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ISOMETRIC IMMERSIONS OF FINSLER MANIFOLDS

Nany Lee∗ and Dae Yeon Won

Abstract. For an isometric immersion f : M → M of Finsler
manifolds M into M, we compare the intrinsic Chern connection
on M and the induced connection on M. We find the conditions
for them to coincide and generalize the equations of Gauss, Ricci
and Codazzi to Finsler submanifolds. In case the ambient space
is a locally Minkowskian Finsler manifold, we simplify the above
equations.

1. Introduction

The equations of Gauss and Codazzi for hypersurfaces of Finsler man-
ifolds had been studied in the monographs by H. Rund [16] and M. Mas-
tumoto [15]. Following the connection theories of Rund and Mastumoto,
there have been simplifications and generalizations to submanifolds of
arbitrary codimensions, e.g., in [17, 3, 14, 1].

The connection introduced by S. S. Chern in [7] did not appear in
[16, 15] at all. Following the pull-back formalism in [12], Chern himself
reinterpreted his connection in a modern fashion [8, 5]. In [4], M. Anas-
tasiei established that the Chern connection coincided with the Rund
connection. Now the equations in the modern language seem to be more
tractable and more applicable in the pursuit of geometric consequences.

In this paper, we generalize the problem of isometric immersions of
the Riemannian manifolds to the class of Finsler manifolds. For am-
bient spaces, we are eventually interested in the locally Minkowskian
Finsler manifolds. A Finsler metric is locally Minkowskian if the metric
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depends only on the space variables. Such a metric has computational
advantage because its Riemann curvature tensor and Chern curvature
tensor vanish.

In §2, we set up the notations for Finsler manifolds and introduce the
pull-back formalism. Under this setting, we can apply the usual tech-
niques in Riemannian geometry to the class of Finsler manifolds. The
Chern connection in [7, 8, 5] is the one we used in §3 and §4 to deduce
the equations. This connection is torsion free but is not metric compat-
ible. Because a Finsler manifold admitting a connection which is both
torsion free and metric compatible must be Riemannian, a weaker as-
sumptions on the connection is necessary. Though the Chern connection
is not metric compatible, almost metric compatibility gives us enough
information to carry out reasonable computations. To make the equa-
tions as simple as we can, throughout this paper, we use the Einstein
summation convention: a repeated upper and lower index is summed
over all possible values.

In §3, we define isometric immersions for Finsler manifolds. Given
an isometric immersion, we produce various vector bundles by the usual
operations on the vector bundles and end up with various connections.
Once we have connections, we can naturally define the second funda-
mental form of the immersion.

In §4, we generalize the equations of Gauss and Ricci to Finsler sub-
manifolds. And we further carry out simplification in case the ambi-
ent space is locally Minkowskian. The Riemann curvature tensor and
the Chern curvature tensor of the locally Minkowskian Finsler manifold
vanish so that it seems reasonable that the locally Minkowskian Finsler
manifold plays the role of the Euclidean space in the problem of the
isometric embeddings of Riemannian manifolds.

2. Preliminaries

2.1. Notations. Let M be a n-dimensional differentiable manifold with
a local coordinate system (x1, · · · , xn) . Then we have a canonical local
coordinate system (x1, · · · , xn, y1, · · · , yn) of the tangent bundle TM of
M induced by (x1, · · · , xn) .

Definition 2.1. A Finsler metric F on the manifold M is a function
F : TM → R satisfying
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(F1) Regularity: F is smooth away from the zero section of TM ,
(F2) Nonnegativity: F (x, y) ≥ 0 and F (x, y) = 0 if and only if y = 0 ,
(F3) Absolute homogeneity: F (x, λy) = |λ|F (x, y) for all λ ∈ R ,

(F4) Strongly convexity:
[

∂2F 2

∂yi∂yj

]
is positive definite.

A Finsler manifold (M,F ) is a differentiable manifold with a Finsler
metric F on M. Thus by definition, we have a Banach norm on each
tangent space TxM of M.

In order to apply well-developed techniques of Riemannian geometry,
we need to recall the pull-back formalism of S. Kobayashi[12, 13]: let π̃ :

p∗TM → T̃M be the pull-back bundle of the tangent bundle π : TM →
M by the projection p : T̃M → M . Here T̃M = TM\{zero section of π :
TM → M} is the slit tangent bundle of M.

p∗TM
p̃−−−→ TM

π̃

y
yπ

T̃M −−−→
p

M

A section of π̃ : p∗TM → T̃M is called a Finsler vector field. And
the set of all sections of this bundle is denoted by Γ(p∗TM) . Let

gij = 1
2
∂F 2/∂yi∂yj .

on the projectivised slit tangent bundle PT̃M of M . The strong con-
vexity condition (F4) on F induces a Riemannian structure gij on

π̃ : p∗TM → T̃M . So we can define the fundamental tensor g of F : for
U = U i(x, y) ∂

∂xi |(x,y), V = V i(x, y) ∂
∂xi |(x,y) ,

g(U, V ) = gijU
iV j .

Now the Cartan coefficients Cijk of a Finsler metric F is

Cijk =
1

4

∂3F

∂yi∂yj∂yk

and the Cartan tensor is

C(U, V, W ) = CijkU
iV jW k ,
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where U, V, W are as above. It is known that a Finsler metric F is a
priori a Riemannian metric if and only if the Cartan coefficients vanish.
In this paper, we are only interested in the class of proper Finsler metrics.

Now consider the geodesic coefficient Gi and non-linear connection
N i

j defined by

Gi =
1

4
gil

{
2
∂gjl

∂xk
− ∂gjk

∂xl

}
yjyk ,

N i
j =

∂Gi

∂yj
.

Let V be the vertical subspace of T T̃M with the basis
{

∂
∂yi

}n

1=1
.

Then the non-linear connection N i
j defines the decomposition T T̃M =

H ⊕ V , where H is the horizontal subspace of T T̃M with the basis{
δ

δxi = ∂
∂xi −N j

i
∂

∂yj

}n

i=1
. These subspaces H and V can be identified

with p∗TM by the isomorphisms h : p∗TM → H and v : p∗TM → V
defined by h

(
∂

∂xi

)
= δ

δxi and v
(

∂
∂xi

)
= ∂

∂yi . If we let

δyi = dyi + N i
jdxj,

then {dxi, δyi} is a coframe of T̃M dual to
{

δ
δxi ,

∂
∂yi

}
.

2.2. Chern connection. Given a local frame {ei} of p∗TM, we can

define a coframe {ωi, ωn+i} of T̃M dual to {h(ei), v(ei)}. And we let

gij = g(ei, ej) ,

Cijk = C(ei, ej, ek) .

Then there exists a unique set {ωj
i } of local 1-forms on T̃M satisfying

dωi = ωj ∧ ωi
j ,(TF)

dgij = gkjω
k
i + gikω

k
j + 2Cijkω

n+k .(AMC)

This set {ωj
i } of local 1-forms defines a connection on the pull-back

bundle π̃ : p∗TM → T̃M . It is called the Chern connection.
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3. Isometric immersions

3.1. Isometries. Let (M,F ) be a Finsler manifold of dimension n . We
will consider an ambient manifold M of dimension m = n + r with a
Finsler metric F. For the sake of notational simplicity, we use bar(or
overline) to denote the corresponding quantities for M. For example,

(x̄, ȳ) is a coordinate on M and ḡαβ = 1
2
∂F

2
/∂ȳα∂ȳβ . And we use the

following conventions on the indices: the Roman indices i, j, k, · · · vary
from 1 to n and the Greek indices α, β, γ, · · · vary from 1 to n + r and
µ, ν, · · · vary from n + 1 to n + r.

A differentiable immersion f : (M,F ) → (M, F ) is isometric if

(3.1) F (y) = F (f∗y) for all y ∈ TM .

Note that (3.1) is equivalent to

gij(y) = ḡαβ(f∗y)
∂fα

∂xi

∂fβ

∂xj
.

Therefore, we have

Proposition 3.1. f∗ : p∗TM → p∗TM preserves the fundamental
tensors and the Cartan tensors:

g = f ∗ḡ , C = f ∗C .

Now fix orthonormal frame {ei} for p∗TM and let ēi = f∗(ei). Then
by Proposition 3.1, we have gij = ḡij and Cijk = Cijk . Thus {ēi} is
orthonormal in p∗TM. And we can find an orthonormal basis

{ē1, · · · , ēn, ēn+1 · · · , ēn+r}
for p∗TM .

We now have a coframe {ωi, ωn+i} of T̃M dual to {h(ei), v(ei)} and a

coframe {ωα, ωm+α} of T̃M dual to {h̄(ēα), v̄(ēα)}. As in §2.2, we have

connection forms {ωj
i } of T̃M and {ωβ

α} of T̃M, with respect to the
coframes {ωi, ωn+i} and {ωα, ωm+α}, respectively.

Next we consider the pull-backs of ωα, ωm+α, ωα
β by f∗ : T̃M → T̃M

and denote them by the same symbols.
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Proposition 3.2. Comparing these pull-backs with the ones we pre-

viously defined on T̃M , we have

ωi = ωi ,(P1)

ωm+i = ωn+i + V i
j ωj ,(P2)

ωi
j − ωi

j = ai
jkω

k , ai
jk = ai

kj ,(P3)

ωµ
j = hµ

jkω
k , hµ

jk = hµ
kj ,(P4)

where ei = Aj
i

∂
∂xj and ēα = Bβ

α
∂

∂x̄β and

V i
j = (B−1)i

α

∂2fα

∂yk∂yl
ykAl

j + (B−1)i
αN

α

βCβ
j − (B−1)i

α

∂fα

∂xk
Nk

l Al
j .

Proof. By direct calculation with the coordinates, we obtain (P1) and
(P2).

By differentiating ωi − ωi = 0 and ωµ = 0 and using the structure
equation (TF) and the Cartan lemma, we have (P3) and (P4).

3.2. Induced Connection. Via the Chern connection forms ωi
j, we

define a linear connection

∇ : T (T̃M)× Γ(p∗TM) → Γ(p∗TM)

by ∇XU = {dU i(X) + U jωi
j(X)} ⊗ ei. Here U = U iei ∈ Γ(p∗TM) and

X ∈ T (T̃M).
We define the curvature of ∇ by

Ω(X, Y )U = ∇X∇Y U −∇Y∇X −∇[X,Y ]U

for a Finsler vector field U and tangent vector fields X,Y on T̃M. If we
let Ω(X,Y )ej = Ωi

j(X, Y )ei, then we have Ωi
j = dωi

j − ωk
j ∧ ωi

k.

By differentiating the structure equation (TF), we get ωj ∧ Ωi
j = 0

and so

Ωi
j =

1

2
Ri

jklω
k ∧ ωl + P i

jklω
k ∧ ωn+l.

The Riemann curvature tensor R and the Chern curvature tensor P are
defined by:

R(X,Y )U = Ri
jklX

kX lU jei,

P (X,Y )U = P i
jklX

kX lU jei

for a Finsler vector field U and tangent vector fields X, Y on T̃M.
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Similarly, ∇ : T (T̃M)× Γ(p∗TM) → Γ(p∗TM) is defined in terms of
ωα

β .

We can decompose p∗TM |f∗(T̃M) into the tangential subbundle f∗(p∗TM)

and the normal subbundle (p∗TM)⊥. The tangential subbundle f∗(p∗TM)
is identified with p∗TM.

Fix ξ, η ∈ Γ(p∗TM) and let ξ̄, η̄ be local extensions of f∗(ξ), f∗(η) to
p∗TM . Now decompose ∇h̄(ξ̄)η̄ into the tangential component (∇h̄(ξ̄)η̄)T

and the normal component B(ξ, η) . Then we have an induced connection
∇′ on p∗TM defined by

∇′
h(ξ)η = (∇h̄(ξ̄)η̄)T

with the connection forms ωi
j . The induced connection ∇′ does not

coincide with the Chern connection ∇ except the case that ai
jk = 0 .

Proposition 3.3. The induced connection ∇′ is torsion free and
satisfies

∇′gij = 2Cijkω
n+k − (gila

l
jk + gjla

l
ik)ω

k

= 2Cijkω
n+k + 2CijlV

l
kωk.

In particular, gila
l
jk + gjla

l
ik = −2CijlV

l
k for all i, j, k .

Proof. Because the connection ∇ satisfies

dgij = 〈∇ei, ej〉+ 〈ei,∇ej〉+ 2Cijkω
n+k,

we have

∇′gij = dgij − 〈∇′ei, ej〉+ 〈ei,∇′ej〉
= 2Cijkω

n+k − 〈∇′ei −∇ei, ej〉 − 〈ei,∇′ej −∇ej〉
= 2Cijkω

n+k − 〈al
ikω

kel, ej〉 − 〈ei, a
l
jkω

kel〉
= 2Cijkω

n+k − (glja
l
ik + gila

l
jk)ω

k.

On the other hand, we can derive ∇′gij = 2Cijkω̄
n+k from ∇ḡij . Thus

2Cijkω
n+k − (gika

k
jl + gjka

k
il)ω

l = 2Cijkω̄
n+k = 2Cijkω

n+k + 2CijkV
k
l ωl.

Since {ωk, ωn+k} is linearly independent, Cijk = Cijk and gika
k
jl+gjka

k
il =

−2CijkV
k
l .

Now we have
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Theorem 3.4. The followings are equivalent:

1. ∇′ = ∇.
2. gila

l
jk + gjla

l
ik = 0 for all i, j, k = 1, · · · , n.

3. CijlV
l
k = 0 for all i, j, k = 1, · · · , n.

Proof. If a connection satisfies (TF) and (AMC), then the connection
must coincide with the Chern connection by the uniqueness of the Chern
connection in §2.2. And so if the induced connection satisfies ∇′gij =
2Cijkω

n+k , then∇′ = ∇ . The converse is also true. Thus Proposition 3.3
completes the proof.

3.3. Second Fundamental Form. Note that the tangential compo-
nent (∇h̄(ξ̄)η̄)T of ∇h̄(ξ̄)η̄ is ∇′

h(ξ)η . The normal component

(3.2) B(ξ, η) = ∇h̄(ξ̄)η̄ −∇′
h(ξ)η

is called the second fundamental form of the immersion f : M → M .
Recall that B(ei, ej) = ω̄µ

j (h̄(ēi))ēµ = hµ
jiēµ and that hµ

ij = hµ
ji . Thus

we readily have

Proposition 3.5. The mapping B : Γ(p∗TM)×Γ(p∗TM) → Γ((p∗TM)⊥)
defined by (3.2) is bilinear and symmetric.

Observe that a self-adjoint operator Sη : p∗TM → p∗TM is associ-
ated to the symmetric bilinear mapping B by

〈Sη(ξ1), ξ2〉 = 〈B(ξ1, ξ2), η〉 .
Even though ∇ is not metric compatible, we have

(3.3) ∇h̄(ξ̄)ḡij = 2Cijαω̄m+α(h̄(ξ̄)) = 0 .

This is crucial in applying the techniques in Riemannian geometry to
the Finsler setting. Because of (3.3), we have the following analogue of
the shape operator in Riemannian geometry.

Proposition 3.6. Let (x, y) ∈ T̃M, ξ ∈ p∗TM |y and η ∈ (p∗TM)⊥|f∗y.
Choose a local extension N of η which is normal to f∗(p∗TM). Then

Sη(ξ) = −(∇h̄(ξ̄)N)T .
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4. The equations

Here we will consider the horizontal covariant derivative of normal
Finsler vector fields. For a Finsler vector field ξ on p∗TM and a normal

Finsler vector field η̄ on f∗(T̃M), we define the normal connection ∇⊥

of the immersion f : M → M by

∇⊥
ξ η̄ = (∇h̄(ξ̄)η̄)⊥.

And the normal curvature Ω⊥ of the immersion is defined by

Ω⊥(ξ1, ξ2)η̄ = ∇⊥
ξ1
∇⊥

ξ2
η̄ −∇⊥

ξ2
∇⊥

ξ1
η̄ −∇⊥

[ξ1,ξ2]η̄ .

Now we are ready to generalize the equations of Gauss, Ricci and Codazzi
in Riemannian geometry to Finsler manifolds.

4.1. Equations of Gauss and Ricci.

Theorem 4.1 (Equations of Gauss). Let ∇ be the Chern connection
on M and ∇′ the induced connection on M and ∇ the Chern connec-
tion on M . We have following relations between the Riemann curvature
tensors and the Chern curvature tensors of ∇ ,∇′ and ∇ :

R
i

jkl =R′i
jkl + hµ

jkh
i
µl − hµ

jlh
i
µk,(G1)

R′i
jkl =Ri

jkl + ai
jpΓ

p
kl + ai

pkΓ
p
jl − ap

jkΓ
i
pl − ai

jk,l − ap
jka

i
pl(G2)

− (ai
jpΓ

p
lk + ai

plΓ
p
jk − ap

jlΓ
i
pk − ai

jl,k − ap
jla

i
pk),

P
i

jkl =P ′i
jkl − hµ

jkC
i

µl,(G3)

P ′i
jkl =P i

jkl + ai
jpC

p
kl + ai

pkC
p
jl − ap

jkC
i
pl − ai

jk|l,(G4)

where ωi
j = Γi

jkω
k + Ci

jkω
n+k , dai

jk = ai
jk,lω

l + ai
jk|lω

n+l and hi
µj = hµ

ij .

Proof. Note that

(4.1) Ω
i

j = dω̄i
j − ω̄k

j ∧ ω̄i
k − ω̄µ

j ∧ ω̄i
µ = Ω′i

j − ω̄µ
j ∧ ω̄i

µ.

Here Ω′i
j = dω̄i

j − ω̄k
j ∧ ω̄i

k is the curvature of the induced connection ∇′.
Evaluating (4.1) at (h̄(ēk), h̄(ēl)) , we have

R
i

jkl = R′i
jkl − ω̄µ

j ∧ ω̄i
µ(h̄(ēk), h̄(ēl))

and

ω̄µ
j ∧ ω̄i

µ(h̄(ēk), h̄(ēl)) = hµ
jk(−hµ

il)− hµ
jl(−hµ

ik) = −hµ
jkh

i
µl + hµ

jlh
i
µk .
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Plugging ω̄i
j = ωi

j + ai
jkω

k into Ω′i
j , we have

(4.2) Ω′i
j = Ωi

j + ωk ∧ (ai
jpω

p
k + ai

pkω
p
j − ap

jkω
i
p − dai

jk − ap
jka

i
pqω

q) .

Evaluating (4.1) at (h̄(ēk), v̄(ēl)) , we have (G3). And evaluating (4.2)
at (h(ek), v(el)) , we have (G4).

Theorem 4.2 (Equations of Ricci). Let ∇ be the Chern connection
on M and ∇′ the induced connection on M and ∇ the Chern connec-
tion on M . We have following relations between the Riemann curvature
tensors and the Chern curvature tensors of ∇ and ∇⊥ :

R
µ

νij = R⊥µ

νij + hk
νih

µ
kj − hk

νjh
µ
ki ,(R1)

P
µ

νij = P⊥µ

νij + hµ
kiC

k

νj,(R2)

where hk
µj = hµ

kj and C
k

µj = Ckµj.

Proof. Note that

(4.3) Ω
µ

ν = Ω⊥µ

ν − ω̄k
ν ∧ ω̄µ

k .

Now evaluating (4.3) at (h̄(ēi), h̄(ēj)) , we have (R1). Then evaluating
(4.3) at (h(ei), v(ej)) , we have (R2).

4.2. Locally Minkowskian Finsler manifolds.

Definition 4.1. A Finsler manifold (M, F ) is called locally Minkow-
skian if for each p ∈ M , there exists a local coordinate system (xi, yi)
on TM such that F is a function of (xi) only.

Because the Riemann curvature tensor and the Chern curvature ten-
sor of locally Minkowskian Finsler manifolds vanish, the equations of
Gauss and Ricci of an isometric immersions into locally Minkowskian
Finsler manifolds can be simplified. From Theorem 4.1 and 4.2, we have

Theorem 4.3 (Equations of Gauss and Ricci). Let f : (M, F ) →
(M, F ) be an isometric immersion of a Finsler manifold (M, F ) into a
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locally Minkowskian Finsler manifold (M, F ) . Then we have

Ri
jkl =− hµ

jkh
i
µl + hµ

jlh
i
µk − (ai

jpΓ
p
kl + ai

pkΓ
p
jl − ap

jkΓ
i
pl − ai

jk,l − ap
jka

i
pl)

+ (ai
jpΓ

p
lk + ai

plΓ
p
jk − ap

jlΓ
i
pk − ai

jl,k − ap
jla

i
pk),

P i
jkl = + hµ

jkC
i

µl − (ai
jpC

p
kl + ai

pkC
p
jl − ap

jkC
i
pl − ai

jk|l),

R⊥µ

νij =− hk
νih

µ
kj + hk

νjh
µ
ki

P⊥µ

νij =− hµ
kiC

k
νj .

Finally, we derive an analogue of the equations of Codazzi in Rie-
mannian geometry. If we plug ω̄µ

i = hµ
ijω

j into

Ω
µ

i = dω̄µ
i − ω̄k

i ∧ ω̄µ
k − ω̄ν

i ∧ ω̄µ
ν ,

we have

Ω
µ

i = dhµ
ijω̄

j + hµ
ijω̄

k ∧ ω̄j
k − ω̄k

i ∧ hµ
kjω̄

j − hν
ijω̄

j ∧ ω̄µ
ν

= (dhµ
ij − hµ

ikω̄
k
j − hµ

kjω̄
k
i + hν

ijω̄
µ
ν ) ∧ ω̄j .

If M is a locally Minkowskian manifold, then Ω
µ

i = 0 . By the Cartan
lemma,

dhµ
ij − hµ

ikω̄
k
j − hµ

kjω̄
k
i + hν

ijω̄
µ
ν = hµ

ijkω
k , hµ

ijk = hµ
ikj .

If we put

dhµ
ij = hµ

ij,kω
k + hν

ij|kω
n+k ,

ωi
j = Γi

jkω
k + Ci

jkω
n+k ,

ω̄µ
ν = Γ

µ

νkω̄
k + C

µ

νkω̄
m+k ,

we have

Theorem 4.4 (Equations of Codazzi).

hµ
ij,k − hµ

ilΓ
l
jk − hµ

ljΓ
l
ik + hν

ijΓ
µ

νk − hµ
ila

l
jk − hµ

lja
l
ik = hµ

ijk ,

hµ
ij|k − hµ

ilC
l
jk − hµ

ljC
l
ik + hν

ijC
µ

νk = 0 ,

hµ
ij,k − hµ

ik,j = hµ
ilΓ

l
jk + hµ

ljΓ
l
ik − hν

ijΓ
µ

νk + hµ
lja

l
ik

− (hµ
ilΓ

l
kj + hµ

lkΓ
l
ij − hν

ikΓ
µ

νj + hµ
lka

l
ij) .

Remark . In Riemannian geometry, the equations of Gauss, Ricci
and Codazzi play an analogous role of the compatibility equations in the
local theory of surfaces. Thus we may conjecture that these equations
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are the necessary and sufficient condition for Finsler manifolds to be
isometrically immersed into a Minkowskian Finsler manifold. But this
seems unlikely in that as we weaken the hypothesis on the metric, we
need more equations.
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