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WHEN IS AN ENDOMORPHISM RING P-COHERENT?

LIxin Mao

ABSTRACT. A ring is called left P-coherent if every principal left ideal is
finitely presented. Let M be a right R-module with the endomorphism
ring S. We mainly study the P-coherence of S. It is shown that S is a left
P-coherent ring if and only if the left annihilator anng(X) is a finitely
generated left ideal of S for any M-cyclic submodule X of M if and
only if every cyclically M-presented right R-module has an M -torsionfree
preenvelope. As applications, we investigate when the endomorphism ring
8 is left PP or von Neumann regular.

1. Introduction

As a new generalization of coherent rings, the concept of P-coherent rings
has been recently introduced and studied in [6]. R is called a left P-coherent
ring if every principal left ideal of R is finitely presented, or equivalently, if the
left annihilator of a in R is a finitely generated left ideal of R for any a € R.
The examples of left P-coherent rings include left coherent rings and domains.
Recall that R is called a left PP ring (resp., PF ring) if every principal left
ideal of R is projective (resp., flat). It is obvious that R is a left PP ring if and
only if R is a left P-coherent and PF ring. Another interesting fact is that R
is a left coherent ring if and only if every n x n matrix ring M,(R) is a left
P-coherent ring for every n > 1 (see [6, Proposition 2.4]). P-coherent rings
are also closely related to two classes of classical modules, i.e., torsionfree and
divisible modules. In fact, it has been shown that R is a left P-coherent ring
if and only if any direct product of torsionfree right R-modules is torsioniree,
if and only if any direct limit of divisible left R-modules is divisible (see [6,
Theorem 2.7]).

In this article, we will further consider the P-coherence of the endomorphism
ring S of a right R-module M. To this aim, we first introduce the concept of M-
torsionfree modules in Section 2. Some elementary properties of M-torsionfree
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modules are given. For example, if N is an M-torsionfree right R-module, then
Hompg(M, N) is a torsionfree right S-module.

In Section 3, we study when the endomorphism ring S of a right R-module
Mp is left P-coherent. It is shown that § is a left P-coherent ring if and only if
every cyclically M-presented right R-module has an M-torsionfree preenvelope
if and only if the left annihilator anng(X) is a finitely generated left ideal of S
for any M-cyclic submodule X of Mg.

Section 4 is devoted to some applications. We show that every cyclically
M-presented right R-module has an M-torsionfree preenvelope which is a
monomorphism if and only if the endomorphism ring S is left P-coherent and
sM is divisible. It is also proven that S is a left P-coherent ring and submod-
ules of M-torsionfree right R-modules are M-torsionfree if and only if every
cyclically M-presented right R-module has an addMg-envelope which is an
epimorphism. In addition, we further investigate when the endomorphism ring
of Mg is left PP or von Neumann regular in case My is quasi-projective.

Throughout this paper, all rings are associative with identity and all modules
are unitary. As usual, E(M) denotes the injective envelope of M, M’ stands
for the direct product of copies of M indexed by a set I. Mg (gM) denotes
a right (left) R-module. For a module Mg, we denote by S = End(MEg) the
endomorphism ring of My and by add My, the category consisting of all modules
isomorphic to direct summands of finite direct sums of copies of Mr. The reader
may consult [1], [2] and [7] for background materials in ring and module theory.

2. M-torsionfree modules

Let Mg be aright R-module. Recall that a right R-module is calted M -cyclic
if it is isomorphic to M/X for some submodule X of M. A right R-module N
is called cyclically M -presented if there is an exact sequence 0 — K — M —
N — 0 with K M-cyclic. A right R-module is called cyclically presented if it
is cyclically Rp-presented.

Definition 2.1. Let Mg be a right R-module. A right R-module N is called
M -torsionfree if every R-homomorphism K — N with K cyclically M-present-
ed factors through a right R-module in addMg, or equivalently, factors through
M™ for some integer n > 0.

Remark 2.2. (1) By definitions, the class of M-torsionfree right R-modules is
closed under direct summands and finite direct sums.

(2) If N € addMpg, then N is clearly M-torsionfree. The converse holds if .
N is cyclically M-presented.

(3) Recall that a right R-module N is called torsionfree [3] if Tor¥(N, R/Ra)
= 0 for all @ € R. By [10, Proposition 2], it is easy to verify that a right R-
module N is torsionfree if and only if every R-homomorphism K — N with
K cyclically presented factors through a finitely generated projective right R-
module. So Rg-torsionfree modules are exactly torsionfree right R-modules.
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Let Mg be a right R-module with S = End(Mg). For a right R-module 4,
there is a natural R-homomorphism 64 : Homg (M, A) ®g M — A defined via
0a(f ®z) = f(z) for f € Homp(M,A) and z € M.

On the other hand, for a right S-module B, there is a natural S-homomorph-
ism £ : B — Homg (M, B ®@g M) defined via p(b)(z) =b®z for b € B and
re M.

Recall that a right R-module N is called M -projective if, for every quotient
module @ of M, the sequence Homg (N, M) — Hompg{N, @) — 0 is exact. M
is called guasi-projective if M is M-projective.

Proposition 2.3. Let My be a right R-module with S = End(Mpg). If N
is an M-torsionfree right R-module, then Hompg{M, N) is a torsionfree right
S-module. The converse holds if Mg is a quasi-projective right R-module.

Proof. Suppose that N is an M-torsionfree right R-module. For any cyclically
presented right S-module G, there is a right R-module exact sequence

SQsM —-S5SQsM —->Gos M — 0.

So G®g M is a cyclically M-presented right R-module. Let o : G — Homp(M,
N) be any S-homomorphism. Since N is M-torsionfree, the right R-homomor-
phism G ®g M “8' Homp(M,N)®s M X N factors through M™ for some
n 2 0. Thus, applying Hompg (M, —), we get the right S-homomorphism

Homp(M,G®g M) (0@))- Hompg(M,Homp(M, N)Qs M) (6 ) Hompg(M, N),

which factors through Hompg (M, M™) = S™. Therefore the right S-homomor-

phism G S Homp(M,G ®s M) “S" Homp(M, Homp (M, N) @5 M) ™"

Hompg(M, N) factors through S™. It is easy to verify that

a= (On)(a® 1)

So Homp (M, N) is a torsionfree right S-module by [10, Proposition 2].
Conversely, assume that M is a quasi-projective right R-module and Hompg
(M,N) is a torsionfree right S-module. Let H be a cyclically M-presented
right R-module and f: H —» N any R-homomorphism. Then Homp{(M, H) is
a cyclically presented right S-module since M is quasi-projective. So the right

S-homomorphism Homgz (M, H) % Hom r(M, N) factors through §™ for some

integer m > 0. Thus the induced R-homomorphism Hompg(M, H) ®s M 731

Hompg(M,N) ®s M factors through S™ ®g¢ M = M™. Since H is cyclically
M-presented, we have Homgp(M, H) ® g M %% I is an isomorphism. Note that

fbr =0n(fr ®1).

So f factors through M™, and hence N is an M-torsionfree right R-module. [



102 LIXIN MAO

Let MR be a right R-module with § = End(Mg). For right R-modules A,
B, there is a natural homomorphism

oa,p: Homg(M, A) ®s Homg (B, M) — Homg(B, A)

defined via o4 5(f ® g)(b) = f(g(b)) for f € Homg(M, A), g € Homg(B, M),
beB.

It is easy to check that o4 p is an isomorphism if A € addMg or B €
addMg.

Proposition 2.4. Let M and A be right R-modules. Then the following con-
ditions are equivalent:
(1) A is M-torsionfree;
(2) For any cyclically M -presented right R-module B, 0 4,p s an epimor-
phism.

Proof. (1) = (2). Let f € Homg(B, A). By (1), f factors through a right
R-module M™ for some integer n > 0, i.e., there exist g : B — M" and
h: M™ — A such that f = hg. Let m; : M™ — M be the ith projection and
Ai : M — M™ the ith injection, i = 1,2,...,n. Put f; = hA; and ¢; = mg. It
is easy to check that

f= G'A,B(Z fi®g:).
i=1
So 04, p is an epimorphism.
(2) = (1). Let B be a cyclically M-presented right R-module and f €
Hompg(B, A). By (2), there are f; € Homg(M, A) and g; € Homg(B, M),i =
1,2,...,n, such that

f= UA,B(Z [i ® 94)-

i=1

Define g : B — M™ via

g(b) = (gl(b)vg2(b)7 v ag’n(b))) b € B
and define h : M™ — A via

h(ml,mz, e ,mn) = Zfz(m@), m; € M.
=1

Then f = hg and hence (1) follows. 0

Proposition 2.5. Let Mg be a finitely presented right R-module. Then every
pure submodule of an M -torsionfree right R-module is M -torsionfree.

Proof. Let N be a pure submodule of an M-torsionfree right R-module L and
j : N — L the inclusion. Since L is M-torsionfree, for any cyclically M-
presented right R-module P and any homomorphism f : P — N, there are
Q €addMrand g: P— @ and h : @ — L such that jf = hg. Note that there



WHEN IS AN ENDOMORPHISM RING P-COHERENT? 103

is a pure epimorphism ¢ : H — L with H pure-projective by [10, Proposition 1],
so we have the pullback diagram of j and ¢:

A TP

0 K H L/N 0
R
0 N—1>[—">L/N 0.

Since Mg is finitely presented, Q is finitely presented. Thus there exists [ :
@ — H such that h = ¢l since ¢ is pure. Therefore we have m¢lg = whg =
mjf = 0, which implies that ig(P) C K (here X is regarded as the inclusion).
Since P is finitely generated, so is lg(P). Note that j and ¢ are pure, it is
easily seen that A is also pure. On the other hand, since H is pure-projective,
by [11, Proposition 1.4(3)], we get a homomorphism k¥ : H — K such that
klg(p) = lg(p) for all p € P. Put 3 = akl, then 3 € Homg(Q, N).
For all p € P, we have

Bg(p) = jaklg(p) = ¢klg(p) = $Ng(p) = $lg(p) = hg(p) = i f(p) = f(p)-
So f = Bg. Thus N is M-torsionfree. O

3. When is the endomorphism ring of a right R-module
P-coherent?

Let C be a class of right R-modules and N a right R-module. A homomor-
phism ¢ : N — F with F € C is called a C-preenvelope of N [2] if for any
homomorphism f: N — F' with F' € C, there is a homomorphism g : F' — F'
such that g¢ = f. Moreover, if every endomorphism ¢ : F — F such that
gé = ¢ is an isomorphism, the C-preenvelope ¢ is called a C-envelope of N.

For C the class of M-torsionfree right R-modules, C-(pre)envelopes will sim-
ply be called M -torsionfree (pre)envelopes.

Theorem 3.1. Let Mg be a right R-module with S = End(Mg). Then the
following conditions are equivalent:
(1) S is a left P-coherent ring,
(2) Hompg (N, M) is a finitely generated left S-module for any cyclically
M -presented right R-module N,
(3) Ewvery cyclically M -presented right R-module has an M-torsionfree pre-
envelope;
(4) The left annihilator anns(X) is a finitely generated left ideal of S for
any M -cyclic submodule X of Mg;
(5) All direct products of copies of Mg are M -torsionfree;
(6) All direct products of M -torsionfree right R-modules are M -torsionfree.

Proof. (1) = (2). Let N be a cyclically M-presented right R-module, i.e.,

there is a right R-module exact sequence M 4. M — N — 0. Then we have an
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induced left S-module exact sequence

0 — Homg(N, M) — S L s.

Note that im(f*) is a principal left ideal of S. Thus im(f*) is finitely presented
by (1), and so Homg(N, M) is a finitely generated left S-module.
(2) = (1). Let a € S. Then there is a left S-module exact sequence

0—-K%s4 Sa — 0, which induces a right R-module exact sequence
0 — Homg(Sa, M) & Homs (S, M) & Homgs(K, M).
Note that the following diagram is commutative:

S ! Sa 0

|- -

Hompg(Homg(S, M), M) A Hompg(Homg(Sa, M), M),

where dg, and dg are the canonical maps.
Let i : Sa — S be the inclusion. We get the following commutative diagram:

0 Sa : S

. -

Homp(Homg(Sa, M), M) ~—> Homp(Homs(S, M), M)

So i**dg, = 05t is a monomorphism.
On the other hand, there exists a right R-module exact sequence

Homgs(S, M) % Homg(S, M) — G — 0.

Since G is cyclically M-presented, we have that Hom r(G, M) is a finitely gen-
erated left S-module by (2). Therefore there exists ¢ : K — Hompg(G, M) such
that the following diagram with exact rows is commutative:

0 K g s ! Sa 0

¥ las li"asC.
Yo N .

0 — Homg(G, M) —— Hompg(Homg(S, M), M) LA Homp(Homg(S, M), M)

By the Five Lemma, % is an isomorphism. Thus K is finitely generated, and
so Sa is finitely presented. Hence S is a left P-coherent ring.

(2) = (3). Let N be a cyclically M-presented right R-module. By (2),
Hompg(N, M) is a finitely generated left S-module, so there is a generating set
{f; € Homg(N, M) :1 < j < n} of Homg(N, M). Define f : N — M™ via

z = (fi(x), fo(x), ..., fn(x)), xE€N.

We will show that f is an M-torsionfree preenvelope of N. In fact, let G
be an M-torsionfree right R-module and ¢ : N — G any R-homomorphism.
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Then there are g : N — M™ and v : M™ — G such that ¢ = g for
some integer m > 0. Let m; : M™ — M be the ith projection, 1 < i < m.
Note that m;9 € Homg(N, M), so there exist s;; € S (1 < j < n) such that
Mg = Z?Zl sijf;. Define h; : M™ — M via

(al,ag,...,an)»—-» E 83504, a; € M.

Then there exists h : M™ — M™ such that h; = mh. So mhf = hif = mg
and hence g = hf. Thus ¢ = g = (vh)f. Consequently f is an M-torsionfree
preenvelope.

(3) = (4). Let X be an M-cyclic submodule of the right R-module M.

Consider the right R-module exact sequence 0 — X - M 5 M/X — 0,
where 7 is the inclusion and 7 is the canonical map. Since M/X is cyclically
M-presented, M/X has an M-torsionfree preenvelope ¢ : M/X — Y by (3).
So there exist o : M/X — M™ and n: M™ — Y such that § = na for some
integer m > 0. Let px, : M™ — M (resp., Ay : M — M™) be the kth canonical
projection (resp., injection) and 8; = prar € S, k = 1,2,...,m. It is clear
that 8; € anng(X).

On the other hand, for any f € anng(X), there is a right R-homomorphism
v: M/X — M such that yr = f. Since 6 is an M-torsionfree preenvelope,
there exists ¢ : Y — M such that ¢# = ~v. Thus

m

F=06m =" ¢n\ipram =D (¢n\e)Bk € Y SBr,

k=1 k=1 k=1

which implies that anng(X) = Z SP is a finitely generated left ideal of S.

(4) = (3). Let N be a cychcally M-presented rlght R-module. Then there
is a right R-module exact sequence 0 - K — M 5 N — 0, where K is M-
cyclic. Thus anng(K) is a finitely generated left ideal of S by (4). Suppose
that f1, fo,..., fm is a generating set of anng(K). Then K is contained in the
kernel of the product map f: M — M™ induced by the f; (we set m;f = f;,
where m; : M™ — M is the ith canonical projection, ¢ = 1,2,...,m), and
hence there is a map h : N — M™ such that f = hg. We claim that h is an
M-torsionfree preenvelope of N. In fact, for any homomorphism ¥ : N — G
with G M-torsionfree, there exist o : N — M™ and 8 : M™ — G such that
7 = Ba for some integer n > 0. Let m; : M™ — M be the jth canonical
projection, j = 1,2,...,n. It is obvious that m;ag € anng(K ) Thus there
exist £;; € S, 1 = 1 2,...,m such that

miag =Y tiifi= (Y tymi)f = (3 tym)hg
i=1 i=1

i=1
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Since g is epic, we have mjo = (3 1o, ¢i;m;)h. In addition, there exists ¢ :
M™ — M™ such that mjpo =Y .- t;;m; for any j = 1,2,...,n. Hence mjph =
(X, tiymi)h = i, and so ph = a. Thus v = fo = (Bp)h. It follows that h
is an M-torsionfree preenvelope.

(3) = (6). Let {M;}ics be a family of M-torsionfree right R-modules and
N any cyclically M-presented right R-module. By (3), N has an M-torsionfree
preenvelope f : N — F. It follows that the sequence

Hompg(F, M;) — Homg(N, M;) — 0
is exact. Thus we get the exact sequence
(Hompg(F, M;))! — (Hompg(N, M;))! — 0.
Note that
(Hompg(F, M;))! = Hompg(F, M}) and (Homg(N, M;))! = Hompg(N, M{).

So every homomorphism from N to M} factors through F. In addition, since F
is M-torsionfree, every homomorphism from N to F' factors through a right R-
module in addMg. Thus every homomorphism from N to M/ factors through
a right R-module in addMpg. So M} is M-torsionfree.

(6) = (5) is trivial. '

(5) = (2). Let A be a cyclically M-presented right R-module. For any index
set I, we have the following commutative diagram:

4

(Hompg(4, M))! Hompg(A4, MT)

T%’ T”MI,A

ST ®¢ Hompg(A, M) ———>¢HomR(M, M'") ®s Hompg(4, M),

where  is a canonical homomorphism, § and 1 are isomorphisms. By Propo-
sition 2.4, opr 4 is epic since M I js M-torsionfree. Thus ¢ is epic, and
hence Homp(A, M) is a finitely generated left S-module by [9, Lemma 13.1, p.
41]. a

Corollary 3.2. Let My be a finitely presented right R-module with S =
End(MRg). Then the following conditions are equivalent:

(1) S is a left P-coherent ring;

(2) Every right R-module has an M -torsionfree preenvelope.

Proof. (1) = (2). Let N be any right R-module. By [2, Lemma 5.3.12], there
is a cardinal number R, such that for any R-homomorphism f : N — L with L
M-torsionfree, there is a pure submodule @ of L such that Card(Q) < R, and
f(N) C Q. Thus f has a factorization N — @Q — L, where @ is M-torsionfree
by Proposition 2.5. Now let (;)icr give all such homomorphisms ¢; : N — Q;
with Card(Q;) < R, and Q; M-torsionfree. Then any homomorphism N — H
with H M-torsionfree has a factorization N — Q; — H for some j € I. Thus
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N — Qf is an M-torsionfree preenvelope since Q! is M-torsionfree by (1) and
Theorem 3.1.

(2) = (1) is clear by Theorem 3.1. O
Theorem 3.3. Let Mg be a quasi-projective right R-module with S=End(MRg).

Then the following conditions are equivalent:

(1) S is a right P-coherent ring;
(2) For any s € S, there exist n > 0 and a right R-homomorphism « :
M"™ — ker(s) such that Hompg(M, coker(a)) = 0.

Proof. (1) = (2). Let s € S. Then there is a right R-module exact sequence
0 — ker(s) = M > M,
which gives rise to the right S-module exact sequence
0 — Hompg (M, ker(s)) = S 35 S.

So Hompg(M, ker(s)) is a finitely generated right S-module since im(s,) is
finitely presented by (1). Thus there is a right S-module exact sequence

S™ — Hompg (M, ker(s)) — 0,

which induces a right R-module exact sequence

YA Hompg(M, ker(s)) ®s M — 0.
Put
0 er(s
a = Oyer(s)B: M™ LA Hompg(M, ker(s)) ®s M = ker(s).

Next we will show Hompg (M, coker(a)) = 0. Let f € Hompg(M, coker(a)) and
«v : ker(s) — coker(a) be the canonical map. Since M is a quasi-projective right
R-module, M is ker(s)-projective by [1, Proposition 16.12]. So there exists g :
M — ker(s) such that f = ~vg. For any z € M, we have g(z) = Oer(5)(9® ) €
im(a). Thus f(z) = vg(z) = 0, and hence f = 0. So Hompg(M, coker(a)) = 0.

(2) = (1). Let 0 » K — S 5 S be an exact sequence of right S-modules. It
is enough to show that K is finitely generated. By tensoring with ¢M, S s
induces a right R-homomorphism ¢ : M — M. By Five Lemma, we have
K =~ Hompg (M, ker(v)). In addition, there exists o : M™ — ker(¢) such that
Homp(M, coker(a)) = 0 by (2). Since M is a quasi-projective right R-module,
we get the right S-module exact sequence

S™ — Hompg (M, ker(¢)) — 0.

So K is finitely generated. It follows that S is a right P-coherent ring. a
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4. Applications

Recall that a left R-module N is said to be divisible [3] if Ext(R/Ra, N) =0
for all a € R.

Let s Mg be a bimodule. A right R-module L is called Mg-torsionless [1] if
the canonical map I — Homg(Hompg(L, M), M) is a monomorphism.

Lemma 4.1. Let Mg be a right R-module with S = End(Mg). Then sM
is divisible if and only if every cyclically M -presented right R-module is Mp-
torsionless.

Proof. “=»". Let N be a cyclically M-presented right R-module, i.e., there is

a right R-module exact sequence M 4, M — N = 0. Then by [5, Lemma 4.1],
there exists an exact sequence

0 — Ext5(L, M) = N — Homgs(Homp(N, M), M),

where L = coker(f*) is a cyclically presented left S-module. Thus Ext%(L, M)
= 0, which implies that N is Mg-torsionless.

“ < ”. Let G be a cyclically presented left S-module, i.e., there is a left
S-module exact sequence S % § — G — 0. Thus we obtain an induced exact
sequence ‘ :

0 — Homs (G, M) — Homs(S, M) & Homs(S, M) — H — 0,

where H = coker{g*) is a cyclically M-presented right R-module, and so is
Mpg-torsionless by hypothesis. Now applying [5, Lemma 4.1] to the right half
of the above sequence, we get the exact sequence

0 — Ext}(Q, M) — H — Homg(Hompg(H, M), M),
where Q = coker(g**) = G. Thus Ext3(G, M) = 0, and so sM is divisible. O

Theorem 4.2. The following conditions are equivalent for a right R-module
Mg with S = End(Mpg) :
(1) S is a left P-coherent ring and gM is divisible;
(2) S is a left P-coherent ring, and every cyclically M -presented right R-
module embeds in L with L € addMg;
(3) S is a left P-coherent ring, and every injective right R-module is M-
torsionfree;
(4) S is a left P-coherent ring, and the injective envelope of every simple
right R-module is M -torsionfree; '
(5) Ewvery cyclically M -presented right R-module has an M -torsionfree pr-
eenvelope which is a monomorphism.

Proof. (1) = (2) holds by Theorem 3.1 and Lemma 4.1.

(2) = (3) = (4) are straightforward. -

(4) = (5). Let N be a cyclically M-presented right R-module. We will
show that N is Mg-torsionless. It is enough to show that, for any 0 ¥ m € N,
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there exists f : N — M such that f(m) # 0. In fact, there is a maximal
submodule K of mR, and so mR/K is simple. By the injectivity of E(mR/K),
there exists j : N — E(mR/K) such that j. = im, where ¢ : mR — N and
i : mR/K — E(mR/K) are the inclusions, and 7 : mR — mR/K is the
canonical map. Note that j(m) = jiu(m) = im(m) # 0. On the other hand,
since E(mR/K) is M-torsionfree by (4), there exist n € N, g : N — M™ and
h: M"™ — E(mR/K) such that j = hg. Therefore g(m) = (21, %2,...,Z,) # 0.
So there exists some z; # 0. Let p; : M™ — M be the ith projection. Then
pig(m) # 0. Hence N is Mg-torsionless. Thus N embeds in an M-torsionfree
right R-module by Theorem 3.1, and so N has an M -torsionfree preenvelope
which is a monomorphism by Theorem 3.1 again.

(5) = (1) follows from Theorem 3.1 and Lemma, 4.1. O

Corollary 4.3. The following conditions are equivalent for an injective right
R-module Mg with S = End(Mg) :
(1) S is a left P-coherent ring and gM is divisible;
(2) Ewery cyclically M -presented right R-module has an M -torsionfree en-
velope which is & monomorphism.

Proof. (1) = (2). Let N be a cyclically M-presented right R-module. By
Theorem 4.2, E(N) is M-torsionfree. We claim that the inclusion ¢ : N —
E(N) is an M-torsionfree envelope of N. In fact, for any M-torsionfree right
R-module F and any homomorphism f: N — F, f factors through a module
L in addMpg, i.e., there exist g : N — L and h : L — F such that f = hg.
Since MR is injective, we have L is injective. Therefore there is j : E(N) — L
such that g = ji. Thus f = h(ji) = (hj)i, which means that i is an M-
torsionfree preenvelope, and hence i is an M-torsionfree envelope of N since 1
is an injective envelope.

(2) = (1) is clear Theorem 4.2. O

Theorem 4.4. The following conditions are equivalent for a right R-module
Mg with § = End{(Mpg) :
(1) S is a left P-coherent ring, and every submodule of an M -torsionfree
right R-module is M -torsionfree;
(2) Every cyclically M -presented right R-module has an M -torsionfree en-
velope which is an epimorphism;
(3) Every cyclically M -presented right R-module has an addMg-envelope
which is an epimorphism.
If My is quasi-projective, then the conditions above are also equiva-
lent to

(4) S is a left PP ring.
Proof. (1) = (2). Let N be a cyclically M-presented right R-module. Then
N has an M-torsionfree preenvelope f : N — F by Theorem 3.1 since S is

a left P-coherent ring. However im(f) is M-torsionfree by (1), it follows that
N — im(f) is an epic M-torsionfree envelope.



110 LIXIN MAO

(2) = (3). Let N be a cyclically M-presented right R-module. Then N
has an epic M-torsionfree envelope f : N — F by (2). So f factors through
a module L in addMp, i.e., there exist g : N — L and h : L — F such that
f = hg. On the other hand, since L is M-torsionfree, there exists o : F — L
such that g = of. Thus f = haf, and so ha = 1 since f is epic. Hence F is
isomorphic to a direct summand of L. Therefore F' € addMp and (3) follows.

(8) = (1). It is clear that S is a left P-coherent ring by Theorem 3.1. Now
suppose that NN is a submodule of L with L an M-torsionfree right R-module,
and ¢ : N — L is the inclusion. For any cyclically M-presented right R-module
K and o € Hompg(K, N), ta factors through a module H in addMg, i.e., there
exist g : K — H and h : H — L such that ta = hg. By (3), K has an epic
addMg-envelope 3 : K — Q. Thus there exists v : Q — H such that g = 73,
which implies that ker(3) C ker(c) and so there exists ¢ : @ — N such that
o = pf. Therefore N is M-torsionfree.

(1) = (4). Let @ € S. Then there is a right R-module exact sequence
M3 M — N — 0. Since M is quasi-projective, we get a right S-module
exact sequence

Hompg (M, M) 25 Homg(M, M) — Homg(M, N) — 0.
Let A : (M) — M be the inclusion. By (1), a(M) is M-torsionfree, so
Hompg(M, a(M)) is a torsionfree right S-module by Proposition 2.3. Note that
aS = a.(S) = A(Homp(M, a(M))) & Homg(M, a(M)).

Thus S is torsionfree, and so is flat by [8, p. 2047, 5(a)]. Hence S is a right
PF ring. But the property that S is a PF ring is left-right symmetric (see [4]),
therefore S is a left PP ring.

(4) = (1). Let N be a submodule of H with H an M-torsionfree right R-
module. Then there is a right R-module exact sequence0 — N — H — L — 0,
which induces a right S-module exact sequence

0 — Homg(M,N) — Homg(M,H) —» G — 0.

Note that Homg (M, H) is a torsionfree right S-module by Proposition 2.3.
Let @ € S. Then Sa is projective by (4). So the exact sequence 0 — Sa —
S — §/Sa — 0 induces the exactness of the sequence

0 = Tor3 (G, S) — Tor3 (G, S/Sa) — Tord (G, Sa) = 0. /
Thus Torj (G, 8/Sa) = 0. Therefore we have the exact sequence
0 = Tor5 (G, §/Sa) — Tors (Homp(M, N), S/Sa)
— Tor} (Homg(M, H), S/Sa) = 0.

Hence Tor} (Homg(M, N),S/Sa) = 0, which implies that Hompg(M,N) is a
torsionfree right S-module, and so N is an M-torsionfree right R-module by
Proposition 2.3. O
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Corollary 4.5. Let Mg be a quasi-projective right R-module with S=End(Mg).
Then the following conditions are equivalent:

(1) S is a von Neumann regular ring,

(2) S is a left PP ring and sM is divisible;

(3) Ewery cyclically M -presented right R-module is M -torsionfree;
(4) Ewvery right R-module is M-torsionfree.

Proof. (1) = (2) is trivial.
(2) = (3) follows from Theorems 4.2 and 4.4.
(3) = (4) is clear by Remark 2.2 (2).
(4) = (1). Let a € S. Then there is a right R-module exact sequence

M % M5 N - 0 Note that N € addMg by (4). Therefore N is M-
projective by [1, Proposition 16.10] since M is quasi-projective. Thus 3 is a
split epimorphism. So we get a right S-module exact sequence

Hompg(M, M) %3 Homp (M, M) By Hompg(M,N) — 0,

where 8, is a split epimorphism. Thus oS = «.(S) is a direct summand of S.
Hence §' is a von Neumann regular ring. ]
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