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BOUNDARY VALUE PROBLEM FOR A CLASS OF THE
SYSTEMS OF THE NONLINEAR ELLIPTIC
EQUATIONS

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We show the existence of at least two nontrivial solu-
tions for a class of the systems of the nonlinear elliptic equations
with Dirichlet boundary condition under some conditions for the
nonlinear term. We obtain this result by using the variational link-
ing theory in the critical point theory.

1. Introduction

In this paper we consider the multiplicity of solutions for a class of
the systems of the nonlinear elliptic equations with Dirichlet boundary
condition

—Auy = Fy (uq, ..., uy) in Q, (1.1)
—Aug = F,(uq, ..., up) in €,

—Au, = F,, (uy,...,up) in €,
ui(x) =0 on 02,
where © be a bounded subset of R" with smooth boundary, u;(z) €
Wy?(Q) and F : R* — R be a C? function such that F(0,...,0) = 0.
Let u = (u1,...,up), Fu,(ug,...,u,) = OF(u1yun) F,(u) = gradF(u) =

Ou;
(Fu, (up, ..o uy), ... By (ug, ...y uy,)) and || denote the Euclidean norm
in R". We assume that F' satisfies the following conditions:

. Fy, (u) -
(F'D) My, ) —(0....0) T = 0
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(F2) 1My, 4. +fun|—oo % 00,1 =1,.
(F3) u- F,(u) > pF(u) Yu,

(F4) |Fo(ry,.ooom)| + oo+ B (e oo oymn)] < y(frm]” + o+ ral”),
Vri, ... rn, where v > 0, p €]2,2°[ v < 2 =1 — (2* — p)(1 — 22**/),
1=1,...,n

Some papers of Lee [13, 16, 17, 18] concerning the semilinear elliptic
system and some papers of the other several authors [10, 15] have treated
the system of this like nonlinear elliptic equations. System (1.1) can be
rewritten by

coy M

—Au = VF(u), in €,

u=0 on Of).

Let H be a cartesian product of the Sobolev spaces W&’Q(Q,R), ie.,
H=W,?(Q,R)x - xW;?(Q, R). We endow the Hilbert space H with

the norm
n
Jul|* = Z i ||,

where ||lu;]|* = [, [Vu;(2)|*dz. In this paper we are looking for the weak
solutions of system (1.1) in H, that is, u = (u; ..., u,) € H such that

/[—Au-v]das—/Fu(u)-v:O, for all v e H,
Q Q

where F,(u) = VF(u) = (Fy,, (u), ..., F,, (u)).
Our main result is the following:

THEOREM 1.1. Assume that F satisfies the conditions (F'1) — (F'4).
Then system (1.1) has at least two nontrivial solutions.

For the proof of Theorem 1.1 we approach the variational method.
We use the variational linking theorem and the critical point theory for
the definite functional. We study the topology and the geometry of the
sublevels of I and find some linking inequalities, hence by the variational
linking theorem we get the existence of at least two nontrivial solutions.

In section 2, we obtain some results on the operator —A on Wy?(€),
F and the functional I on H. n section 3, we recall the variation linking
theorem, which plays a crucial role to prove the multiplicity result. In
section 4, we prove Theorem 1.1.
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2. Some results on —A, F, [

Let Ay < Ay < ... < A\ < ... be the eigenvalues of the eigenvalue
problem for a single elliptic equation —Awu = Au with Dirichlet boundary
condition and ¢ be the eigenfunction belonging to the eigenvalue A,
k>1.

Since |A;| > 1 for all ¢ > 1, we have the following lemma.

LEMMA 2.1. Let u € Wy*(Q, R) and || - || is a Sobolev norm. Then
(i) ||lu]| = C||u||z2(q) for some constant C' > 0.
()
(ii) |Ju|| = 0 if and only if ||u|| 2(q) = 0.
(iii) —Au € Wy*(, R) implies u € W, (2, R).
Proof. (i) and (ii) can be checked easily.
(iii) Let A, be an eigenvalue of the eigenvalue problem for a single elliptic

equation —Awu = Au in € with Dirichlet boundary condition. We note
that {\, : |\a| < |c|} is finite. Let us set f = —Au € Wy*(Q, R). Let

f be expressed by
= hnon.

_ 1
) =D 3

Hence we have the inequality

” f“2 ZA”)\Q n<Zh

which means that

Then

I(=2)7f 1 < M fllzzo)-
O

From Lemma 2.1, we have:

LEMMA 2.2. Let VF(u) € H=W,?(Q,R) x --- x Wy *(Q, R). Then
all the solutions of
—Au = VF(u)
belong to H.

Now we return to the case of the system. We observe that by the
following Proposition 2.1, the weak solutions of system (1.1) coincide
with the critical points of the associated functional I

I CY(H,R),
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1
Ita) = [ (3IVu = Fa.wlds, (2.1)
Q
where u = (u1,...,u,) and |[Vul? =37 | [Vu]?, n > 1.

PROPOSITION 2.1. Assume that the conditions (F'1)-(F'4) hold. Then
the functional I (u) is continuous, Fréchet differentiable in H with Fréchet
derivative

Vi(u)v = /[(—Au) v — F,(u) - v]d.
Q
Moreover DI € C. That is I € C*.
Proof. For u,v € H,
[I(u+v) —I(u) — VI(u)v|

= |%/Q(—AU—AU)~(u+v)dm—/ﬂF(u+v)dm

_%/Q(_Au).ud“/ﬂp(u)dx_/g(—m—Fu(u))-vd:c|

= |1/[—Au-v—Av-u—Av'v]d:€
2 Jo

—/[F(u—l—v) —F(u)]dx—/[(—Au—Fu(u)) - v]dz|.
Q

We have
| / (F(u+v) — Fu)]dz] < | / [Fu(w) v+ o(o]))dz] = O(o]). (2.2)

Thus we have

[I(u+v) — I(u) — VI(u)v| = O(|v]*). (2.3)
Next we prove that I(u) is continuous. For u,v € H,
[[(u+v)—1I(u)| = |%/(—AU—A’0) . (u+v)dm—/F(u+v)dm
Q Q
—1/(—Au) ~udx+/F(u)da:|
2 Jq Q

= |1/[(—Au-v—Av-u—Av-v)dm
2 Ja

- / (F(u+v) — F(u))de]
e
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Similarly, it is easily checked that I € C. O

PROPOSITION 2.2. Assume that F satisfies the conditions (F1)-(F4).
Then there exist ag > 0, by € R and p > 2 such that

F(u) > aplul* — by, Yu. (2.4)

Proof. Let u be such that |u[* > R% Let us set p(¢) = F(&u) for
&> 1. Then

ple) = u- FulEw) > £o(6)
Multiplying by £7#, we get
(E"p(€) >0,
hence ¢(§) > p(1)&* for € > 1. Thus we have
Rlu| \ /|ul*\u
Pl 2 F(—) ()

)u > aplul* — by, for some ay, by,

|uf®

> Co(
where ¢g = inf{F(u)| |u|* = R?}. O

PROPOSITION 2.3. Assume that F' satisfies the conditions (F1)-(F4).
Then

if ||uy|| — 400 and
Jo tn - Fulug)de — 2 [, F(uy,)dx
[[an]|
then there exist (uy, ), and w € H such that
d( [, F d

grad(fy Flun,)dz)
[, [,
Proof. By (F3) and Proposition 2.2, for u € H,

[t Fawlas 2 [ Fujas >

Q

— 0,

—~(0,...,0).

(0 =2) | Pla)ds = (s - 2aolulf - br).
By (F4),
Jevad( | Flu)ds)] < ClJull
Q
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for suitable constant C’. To get the conclusion it suffices to estimate

v . ul|# o
HﬂH »o in terms of 1“le  1f p > 2*v then this is an consequence
fluf L [[ul ’

of Holder inequality. Next we consider the case u < 2*v. By the
assumptions p and v,

p <2 —1— (28— p)(l— ). (2.5)

By the standard interpolation arguments, it follows that ||%|| o <

C(”“”Zu)%” 8 : a l—a __ 1 —
oLk ull”, where « is such that £ + = (> 0)and g =

RA| 2% 2%y

(I —a)y—1—*=% By (2.5), 8 < 0. Thus we prove the proposition. [

3. Recall of the variational linking theorem

Let H be an Hilbert space with a norm || - ||, X C H,r >0, p >0
and e € H\X, e # 0. Set:

By ={w e X| [wl| <7},
Sp = {w e X| |wl| = r},
Ag(e,X) ={oe+w|oc>0,we X :|oe+w| <R},
Yre, X) ={oetw|o > 0,w € X : |oetw]| = R}U{w|w € X, |w| < R}.

Now we recall the variation linking theorem in [21].

THEOREM 3.1. (Variation linking theorem). Let H be an Hilbert
space, which is topological direct sum of the subspaces H, and H,. Let
I € C'(H, R). Moreover assume that
(a) dim Hy < +o0,

(b) there exist 7 >0, R > 0 and e € B, C Hy, e # 0 such that r < R
and

weSSlTHC)Hl Ilw) < welen(£7H2) Iw),
() —o0 <a=inf,enp(em) (W),
(d) (P.S.). condition holds for any ¢ € [a,b], which b = sup,,cp, p, I(w).
Then there exist at least two critical levels ¢; and ¢y for the functional
1 such that

inf o I<c¢< sup I< inf I<ec < sup [
Ar(e,Hz2) SrCH,p Yr(e,H2) B,CH;
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4. Proof of theorem 1.1

Assume that F' satisfies the conditions (F1)-(F4). From now on we
shall show that —I satisfies the variation linking theorem.
We have the following inequalities:

LEMMA 4.1. Assume that F satisfies the conditions (F'1) — (F4).
Let V; be the finite dimensional subspace of WOI’Q(Q) spanned by eigen-
functions corresponding to the eigenvalues A < Mg, for some k > 1,
t=1,...,n. Let us set

V=Vix---xV,.

Then V is a subspace of H and H =V ®V*. Let us set X = V. Then
(1) there exist r > 0 and a ball B, C V' with radius r such that
sup (—1)(u) <0
u€dB, CV
and
(ii) there exist R > r and an element e € By C V, e # 0 such that
inf (-1 >0 inf (=1 =a > —00.
uezlg(e,X)( () ’ ueAlg(e,X)( J(u) =a >
Proof. (i) By (F3) and (F4), F(u) < alul®, a > 0 and g > 2. If
u € V, then we have that

1

1
Iw) = gl = [ Plads > 5l - alullsq
Q

Since 3 > 2, there exist a small number r > 0 such that if u € 0B, C V,
then inf /(u) > 0. Thus we have sup,csp (—1)(u) < 0.

(ii) By Proposition 2.2, there exist ag > 0, by € R and u > 2 such that
F(u) > aglu|* — by, Yu. Let us choose an element e € B; C V and
w € X. Then we have that

I(u) = Sl - / Flu)de < 202+ HJw]]? = ago” — agllw]s . + by
2 o 2 2 ©)

for some b; € R. Since ;1 > 2 and w € X, there exists R > 0 such that
if u=oce+w € Xg(e, X), then sup I(u) < 0. Thus infy, e x)(—1)(u) >
0. Moreover if u = oge + w € Ag(e, X), then supI(u) < oo. Thus
ianR(e,X)<_I)<u> =a > —00 [

LEMMA 4.2. Assume that F satisfies the conditions (F'1)— (F4) hold.
Then I satisfies the (P.S.). condition for every real number ¢ € R.
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Proof. Let ¢ € R and (h,,) be a sequence in N such that h, — +o0,
(un)n be a sequence such that
Uy = (ug,...,u,) € H,¥n,I(u,) — ¢, VI(u,) — 0.

We claim that (uy), is bounded By contradiction we suppose that
||un|| — +oo and set u,, = Then

IIUnII

(V). i) = (T (1), 10y = 220)

[[en]|
Jo Fulun) - updr — 2 [, F(uy)dx 0
H .
[t
Hence
fQ ) - updr — QfQF U 0
—
[t |
By Proposition 2.3,
d [, F(u,)d
era f|§|l |(|u Jd converges
Up

and u, — 0. We get

VI(u,) A, _ grad(Jg, F'(un)dz)
[ ]

so —Au, converges. Since (i), is bounded and the inverse operator of
—A is a compact mapping, up to subsequence, (i, ), has a limit. Since
t, — (0,...,0), we get u,, — (0,...,0), which is a contradiction to the
fact that ||u,|| = 1. Thus (u,), is bounded. We can now suppose that
u, — u for some u € H. Since the mapping u — grad(fQ F(u)dx) is a
compact mapping, grad( [, F(u,)dz) — grad( [, F'(u)dz). Thus —Au,
converges. Since the inverse operator of —A is a compact operator and
() is bounded, we deduce that, up to a subsequence, (u,), converges
to some u strongly with VI(u) = lim VI(u,) = 0. Thus we prove the
lemma. 0

—)0’

PROOF OF THEOREM 1.1
By Proposition 2.1, I € C'(H,R). Thus —I € C'(H,R). We have
H =V & X with dimV < oco. By Lemma 4.1, there exist r > 0,
R > r, a ball B, C V with radius r and an element e € By C V,
e # 0 such that sup,cyp v (—1)(u) < 0, infyes,ex)(—1)(u) > 0 and
infuecnp(ex)(=1)(u) = a > —oo. Thus the condltlon (b) and (c) of
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Theorem 3.1 for —I is satisfied. By Lemma 4.2, —I(u) satisfies the
(P.S.). condition for any ¢ € R, so the condition (d) of Theorem 3.1
for —1I is satisfied. By Theorem 3.1, there exist at least two nontrivial
critical levels ¢; and ¢y for the functional —1 such that

inf (=1)<c; < sup (=1) < inf (=1)<cy < sup (—=1).
AR(67X)( ) == BBT£V< ) 2R(ev)()< ) == BTC];?/( )

Thus I has at least two nontrivial critical levels ¢; and ¢y for the func-
tional I such that

inf /1 <cy;< sup I< inf I <¢ < sup [.
B,CV ER(E,X) OB,CV AR(G,X)

Thus we prove theorem.
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