = (X1,..., Xn, Y1,..., Yn)

i=1,...,n.

and the Heisenberg divergence by divg~F = Vgn - F, F € R?", respectively.
The sub-Laplacian Agn on H™ is Agn = Y i, (X? + Y;?). The homogeneous
dimension of H" is () = 2n + 2.

We endow H™ with the norm

) e = (ol +1) + t?)% ,

and using the notation =1 for the inverse of ¢ with respect to the operation
o (note that =1 = —¢), introduce the distance d (¢,7) = |77 0&|,,. For
convenience we write (z1,...,22n) = (Z1,...,Zn, Y1, - ., Yn) in the sequel.

The main results in this paper are the following.

Theorem 1.1. Let Q = {(z,y,t) € H"|z1 >0}, p > 1 and u € C5°(Y). Then
fork=2,...,2n,

~1 p -1 p—1 P
@ [wmarz (B2 [ (2) [
: P e ) e

where
if 1<p<2,

2
— 3pt2?
c(p) = .
() { —4(p1_1)> if p>2.
Moreover, the constant c(p) in (4) is sharp.

We generalize the above inequality by drawing a parameter 7.

Theorem 1.2. Let 0 < 7 < 5% when 1 < p < 2 and 7 > 0 when p > 2,
Q {(z,y,t) € H™|z1 > 0} and u € C§°(). Then fork=2,...,2n,

/'VH"“"’>( ) Lo () i
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where

27.2

Vv1+4 1 .
L%Ll).,&—)' if p22,

and the constant c¢(p,7) in (5) is sharp.

( )—{ 1pr?-y/142p7?> VHQPTZ} if 1<p<?,

Remark 1.3. Our method dealt with the constants is different from that in [6]
and ensures sharpness of the constants in Theorem 1.1 and Theorem 1.2. In
fact this approach can be used to obtain the sharp constants in the inequalities

of [6].
2. Hardy inequalities

Let © be a domain in H" with boundary 09 and § = é(g) = dist(g,99),9 €
@ € H". The following lemma is our starting point.

Lemma 2.1. Letu € C°(Q), d€ (—oco,mp—1) withm € Nand 1 <p <@,
F = (Fy,...,Fy,) be a vector field in R?™ with components in C*(Q) and
w(z,y,t) € CHQ) be a nonnegative weight function. Then

IVHn’uip w
0 Jlm~1)p—d

—d-1\? ik Agn6
> (Tt [ (B 2 Nrw
D o\ o mp—d—1¢§mpd-1

mp—d—1\" P )
(6) +< P ) X/S; |:mp-—d— 1 diven F
+§mp 7 (19061 = |Van§ = 57241 F|> )J fuf w

mp—d—1 Pl Ve
+< P ) QVH"w' F- 5mpd1 ‘ ip
Proof. Holder’s inequality and integration by parts give

-1

IV sinufP w Vird _matp|PT ’

p{} Q é(m—}.)p—d ’ Q 6m(p_1)+%_d - P §u| w
Vgnd ) -

>\ [ (;;rn%z - F) w- (signw) [uP’~ Vgou

Vind
L (&nplid—l - F) w- Vin quip

|- [rone (21}

=(mp—d-1)°

p

p

4
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/ [Vand® Apgnd L _divaeF
o |\ o= T (mp—d—1ymrd1 Tmp g1/

p
VH?%’U) . vyné P
Tp—d-1 (F 5mp—d—1)} fd

X

Then
IVHnu}pw> mp—d—1\°
Q 6(‘1’?‘!—1);‘0—(1 - p
y / |VH"5K2 _ Apnd divgn F w
e gmp=d  (mp—d—1)§mp~d=-1 " mp_d—1

P

an‘w Vgn(5 P
i (F 5mp_d_1)}wl

Vin6 7 ot
Hn _gme1=2 P
sm-1+i-d 8 Fl w)

(5
: (=

P}VanSlz P Aped v ‘
X{/Qi:< §mp—d mp—d—lgmp—d_l+mp_d_1d1anF w

p Vgao
+ mp—d— 1anw. (F - §mz)-—d—1>} '“‘p
Vind 4 |FT
_(p—l)/ﬂ smp-1)+4—d —m ’”Fl lu{?w}

_ (mp-d-1 p/ Va-d°  p Apné ' w
P o\ dmp—d  mp_d—1§mp-d-l

g 1\?
4 (mp—d-l X/ P GiyF
P Q|lmp—d-1

+ p-1 (|VHn5}2 - IVHn5— 5mp"d_1Ff;%>} lu|? w

6mp—d

mp—d—1\"" Vind
+<—p_—) /QVH"”“" F— ot | el

where we use the inequality %2— >pA—{(p—1)B (B >0). Then we have
proved the claim. . O
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The special case of Lemma 2.1 when m =1, d =0 and w = 1 gives

—1\? [ |Vynd)?
aff > (B il P
0 [1vwar > (1) [ Flly,

p—1Y’ p . p Apné
+( P ) /Q[p—lde"F p—1 601
p—1
opP

+

(|ana|2 —|Vand - 6”‘1F|£_‘)} luf? .

Now we describe a general Hardy type inequality that is valid for any domain
in H™.

Proposition 2.2. Let u € C§°(Q) and 1 <p < Q. Then

. P Ik _ p
Jrmwer = (5[5 (25
Q p o OF p

Apnd  p—1
/[— P oH0 P (|an5|2_[an5|a%)] ul? .
Q

p—1 ¢r1 o
Proof. Simply put F =0 in (7). O
Let Q = {(z,y,t) € HMz; >0} (¢ =1,...,n), 9= (T1,- -, Tn, Y1y - - - Yn, t)

€ €, go = (To1, -+, %0,i~1,0,20,441, - - -, Lons Y01, - - - » Yom, to) € OQ. Denote the
Heisenberg distance from g to 9Q by

_ . . ~1
Og) = dist(g,00) = inf lg5” ogly.

12
n n
. 2 2
= dof | (@5 —20)’ + i+ ) (U5 — voj)
goEON ; ¢
j=1 Jj=1
J#i J
2§ %
+lt—to+2) moy—2> wmo; | ¢
J# J

It is easily check that d(g) = z; = dist(g, ginf), where
Ginf = (xla'-'7xi—1,07wi+17“'7$nay17"'7yn7t—2miyi) € Q

Analogously, we can get that 6(g) = y; when Q = {(z,y,¢t) € H™y; >0} (i=
1,...,n).
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Substituting 6(g) = z;, |Vg=é] = 1 and Agnd = 0 into (7) yields for
1=1,...,n,

of e 2 (52) [ B+ (52 [ pgamer o
L)} up”

We will apply this inequality to two different vector fields F and then together
the corresponding inequalities to get the desired result.

(1_ |(0,...,0?1,0,...,0,0,‘--,0)—wf'lF

Proof of Theorem 1.1. We will split the proof into two parts. This leads to
two different inequalities. Each part, will in turn, be divided into two cases
depending on whether 1 < p < 2 or p > 2. The inequalities in the two parts
will then be combined to prove the theorem.

Part 1
Apply (8) to the vector field

F:(——T%——l,o,...,()), OSapS]., k: ,...,2”
o (2] + 23)
and note that
(9) pf —divn F
p(2 - play _ pap
= _ 1 _ z
-1t @t +28)?  (p— )b (a2 +22)?
p(2—plap pap

=4 I ~2 :
(p—1)2l (@2 +22)7  (p— 1}~ (af +2))

)
p—1

Now we estimate the expression

p—1
z

-1 a Pt
= pp 1-{1- ——2—
oI 2y (af + )

Case 1. 1<p<2

(10) (1— 1(1,0,...,0,0,...,0)—z’{“lF

Lemma 2.2 in [6] contributes us to estimate (10) from below by

2
payp _ Y4 Ay

— 1 —2 ’
bt (a2 +z,%)5 20— 1) 277 (2% + 2})
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Using {9) and the above estimates lead to the inequality

_ P P _ p—1 P
o P/ Jam P 2ot (a3 + 22)°?

— a +?_123 (P._:l)p—l/ __ﬁ_—
P9 P ozt 2 (22 + 22)

Case 2. p2>2

By Lemma 2.3 in [6] we know that (10) is bounded from below by

pap VY a123

_ I~ 9 p-2 :
28 (23 + 2)® 2217 (a1 + 2})

It follows from the estimate and (9) that

(12) /wmu\p
Q
—1)\? ul? -1 p—1 ul?
YL (5 L
P ) e T g

p—1 p—1\""" [uf?
- (ap+ ai) ( ) IECACR
2 p e (2] + %)

Part 2
Consider the vector field
3—-p 2-p
={ 24 0,0, 2L 2k 6 0], 0<c <1, k=2,...,2n.
zi + zj x7 + 2§
Clearly, we have
2 — 1
p dianF=p( p)cp o .
p—1 p—1 7% (22 4+ 22)
and
-1 1|3
(13) o= (l—1@’0,-*-,»0,0,'--,0)—96’1’ | )
1
1 (2 - 2¢,) 2 oD
= L 1—(“‘—?‘2*%“1)

Again, the estimates of the expressions above will be differently treated.
Case l. 1<p<?2

Since
Q+@4mﬁfﬁ

i+ 2

(¢ — 2¢p) 7]

<1
+ x? + 22

3
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- cp—c?
then (13) is not less than wQ—;’—ﬂ).
z (acl-{-zi)

Applying the above estimates to (8) we conclude that

—1\? ul?
[t = (52 [
Q p o
+(p2—2p+2)cp—(p—1)20,2; (;;-1)”/ Juf?
p Q

p-1 2 (e + )

Noticing max {(p?> — 2p+ 2)c, — (p — 1)2012) =1, shows

p=1\" [ Juf’

o e s (2

14 QI | p o 7
. (P—1>p/ fuf”
p=1\ p o207 (22 + 22)

2
By multiplying (14) by C = p (ap + %”) and adding the result to (11) we

get
. 1 p ¥4
e = (52 [
Q P T
L %W (P— 1),,_1/ Juf”
Crilr o ot~ (a3 +22)*
Since max ~2- = max 7 = —2— it follows

-1\? [ |[uff
15 /V T (p_) —
( ) Ql H | » 0 lea

42 (P—1>”_1/ [uf”
P+2N\ P 0 ah™t (af + 20)?

At the moment we deduce the desired statement for 1 < p < 2.
Case 2. p>2

Ifa>-1and0< A<, then (1 + a))‘ < 1+ Xa by a variant of Bernoulli’s
inequality. This infers

P
- (c:fJ —2¢p) 2\ 7Y <14 p (G —2c)a?
o3 + 2} - 2p-1) 2 +2]

b

and therefore

_1 _
(16) Pxp (1—l(l,O,...,O,O,...,O)mmIf L
1

,,—51) > p (ch - ‘312;)

27 (2} + 2)
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In this case, (16) applied to (8) follows
-1 P P
fowr = (52 [
Q p Q I
+(1—p)02+20p (;;-1)"‘1/ ful?
2 p o (23 + 22)
Because of nti,x {(1 - p)cf) + ZCp} = E%T’ we obtain
p~1\" [ |uf
o Jy v v ) oo

L] <p~1)”‘1 uf?
-1\ p ool (e +2})

This inequality may be multiplied by D = 2(p — 1)a, + (p — 1)%a> which,
when added to (12), promotes

e = (5 [

ap p—1 ot ful”
+D +1 p=1,,2 \ 2%
p Qa7 (21 +2;)?

: ap  _ ap __1
Using n}gx By néfi,x =TDesti = aG-1) Ve have

8 [ ol > (2;;) [ %
—1\7! ul?
+4(p1— 1) (Ep_l) [)m

The statement for p > 2 is proved. O

IS

The proof of Theorem 1.2 will be a slightly modified variant of the proof
above.

Proof of Theorem 1.2. Remember (8) and put

cx] Pt
F= ——1—-—-—1—,0,...,0 ’ C=C(p,7'), 0<e<y, k=2>2n
(@f + )
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This implies

— ?(T—p+1)c 1 B pre qu-
Pl (@242 P lgh2(e2 4 )
p(T-—p+1)c 1 pre )
> _ - T
Pl a7 (i)t P lal (a4 A
and
(20) pxio (1—‘(1’0""’0’0"“70)_1511) lF 1)
1

7T
p—1 cxT ?
= - ——
o (a2 +25)°

As before the estimate of (20) will depend on whether 1 < p<2orp> 2.
Case l. 1<p<2

According to Lemma 2.2 in [6] we have

cx] =
1- ——
(#3 +23)°

L_pe = . we oy’
ey T
P-1(z2+22)% 2p-~17(}+2)

2

and therefore, (20) is not less than

p—1| pc ] pc? 3
af [P=1l@?+z)F 2p-1?(f+2)

(o)
N 2(p—-1) 9:’1’_7(37%+z£)%.

Substituting these estimates into (8) implies
-1 P P
/ [Venul” > (P—) / W_L
Q p a %
+c(27—c) (p— l)p/’ Jul?
2 P Q28" (a2 + 22)?

p-1\"" [uf”
—TC{ — ——_—p—-2 5 o
p oz (x5 +z;)
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The inequality is multiplied by F = 7’% which, when added to (14), gives

. 1 r ¥y
/IVHnHIp > (L—) lﬁé‘
Q p o Iy

LB -0 (p—l)’”/ Juf?
E+1 2 P o) (2 +2)"

Furthermore,
—1\? [ P
o> (24 [ 1
p Q%

+1+p7'2—\/1+2;m2 (p—-l)p_I/ Jul?
Q)

P’ P (@3 +23)E

. 27— 27— 14pr2—q/142pr2
by using max {ﬁi . ﬂ."z_c)} = max 2?(11”06)} = P e PT° It reaches
the desired statement for 1 < p < 2.

Case 2. p>2
By Lemma 2.3 in [6] we have

Fry
cx'f
1-
( (w%+z;;’)2>
2 27

.
pe x] pe xy

1- = + )
P=1(a24+20)%  2(p—1) (2} +2})

and therefore, (19) is greater or equal to

p-1| pc & pc T
B p-l(@+2)F 20-1) (ef +£)

pc? 1
Z {pc— 5 ) i L ng
oy " (zf + 2)?

Instituting this and (19) into (8) leads to
_ 1 P %ulp
22 /Vnup > (p——->/——
e Jg Ve ) Jo o
+c(c—pc+ 27) (p— 1)?*1/ ul?
2 p aaf " (2 +23)?

p— 1 p~1 iulp
—TC{ — ——————p—Z 2 "
p o2y " (2% + 22)
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The inequality is multiplied by the constant H = W which, when added
to (17), concludes
-1 P P
[owor = (55 [
Q p o &
H cle—pe+2r) [p—1\""" |ulP
+H +1 2 P—T (2 4 2\T
P ozl (2% + 2F)

i H_cle—pet2r) | __ c(c—pct+27) (\/rﬁhj—l)2
Noting max { H+1 2 } = MAX gm0 Tyrg = =T Ve have

_ 1 ¥4 ¥4
[ (57 [
Q p Q I
(23) 2 p—1
+(m_1) (p—l) / ul?
8-\ 2 ) Jadd T @4
It proves the desired statement for p > 2. g

Remark 2.3. When z,% is replaced by zj2~1 + -+ zjzr 2<hp<--<ijr<
2n, 1 < r < 2n — 1), results in Theorem 1.1 and Theorem 1.2 still hold.
We can also consider corresponding Hardy inequalities in the half space 2 =
{(z,y,t) € H*|t > 0}. To do so, we use the distance

1

4

plon,9) = | (120 =2+ o = 50*) " + (1 - 7]

With a simple calculation, it has 6(g) = dist(g, Q) = 2 = dist(g, gin¢), Where
g = (z,y,t) € Q, ginr = (,%,0). Then we get Vynd = (yt_%,—xt“%),

|V ind]? = <|ac|2 + |y|2) t=l, Agné = - (|:1c[2 + |y|2) t~2. By these and Propo-

sition 2.2 we obtain

/lVHn’U,lp

Q
—1\7!

> p(22) [ (1P - wl) o
D Q

-1\* Pt
~0-1) (552) [ (1o + 7)™ ¢ 5
p Q

References

[1] L. D’Ambrosio, Some Hardy inequalities on the Heisenberg group, Differ. Uravn. 40
{(2004), no. 4, 509-521, 575; translation in Differ. Equ. 40 (2004), no. 4, 552-564.

[2] N. Garofalo and E. Lanconelli, Frequency functions on the Heisenberg group, the uncer-
tainty principle and unique continuation, Ann. Inst. Fourier (Grenoble) 40 (1990), no. 2,
313-356.

[3] J. A. Goldstein and Q. S. Zhang, On a degenerate heat equation with a singular potential,
J. Funct. Anal. 186 (2001), no. 2, 342-359.



(4]
(5]
(6]

HARDY INEQUALITIES IN HALF SPACES OF THE HEISENBERG GROUP 417

Y. Han and P. Niu, Some Hardy type inequalities in the Heisenberg group, JIPAM. J.
Inequal. Pure Appl. Math. 4 (2003), no. 5, 1-5.

P. Niu, H. Zhang, and Y. Wang, Hardy type and Rellich type inequalities on the Heisen-
berg group, Proc. Amer. Math. Soc. 129 (2001), no. 12, 3623-3630.

J. Tidblom, A Hardy ineguality in the half-space, J. Funct. Anal. 221 (2005), no. 2,
482495,

JUNQIANG HAN

DEPARTMENT OF APPLIED MATHEMATICS
NORTHWESTERN POLYTECHNICAL UNIVERSITY
XI’AN, SHAANXI 710072, P. R. CHINA
E-mail address: southhan@163.com

PENGCHENG NIU

DEPARTMENT OF APPLIED MATHEMATICS
NORTHWESTERN POLYTECHNICAL UNIVERSITY
XI'AN, SBAANXI 710072, P. R. CHINA
E-mail address: pengchengniu@yahoo.com.cn

WENJI QIN

COLLEGE OF COMPUTER. SCIENCE
XI’AN POLYTECHNIC UNIVERSITY
X1’AN, SHAANXI 710048, P. R. CHINA
E-mail address: jghan@126.com



