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SOME GEOMETRIC PROPERTY OF
BANACH SPACES-PROPERTY (C)

CHONGSUNG LEE AND KYUGEUN CHO*

ABSTRACT. In this paper, we define property (Cj) and show that
property (Cf ) implies property (Ck41). The converse does not hold.
Moreover, we prove that property (C) implies the Banach-Saks

property.

1. Introduction

Let (X, - ||) be a real Banach space. We denote the dual of X as
X* and the second dual of X as X™** respectively.

By Bx and Sx, we denote the closed unit ball and the unit sphere
of X, respectively. For any subset A of X by span{A} we denote the
set of all linear combinations of vectors of A. (X, | -||) is said to be
reflexive if the natural embedding maps X onto X**.

(X, ] - ]|) is said to be uniformly convex (UC) if for all € > 0, there
exists a d(e) < 1 such that for z, y € Bx with ||z — y|| > e,

1

|3+ <dto.

A Banach space is said to have the Banach-Saks property if any
bounded sequence in the space admits a subsequence whose arithmetic
means converges in norm. In 1930, S. Banach and S. Saks[2] showed
that every bounded sequence in L,[0, 1], 1 < p < oo, has a subsequence
with arithmetic means converging in norm. J. Schreier[7] showed that
C'[0,1] does not have the Banach-Saks property. T. Nishiura and D.
Waterman [6] proved that the Banach-Saks property implies reflexivity
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in Banach spaces (See also [3]) and S. Kakutani [5] showed that Uniform
convexity implies the Banach-Saks property. (See also [4])

The natural questions are the followings : For a Banach space X
with the Banach-Saks property, is it uniformly convex? And does every
reflexive Banach space have the Banach-Saks property? In 1972, A.
Baernstein [1] gave an example of a reflexive Banach space which does
not have the Banach-Saks property. In 1978, C. J. Seifert[8] showed
that the dual of Baernstein space which is not uniformly convex has
the Banach-Saks property.

2. Main result

In this section, we give the definition of property (C}%) and prove
that property (C) implies the Banach-Saks property. Property (Cy)
is defined for k£ > 2 in an obvious fashion so that a uniform convexity
is just property (C2).

DEFINITION 1. (X, | -]|) has property (C) if it is reflexive and for
all € > 0, there exists a J(¢) < 1 such that for linearly independent
k-elements x1,x2, -,z in Bx with ||a; — x;|| > € for i # j and
iuj = 1727"' 7k7

< d(e).

1 k
e

Property (Cy) implies property (Cky1).

PROPOSITION 2. If a Banach space X has property (Cy), then it
has property (Cki1).

Proof. The proof is given by contradiction. Suppose that X has no

property (Ck+1). Then for all n € N, there exist linearly independent
(n) (n)

k-elements x; "/, -+ ,x,7; in Bx and € > 0 such that [|x; — x;|| > €,
where i # jand i, j=1,2,--- k+1
and

E+1

1
n

n n n 1
(o1 42 )| 51 2
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Thus,
o a2 2 o b | - ]
1
> (k4 1) (1__> 1
n
2
>k <1 - _)
n
This means that X has no property (C}), since :an), e ,x,(gn) are lin-
early independent. We get the contradiction. 0

The converse of Proposition 2 does not hold. For simplicity, we give
an example of X which is (C5) but not (C3). Let D be

3
{(z,y,2) e R :® + " < 1 [2] < 7}

25 3
N{(z,y,2) € R?: 2% + ¢y + 22 <E Zg\zlgl}
We define the new space (R?, ||| - |[|) whose norm is determined by

Minkowsky functional under the set D. If we are given three linearly
independent elements and two of them are located in a line which is
parallel to z-axis and on 2% + y? = 1, the rest should be located in
outside the line. This shows that (R3, || -|||) is C5. Furthermore if we
are given two linearly independent elements, those two can be possibly
located in a line which is parallel to z-axis and on 2% + y? = 1. This
tells us that (R3, ||| - |||) is not Cs.

Since uniform convexity implies the Banach-Saks property [5] (See
also [4]), it is also a natural question whether property (C)) implies
the Banach-Saks property or not. We need the following lemma.

LEMMA 3. Let X be a Banach space with property (Cy) and {x;}
be a weakly null and linearly independent sequence in X with ||x;|| <

o7, i =1,2,3,-, m=0,1,2,--, Whereezmax{d(%),%}.

Then for a given i1 € N, there exist is,13,--- , i, Such that 11 < is <
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-+ < 1 and

k
Z l‘ij < 9m+1.
j=1

| =

Proof. If ||z, || < %, then for any i1 < ip < --- < ik, we have

k . B -

; - k2 k k2

J=1
Suppose that ||z;,|| > %. Then we can select x;, satisfying ||z;, —
x| > % and iy > i;. If there does not exist such z;,, we have

e

|zs, — zn|| < % for all n > i;. For any z* € Bx-, since we have
assumed {z,} is a weakly null sequence,

|z*z;, | = lm |z2%2;, — a2,
n—oo
m

< limsup [|z;, —aal < —~.
n—oo

This contradicts to ||a;, || > %. Thus there exists z;, such that

m
iy = i || > =~
Now by the same argument we can select z;,, z;,, -,z such that
m
i, =i, | > =,

where s,t € {1,2,3,--- ,k} and s < t. Now by the definition of prop-
erty (Cy) we have

1< 1
j=1
This completes our proof. 0

We now show that property (C) implies the Banach-Saks property
with the similar method of Kakutani’s [5].
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THEOREM 4. If a Banach space X has property (Cy), then it has
the Banach-Saks property:.

Proof. Suppose that X is a Banach space with property (Cf). Let
{z,} be a bounded sequence in X. Since X is reflexive, weak com-
pactness and Eberlein-Smulian theorem give a weakly convergent sub-
sequence {x,, }. Thus we may assume a sequence {r,} in Bx is weakly
null and show that it has a subsequence whose arithmetic means con-
verge to 0 in norm. If dim span{x,} < oo, {z,} has a convergent
subsequence {z,,}. Thus arithmetic means of {x,,} converges. Sup-
pose that dim span{z, } = co. Then {xz,} has a linearly independent
subsequence. Without lose of generality, we may assume that {z,}

is linearly independent. Let 6 = max {6 (%) , kz;’;“ } As the first

stage, we select a subsequence by Lemma 3, {z,,} from {z,} such
that

T (n—1)+1 + L (n-1)+2 Tt Ty,
k

with m1 = 2, Myn_1)41 = Mim-1) +1 (n > 2). Lemma 3 also make

it possible selecting {m;} as a strictly increasing sequence. We reindex

this subsequence as

<4 forn=1,2,3,---

LTmp(n_1)41 + Lmg(n_1)t+2 T+t Tmgn

xg): - forn=1,2,3,---
Then we have ||x£11)\| <40, n=123,---. Moreover {33%1)} is also

weakly null. For the second step, by applying Lemma 3 again, we
select a subsequence {x(lzl)} from {xg)} such that
my,

1 1 1
:vfn?n + 3”;21) t+ot xfn?n
k(n—1)+1 k(n—1)+2 k|| 92 form—=1.2.3. ...
k — ) ) )
: 1 1 1
with mg ) =2, mé&il)ﬂ = mé(zkl) +1 (n=2,3,---). Lemma 3

also make it possible selecting m; as a strict increasing sequence. We
reindex this sequence as

(1)
My (n—1)+1 My (n—1)+2 Min
22 = (n-1)+ (n—1)+ n=1,23

k Y
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Then we have ||£L‘7(12)|| < 6% n=1,2,3,---. Moreover {3322)} is also
weakly null. Continuing this process, for all n € N, we get a sequence
{a;(p)} such that

i) H%(zp)H <67, for n € N.
i) o) = (x@(;l_)l) +x<p(p”1) 4. +a:(p<,,”1)) Ik
My (n—1)+1 Mg (n—1)+2
i) 1< mP™ < mf Y < ocmlPTY <mPIY < <
gt <.

iv) {ac } is weakly null.

Before we go to the further step, we emphasize that each element :C( )
is the average k2-elements of {z,, } where these k?-elements are selected

strictly increasingly. Now we write down the first element xﬁp ) in the
p-th step.

(1 _ Ty + Ty + 0+ Ty, _ To + Ty + 0+ T,
1 i z
(1) 1) 1) (1) (1) (1)
L) _ m +$m;1> +e +mm§:) B Ty mlD +oe +90m;1)
1 - _=

k k
xmk+1+...+xm2k+xm +.+xm

k(mgl)—1)+1

k2

(1)
kmk

(p) -

From the construction of {a:gp )} we can find that ="’ is representable

in the form
Typ) + Ty Ty
1 2 kP

(p) _
xl — kp 9

p:172737"'

with 1 < IV <1V <o <1V < <o <1 <) <<
l,g) < ---. Furthermore, for ¢ < p andki < j < kP79, the average of
the p-th block of k?-elements of {xl@ }

=1

Z;(p) +o T

(J—1kI+1 qu

k4




Some geometric property of Banach spaces-property (Cy) 243

is an element of the sequence {wq(lq)} and as such has norm < 9. Now

let ngy =1, ngr—1 . = lgp) i=1,2,3,--- kP and p = 1,2,--- (that

k—1 +i
is, n1 =1, no = lgl), ng = lgl), ng = lgl),--- J Mkl = l,(cl), Nkto =
l§2), -++). Then {z,, } is the desired subsequence. For given ¢ > 0,
determine ¢ such that 69 < £. With this g, €, determine m such that
%q < % Then for any m < 1, let r be such that

k?—1 k1 —1
—Dk?T+1<m< k4
Fo1 T DM lsms g
Then we have
1 1
E “xfu +"'+xnm” < E Tny +"'+xnkkq:11
1 r—1
1=
1
+ E xnkkq__ll‘f‘(’"_l)kq-i-l oot Ty,
1 k-1 -1 k4
S_. -1 _|_T .kQ.QQ+_
m k—1 m m
k4 k4
< — 401+ — <e
m m
It follow that the averages of {x,, } converge to 0 in norm. O
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