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Kelvin Ship Wake Modification due to Wind Waves
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ABSTRACT: A kinematics model of a ship wake in the presence of surface waves generated by wind is presented. It was found that a
stationary wave structure behind a ship covered a wedge region with the angle at the top of the wake and that only divergent wave
were present in a ship wake instead of both the longitudinal and cross-waves, which ave known as the Kelvin model. Ship motion o
some angle to wind waves can cause an essential asymmetry of the wake, compressing its windward half.

1.Introduction

A moving ship (or any other object moving at or near the
water surface) generates a kind of trace on the water surface,
which is called a wake. Around and directly behind the ship,
the wake is rather complex, with so-called bow and stern
waves, eddies and currents, and foam. It depends on the
actual shape of the ship, the ship’s screws, and the ship
speed, among other factors. From about 3 ship lengths behind
the ship, the main features of the ship wake are rather
universal and do not depend much on the shape of the ship
or the screws. Here, the ship wake is a combination of two
different phenomena:

1. the turbulent wake, ie., foam, turbulent water and
sometimes surface films in the ship’s track.

2. the Kelvin wake , ie. a characteristic wave pattern
behind the ship (named after Lord Kelvin who first explained
the physics of ship wakes in 1887 by Kelvin, 1910).

The wave pattern of the Kelvin wake consists of two kinds
of waves: transverse waves (crests across the ship’s track) and
divergent waves (crests roughly parallel to the ship’s track,
moving outward). They are confined to a wedge-shaped
region behind the ship, and the half angle of that wedge is
19.5°, independent of the ship’s speed, as long as the deep
water condition is satisfied. For a typical ship speed of
10(20knots), "deep” as defined above means a depth of more
than 5.6. Since the water depth along shipping lanes in the
sea is usually 10m or more, the water can usually be
considered deep for most ships except speedboats. The length
of the longest waves in the Kelvin wake is between about 15
and 60 for typical ship speeds between 5 and 10/m/s The
wave’s structure behind the ship is presented in Fig. 1.
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Fig. 1 Scheme of ship wake

Remote sensing diagnostics of the sea surface nevertheless

evidently show an essential difference of measuring
parameters of the ship wake from the existing theoretical
values by Shemdin (1990), Reed and Milgram (2002),
Melsheimer et al. (1999). In the first hand it is the more
narrow or sometimes more wide envelope angle than Kelvin
one.

Another particularity is connected with asymmetry of
observed form of ship wake several additional mechanisms
for forming of the ship waves were investigated recently,
such as redistribution of the surface organic film inside the
wake, nonlinear wave’s interactions and Bragg wave's
modulation by Pelinovsky and Talipova (1990), Brown et
al. (1989). One more of the possible reasons for such
variability in a ship wave’s structure are that classical solution
(Kelvin, 1910) considered the structure of ship wake in the
calm water. But the ship wave’s structure in the presence of

external sea surface wave field can be strongly different from
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the classical one and possess of some conceptually new
properties.

Therefore one of the main problems to be considered here
is a ship wake and subsurface currents behind the ship in the
external field. Directional

distribution of surface waves inside the wake will be

presence  of surface waves
considered on the basis of general theory of wave’s
propagation in the moving non-stationary media. Detailed
analysis of ship waves will permit to determine the structure
of subsurface currents behind the ship, its influence on
bubbles motion and cavitations dynamic characteristics.

2. Statement of the Problem

We'll consider the ship waves dynamics in the moving
frame of reference with the ship source at its origin (P),
and uniform liquid flow with constant velocity U in the

right direction along the X axes (see Fig. 2).

Main purpose of the present investigation is to analyze
the stationary waves structure behind the ship in the
presence of external free surface wind wave’s pattern.
Kinematical approach for a ship wave’s motion in calm
water first was suggested by Lighthill et al. (1955).

Dispersion relation for surface gravity waves includes a

Doppler shift in this case and has the form:

wZTJ- Z+\/g|k| 1)

Stationary picture of surface waves takes place for zero
value of frequency ® = (). One can easily show from (1) that
ship velocity projection on the direction of the wave
propagation has to be equal to phase velocity of surface

waves:

Ucosyp= 4/ g/|k | 2
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P

Fig. 2 Geometry of Waves Behind the Ship.

where (k,4))- polar coordinates of wave number vector,
see Fig. 2.
Kinematics of wave propagation is governed by
conservation equation for wave number by Lighthill et al.
(1955):
Bt vu=0 G)

and consistency relation for phase function:

Oky = B_kQ )
oY 0X

Equation (3) is identically wvalid for the stationary
problem and zero frequency of surface wave field.

So, finally we have to solve the pair of equations
(2),(4) for two unknown functions (kj,k,).
k, =f(k,) is known from the relation (2) and so the

Dependence

quasi-linear equation (4) can be analyzed by the method
of characteristics. Let us rewrite it as equation for &,

function:
oky . ok,
ax - Boy ®)

Characteristics system for this equation has the form:

T ) ©)

dk,
ax

For the point source P we have the central wave,
characteristics are straight rays with the constant wave

number along the ray:

=1 (k) "

dk, _
ax

By using relation (1) function f’(k,) can be easily calculated:
G e e ®

Substituting (2) and (8) into first of the expressions (6)

gives following equation for the ray directions:
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where ¢ is the angle between the ray and the X-axis
(see Fig. 2). Phase condition (2)
equation for rays direction (9) defines the signs of

synchronism and

wave-number components k <0,k >0 forX>0,Y>0.

Picture of waves is symmetric with respect to X axes, so
regionX > 0,Y > 0.
¢(=C¢(—ky/k;), defined by (9) has maximum, equal to

we'll consider only the Function
§,=19.5". Every crest line has a cusp point at this

critical ray, dividing wave system into divergent
(—ky/ky <1/+/2) and transverse  (—ky/k; >1/1/2) parts.
Typical crest curve is presented at Fig. 3, and common
wave’s scheme in Fig. 1.

So, main results of Kelvin solution for the ship wake
are the following:

- Wave number vector function is constant at every ray
starting from the source point P (Fig. 2);

- Two system of waves are presented inside the ship
wake: transverse waves (crests across the ship’s track)
and divergent waves (crests roughly parallel to the ship’s
track, moving outward). They are confined to a
wedge-shaped region behind the ship, and the half angle
of that wedge is 19.5°. Angle geometry of wake does not
depend from the ship speed and determined only by
dispersive properties of the surface gravity waves. Waves
picture is symmetric with respect to the direction of ship
motion.

We'll begin consideration with the simplest, but very
important case of co propagation of the ship and surface
wind waves along the X-axis in the phase synchronism

conditions:

Fig. 3 Crest lines of waves in the ship trace

3. One-Dimensional Interaction of Ship Wake and
External Surface Wave'’s Field

= k
g  Fo

U=, — 10
Kol [yl a0

,where H - wave-number of the external wave field.
(kygskoy = 0) satisfied both

kinematics equations (2), (5) with equal to zero wave

Constant wave-number field

frequency in the chosen moving frame of reference:

Ukyy+ v/ g|k1(,| =0 (11)

But continuous solution for wave-number function,
including both ship wake region and external field is
impossible due to different values of wave-number vector
along the critical rays (¢=¢,. Weak solution of the

will  be

constructed here. Usual structure for such a solutions has

problem, including breaks of functions
two or more regions of continuous solution, joined by
break lines; functions have a jump across these lines,
nevertheless the integral physical conservation laws are
still valid there and give the connection between values
before and after the break line. It is well known, that for
quasi-linear differential equation of the first order like (5)
exist an infinite number of conservation laws and special
consideration has to be given for making a choice between
them. In our case equation (5) has a clear physical sense:
it is the consequence condition, necessary for the phase of
wave motion to exist the phase of wave motion. Keeping in
mind the common definition of wave-number function:

where 6 is the phase of wave motion, we'll assume the
integral conservation law, expressing the continuity of
phase function along the break line with direction D:

[k,]+ Dlk,] =0, (12)

where square brackets [ ] mean the jump of function
before and after the break: [k;]=Fk; —k;y,i= 1,2. Direction

of break line D can be expressed from (2), (11), (12) as a

pure function of wave-number components ratio
(—ky/k,) immediately after the jump:

k 1
D=——1(1— ) (13)

ko (1 (kyky)D)
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Fig. 4 Graphical solution of the equation (14). Curve (1)
represents solution for ship wake in calm water; curve
() possible directions of the break line; curve (II)
combined weak solution. Intersection point D defines
the unique position of the break line.

Displacement of the break line D is found by solving
the consequence equation, following from (9) and (13):

kl 1
R YT T )
k2 1

Tk 1+2(ky/k)? 1

)

Graphical solution of equation (14) is presented in Fig. 4.
Most significant result here is that the break line,
defined by direction D:

¢ =arctgD =~ 16.9° (15)

reduces the maximal angle of ship wave’s structure
(€, =19.5").
weak solution is, that longitudinal part of ship waves is

Another most important particularity of

eliminated eliminates longitudinal part of ship waves only
cross waves behind the ship are presented by high
frequency part of the solution (see curve (III), Fig. 4) to

the rewritten of the intersection point D.
Final combined solution (dashed line (IIl) at Fig. 4)
includes

the external surface wave's field of =zero

frequency (11), breaking line, defined by direction ¢

and relatively high frequency cross-waves inside the ship
wake.

4. Two-Dimensional Interaction of Ship Wake
and External Surface Wave’s Field

Let us consider next the stationary surface waves,
which have some nonlinear angle of propagation to the
axis of ship movement. Observer on the ship will see
stationary surface picture of constant wave-number field

k 1o = (kg kyy) for waves of zero frequency:

Ukyyt v 9’k 1()’ =0 (16)

It can be emphasized, that the wave’s picture can not
be symmetrical in this case due to nonzero value of
vertical wave number component ky,.

Continuous solution for the wave-number function,
including both ship wake angle region and external field
is impossible due to different values of wave-number
vector along the critical rays {=¢,, at the boundaries of
ship wake. Weak solution of the problem, including
breaks We'll

assume the validity of first integral conservation law,

of functions will be constructed here.

expressing the continuity of phase function along the
break line with direction D:

(k1] +D[ky]=0 17)

where square brackets | ] mean the jump of function
before and after the break: [k;|+k; —k;o,i =1,2. Direction
of break line D can be expressed from (16)-(17) as a
function of external wave-number angle tgy, = ky/ky,

and wave number angle immediately after the jump
to) = ky/ ky:

_ (1+tgy?) 2 = (1 +tgyy )2
D b g =t + iy (18)

Displacement of the break line D is found by solving
the consequence equation, expressed the fact that the
value of wave-number function at the shock ray (18)
must be equal to the corresponding value of continuous
solution of (7), (9) in the same direction:

(1 +t91/12)1/2*(1 +t91/1()2)1/2

tg (1 +tg®) " —tgipy (1+ tgup,®) 2
__tgp
1+ 2tgy?
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Fig. 5 Graphical representation of function tgy = f(tgv,)

For every direction of external waves field tgy, the
relation (19) implicitly determines the direction of wave
after the jump tgy
correspondingly the possible directions of break line D.

number  immediately and
Graphical representation of solution of the equation (19)
is presented in Fig. 5.

Curves (I) and (I) in Fig. 5 represent the possible
directions of the strong break lines of wave number

function for downward £k, <0 and upward ky >0
directions of external wave field, correspondingly. Curve
tgy =tgyp, which

evidently indicates the possibility of smooth transition

(IlI) expresses the solution of (19):

from internal to external wave’s field.
Now we note that if tgw,tgw, D satisfied equations
(16)-(19), then —tgip,,—tgy,, -D will also be the solution
of these equations. So, for modeling the common
schematic of waves behind the ship it is sufficient to
consider only the upper semi plate {>0 and various
directions of external surface waves field tgi),. For
ky <0

downward external waves strong break line

(corresponding to points of the curve (I), Fig. 5) will be
placed inside the wake, cut the transverse part of Kelvin
waves and provide the transition from divergent waves
inside the wake to external field. Upward external wave
field can be smoothly joined with Kelvin solution by
using the solution represented at curve (III), Fig. 5 and
both transverse and divergent waves will be presented in
the ship wake for such a case. On the basis of described
solution one can easily construct the common schematic
of the ship wake in the presence external wave field. A
principal schematic of the common solution is presented
in Fig. 6.

Interaction of the ship wake with free surface waves
under phase synchronism conditions (16) will cut some

Fig. 6 Structure of ship wake under external surface waves field

part of ship waves directed oppositely to the wave’s field
and correspondingly the angle of this region of ship
wake will be narrower than the classical one. "Shadow"
half of ship wake roughly will keep its initial structure
and still consist of divergent and transverse systems of

waves.

5. Conclusions

Shows kinematical model of the ship wake in presence

of external wind surface waves clearly shows the
possibility of changing the structure of classical Kelvin
solution. ~ Ship wake can be narrower and loses its
symmetric property. Analysis is carried out for linear or
weakly nonlinear surface wave field. The above mentioned
effects are visible in the far-field of ship wake for
essentially developed wind waves of the same order as
divergent ship waves.

More precisely speaking, the region of applicability for the
present model can be estimated by a series of the
corresponding experiments in laboratory or under real

conditions.
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