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THE GROUP OF UNITS OF SOME FINITE LOCAL RINGS II

Sung Sik Woo

ABSTRACT. In [2], we identified the group of units of finite local rings
Z4]X]/(X* +2X®,2X7) with certain restrictions on a. In this paper we
find direct sum decomposition of the group of units of such rings without
restrictions on a into cyclic subgroups by finding their generators. And
further generalization is considered.

1. Introduction

In [2], we observed that any finite Z4-algebra which is generated by a single
element is of the form R = Z4[X]/(X* 4+ 2u(X)X?,2X") with a < r < k and
a polynomial u(X) such that «(0) = 1 and deg(u) < r — a. The group of units
U(R) of R is easily seen to be a 2-group and we will decompose it into a direct
sum of cyclic subgroups by finding their generators explicitly. If a = 0, then R
is a chain ring [1, Chapter XVII].

In Section 2, we show that the surjective ring homomorphism

¢ Za[X]/(XF 4+ 2u(X) X, 2X7) — Fo[X]/(XF)
induces a surjective group homomorphism which we still call ¢,
¢ U(Z4[X]/(XF + 2u(X) X, 2X7)) — U(F2[X]/(X"))

on the groups of units and find its kernel. And then we set up our notations
and prove technical lemmas to be used in the next sections.

In Section 3, we consider the rings of the form R = Z4[X]/(X* +2u(X)X%)
with v = 1 and find a decomposition of the group of units U(R) of R into
a direct sum of cyclic subgroups. The generators we are going to use will be
different from those used in [2]. It turns out that those generators do not gives
us a direct sum decomposition of the group of units for u # 1. Hence further
investigation is needed when u # 1.

In Section 4, we consider the ring R = Z4[X]/(X* +2u(X)X?,2X"). When
u = 1, a complete description of the group of units of R into a direct sum of
cyclic subgroups with explicit generators is given.
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We will use the following notations: For a finite set S of positive integers
and a nonnegative integer o we will write S +a = {i+a | ¢ € S}. And
X5 =3",.5X" as an element of Z4[X]. If S = (), then we define X° = 0.

For a rational number 7, let ||, to be the smallest integer greater than or
equal to log,(r). Hence 2l7)2 is the smallest 2-power which is greater than or
equal to r.

If the order o(G) of a group G is 2", then we will say the 2-logarithmic order
of G is n and we will write loa(G) = n or simply lo(G) = n. For z € G we will
write log(x) for the 2-logarithmic order of the subgroup generated by x.

Any unexplained notations are in [2].

2. The group of units of the ring R = Z4[X]/(X* +2X*,2X")

Now consider the group of units of the ring R =7Z,[X]/(X*+2u(X)X?,2X"),
where u(X) = Y7, a; X", where ag = 1, and deg(u) < k — a. We will adopt
the convention that X ~°° = 0 so that our ring can be R = Z4[X]/(X*) if
a=r1r=—00; or R =74X]/(XF+2X% if r = —c0. If @ > 0, then the
elements of the form 1 + X f(X), where f € Z4[X] form a subgroup U;(R)
which we call the group of 1-units. If a = 0, then the set of 1-units does not
form a subgroup and in that case we will only consider the group of units of R.

In [2, Theorem 3.4], we identified the group of units of the ring Fo[X]/(X%)
as the direct sum of cyclic subgroups generated by 1 4+ X? for all odd integers
i with 0 < i < k. And the 2-logarithmic order of 1+ X" is [%],.

Consider the surjective ring homomorphism Z4[X]/(X* + 2uX®,2X") 2
Fo[X]/(X*). Then ¢ induces a surjective map on the group of units since
a unit of Fo[X]/(X*) is of the form 1+ X f(X) and the same expression in
R = 7Z4[X]/(X* + 2uX*,2X") will give rise to a lift. Hence we have an exact
sequence

(1) = To — U(Zs[X]/(X* + 20X, 2X"7)) S U(Fa[X]/ (X)) — (1),

where T is the kernel of ¢. Then T, will be generated by A = {—1+2X?| 0 <
i <n}, where n = k if r = —o0; and n = r if » > 0. Note that we could also
choose the generators of Ty by {—1}U {1+ 2X? |0 <i < n}.

When a > 0, we can construct a similar exact sequence for 1-units

(1) = T — Uy (Za X]/(X* + 20X, 2X7)) & U (F[X]/(X*)) — (1),

where T is the kernel of ¢;. Then T will be generated by A; = {1+2X" |0 <
i <n}, where n =k if r = —oo; and n = r if r > 0.
We let

G; = (1+ X" if i is odd with 0 < i < k,
H; = (1+2X7) if j an integer with 0 < j < k and,
Hy = (—1),
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and let
— — +
G= Y Gy Hy=)Y H and Hj= Y H.
1<i:odd<k 0<i<l 0<i<i

Also note that if Uy(R) is well defined, then U(R) = Hy ® U1(R) and T =
Hy & T.

We will prove a crucial fact which we will use repeatedly in the proofs of our
assertions in the following sections.

Lemma 2.1. Let k be a positive integer and let k; = | %],. Then
k
{i2k—t | O<i:odd<k}:{i \ 2§i<k}.

Proof. Consider the set {i2*~1 | 0 < i : odd < k} which we call K. Observe
that the elements of K are all distinct since i’s are distinct odd numbers.
Further every element of K is < k by the very definition of |¥|,. On the other
hand, every element of K is > % since i2% > k.

Now the number of elements of K is % if k is odd and % if k is even. Since
these are precisely the numbers of elements in {i | & < i < k} we have the
equality above. (I

In [2, Corollary 3.5] we proved the following fact.
Lemma 2.2. If k is a positive integer, then

Z L§J2:k71.

0<i:odd<k

Using these facts we can prove some interesting formula as a byproduct.
Corollary 2.3. Let k be a positive integer. Then

H{i\ggi:even<k}_ 2°7 if k is odd,
[T{i|1<i:odd <%}

2°2% if k is even.
Proof. Let k; = |%],. By the lemma above and the fact > {k; | 0 <i: odd <
k} =k — 1, we have

> logy {2 | k<2j <2k} = log, {i2" |0 <i:odd <k}

= > logy(i)+ Y. ki

0<i:odd<k 0<i:odd<k

= Z logy (i) + (k —1).

0<i:odd<k
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On the other hand,
D logy{2j | k<2 <2k} = Y {(logyj)+1}

b<i<k

S (1Og2j)+{k;11fkis odd,

LS %—1ifkiseven.
5 <j<k

Therefore we have

Z (logy j) — Z log, (i) = Z (logy j) — Z log, (i)

§§j<k 0<irodd<k %Sj:even<k 0<i:0dd<%

and this is equal to
{k;l if k is odd,

%—1ifkiseven. O

Lemma 2.4. Let Z4[X]/(X* +2X®) with 0 < a < k and let H be a subgroup
of U(R).

(i) For each i with 0 < i < k let S; be a subset of {1,2,...,k—1} consisting
of at most a single element such that i ¢ S;. If H contains the elements
1+2X* 42X then H contains 1 +2X" for all 0 < i < k. (Recall that when
S; = 0 we defined X5 =0.)

(ii) If H contains all

14+ 2(X7 + (hdt)) (0 < j < k),

where hdt stand for ‘higher degree terms’, then H contains 1 + 2X° for all
0<i<k.

Proof. (i) First note that 1 +2X*~1 € H. If there is S; containing k — 1, then
we have (1+2(X?+X5%))(1+2X*"1) =14+2X? ¢ H. Hence, in particular, we
see that 1 +2X*~2 € H. In this way, we arrive, eventually, at the conclusion
that 1+ X® € H for all i < k.

(i) If j = k — 1, then 1 + 2(X7 + (hdt)) = 1 +2X7. Hence 1 +2X7 € H.
Therefore if there an element having 2X7 as a higher degree term, then we can
cancel it off by multiplying 1 + 2X7 to it. And so on. O

Lemma 2.5. Let R = Z4[X]/(X* + 2u(X)), where u(X) = X% + - 4+ X%
with 0 < ag < -+ < as; and as < k. Let A= {i | 5 <i <k} and let H be a
subgroup of U(R) containing

) ) k
1+ 2X° E ox2Zi—kta; | 2 <y
+ + ' | 5 S <k
0<j<s

Let B={i | 0<i< %} and let b be the number of elements of B.
(i) If ap > g, then Zo<i<§ H; together with GNT generate T.
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(ii) If ag < %, then there is a subset S" of {i | 0 < i < k} consisting of b
elements such that Zies H; + Hy_,, together with GNT generate T'.

Proof. Using the fact that (1+2X%)(1+2X7) =1+ 2X*+2X/ we can identify
T with the additive group T° = {2X° € Z4[X]|S C AU B} which also can be
identified with 2Z%~'. For a polynomial f(X) = 1+2X° we let f/(X) = 2X5.
To show that a family {f;} generate T we will show that the matrix formed by
the coefficients of f;’ form an upper triangular matrix with 2’s on the diagonal.

For i € A with i # k — ag, let a(i) be the lowest degree of

2X7,+ Z 2X2i—k+aj'
0<j<s

Then they are distinct. We let f/ ., = 2X" + Y ocj<s 2X?%~k+a;  Then for

i =k — ag the term 2X* cancel off with 2X2—%+a0  And the matrix formed by
the coefficients of f/ (i) Will look like

2 %

*

[\

where * denotes 2 or 0 and below 2’s are all 0. (The slope of 2’s above the first
dots is —% and —1 below the first dots. The slope changes at 0.)

(i) If ap > £, then there is no i € A with i = k — o and a(i) = i. Hence
there are only 2’s on the diagonal in the matrix above. Hence for i € B we let
f/ = 2X% Then the matrix formed by the coefficients of f’s will be an upper
triangular matrix with 2’s on the diagonal. This proves our assertion.

(ii) Now suppose ag < g Then for i =k —ag € A, ie., i = 2i — k+ ap; and
a(i)’s are defined for all ¢ € A and distinct. Let S be a subset of AU B defined
by

S:{i|0<i<a0}U{2z’—k+a0+1|§§i<k—ao}

which consists of b elements. For j € S let fJ’ = 2X7. Then the matrix
formed by the coefficients of {f ;(i), fili€ A j € S}is an upper triangular
matrix with 2’s on the diagonal except a single 0 on (i,) position. Therefore

{f 4y fi | i€ A j €S} together with Hy_q, generate T O

The following proposition shows that if u # 1, then the sum Y G; is not
a direct sum. Therefore we need to look for new generators for the cyclic
subgroups in the direct sum decomposition of the group of units in this case.
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Proposition 2.6. Let R = Z4[X]/(X*+2u(X)), where u(X) = X%+ -4 X%
with 0 < ag < -+ < as and ag < k. Assume u # 1 and ag < %,ao # 1. Then
the sum Y o ;.0qa<r Gi 15 not a direct sum.

Proof. Consider the matrix formed by the coefficients of

, , k
2X' + 2X %kt | = <<k
O;SS | 2

as in the proof of the lemma above.

Obviously the row containing 0 is a linear combination of the rows below.
If the element corresponding to the row containing 0 is the element in G; N T
and the elements below the row containing 0 is the element in G,;) NT, then
our assertion about matrix implies that >, Ga(;) N Gi # (1). Hence the sum
> @G, is not a direct sum. O

We will make use of the following simple observation.

Lemma 2.7. Let G be a finite abelian group. Let G; be subgroups of G such
that Y. G; = G and [[o(G;) = o(G). Then G = &G,;.

3. Decomposing the group of units of Z4[X]/(X* + 2u(X)X?)

We apply the results of the previous section to choose the simpler generators
for the direct sum decomposition of U (R) than we used in [2].

Theorem 3.1. Let R = Z4[X]/(X*). Then the group U,(R) of 1-units of R
is isomorphic to the direct sum

Ui(R) = @ G; ® @ H;,

1<i:odd<k 0<i<§

where G; is the cyclic subgroup generated by 1+X* of order 2%+ with k; = \_HQ

7

for each odd integer i, and H; is cyclic of order 2 generated by 1 +2X" (0 <
i< ).
Proof. By the exact sequence

(1) = T — Us(Z4[X)/(X*)) & U(Fa[X]/ (X)) = (1)

we need to prove that (ZS(G—I-H(%)) generate U(Fo[X]/(X*)) and (G+Hy))NT
generate T. The first assertion is [2, Theorem 3.4] and hence we only need to
show that (G + H(%)) N T generate T, i.e., GNT together with H(g) generate
T. First note that (1 + Xi)zki =1+2X2""" ¢ GNT. Therefore H;cGnT
for g < j < k by Lemma 2.1. Hence it is clear that G NT together with H(%)
generate T
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Finally we need to check that the sum of the logarithmic orders of the
subgroups is the right number, i.e.,

> 1o(Gi) + > lo(H;) = 2(k — 1) = lo(Ur (Z4[X]/(X*))).
We see easily that

k=1 if ks
#{1§i:0dd<k}:{k2 if k is odd,
2

if k is even,

and

E

—L if k is odd,

2
—2

e

if k is even.

w ‘

#{1§i:even<k}:{

By Lemma 2.2, we see that > ;. qq<r [5]o = k — 1. In either case, the sum
of the logarithmic order of the cyclic groups is 2k — 2. O

Example 3.2. Consider the example Z4[X]/(X'?). The group U;(R) of 1-
units of R is isomorphic to

2/ 0L/ OL/2* @ L/2* O L/ DL/20L/20L/2D L2,
where the first five cyclic groups are generated by the units
I+ X1+ X3 1+X° 14+ X1+ X°
and the last four groups are generated by
(1+2X),(1+2X3?),(1+2X3),(1+2X

in this order.

Now consider the group of units of the ring R = Z4[X]/(X* + 2X?) with
0 < a < k. We can remove the assumption a > % in [2, Theorem 5.5] by using
different generators. First consider the ring R = Z4[X]/(X* 4+ 2). In this case,

the group of 1-units is not well defined. Hence we decompose the group of units
U(R) into a direct sum of cyclic subgroups.

Theorem 3.3. Let R = 7Z4[X]/(X* 4+ 2). Then
UR = @ G o P H.
1<i:odd<k O§i<§

where G; is a cyclic group generated by 1+X° of order 281 with k; = L%b for
each odd integer i; and H; is cyclic of order 2 generated by 1+2X* (0 < i < %)
and Hy = (—1).

Proof. As before by the exact sequence
(1) = Ty — U(Zs[X]/(X* +2)) S UR[X]/(XF)) — (1)
we need to prove that qS(G—I—H(J;)) generate U(Fo[X]/(X*)) and GNTy together

with H (1) generate Ty. By [2, Theorem 3.4], we only need to prove the second
2
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assertion. By [2, Lemma 5.1], lo(1 + X*) = k; + 1 with k; = |%],. Then since
i2% > k we have
(1 JrXz‘)z""i —14ox2" 4 xit
=142 poxi ke,

Hence G;NTp = ((1 JrXi)zki ). Therefore it suffice to show that Tj is generated
by the elements

14+2x2% " 4 ox2" =k where 0 < i odd < k,
(=1+2X"), where 0 <i < &,
We know {i2%~1 |0 <i:odd < k} = {i | £ <i <k} by Lemma 2.1. Therefore

G NTp contains {1 +2X% + 2X2~F | % < i< k}. Now we use Lemma 2.4 to
conclude that Ty N (G + H(E)) contains {—1+ X" | 0 < n < k}.

Since we know G and H; generate U(R) we need to show that sum of
2
logarithmic order is lo(U(R)) = 2k — 1. Now we have

k EFLif k is odd
lo(H;) = |0<i<—=p=4{ 2 '
ZO( ) #{1 = 2} {’2“ if k is even.
Therefore, by Lemma 2.2,
D lo(Gi)+ Y lo(H) = > L%J —|—#{i|0<i<k}:2k—1
‘ ' , i 2 -T2
1<iodd<k
as required. (I

Now we consider the group of 1-units of R = Z4[X]/(X* 4+ 2X?) with a > 0
and decompose it into a direct sum of cyclic subgroups.

Theorem 3.4. Let R = Z4[X]/(X* +2X?) with a > 0 and let k; = [%],.
Then the group of 1-units Uy (R) of R can be decomposed into the direct sum
of the following cyclic subgroups:

(i) If & < a, then

Ui(R) = @ Gi® @ H;,
0<i:odd<k 0<i<g

where G; is cyclic of order 2F+1 generated by 1 + X* for each odd integer < k
and H; is the cyclic subgroup of order 2 generated by 1 + 2X°.
(ii) If & > a, then

Ul(R): @ G; & @ H; ® Hi_q,

0<i:odd<k o<i<k
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where H'’s are cyclic group of order 2 and for each odd i the cyclic subgroup G;
is generated by 1 + X* with

ki +1if i % .
to(Gy) = Mt LA
kjifi=j.
Proof. We first prove (ii). As before by the exact sequence
(1) = T — Uy (Za[X]/(X* + 2X9)) S UF[X]/(X*)) = (1)
we need to prove that G N T together with H(%) + Hy_, generate T since

we already know that ¢(G) generate U(F2[X]/(X¥). Since & > a we have
k—a > % By Lemma 2.1, there is a j such that k —a = j2% 1. If i # j, then

1+ X2 =142x2" " poxti—ktacp

But for j we have (1 + Xj)ij =1 and hence lo(1 + X7) = k;; but note that
(1+ X929 =142x3297 4 X329 ¢ T and thus G; N T = (1). Hence
TN (G+ Hy—,) is generated by

142X 207 poxi2tiohre (i 2 5),
142Xk where k —a = j2F 1,

And by Lemma 2.1, {i2k71)i £ j}U{k—a} = {i | & <i < k}. By Lemma 2.4,
we conclude that H(%) @ Hy_, together with TN G generate T

(i) Suppose now g <a,ie,k—a< g Then by Lemma 2.1, there is no j such
that k — a = j2% 1. Therefore (1 4+ X%)2" = 1+ 2X2" " 4 ox2" ~kta c
for each odd i with 0 < i < k. By Lemma 2.4, we see that {(1 + X%)2" | 0 <
i:odd < k} and H xy generate T.

To finish our proof we need to check that the sum of the logarithmic order
of the subgroups > _;.cqada<k 10(G3) + Zo<z‘<§ lo(H;) is equal to 2(k—1) in (i).
However, the same proof of Theorem 3.3 also works for this case also. In the
case of (ii), we need to show » ;.04 l0(Gi) + Zo<z‘<g lo(H;)+1o(Hp—,) =
2(k — 1). But since lo(G;) = k; the sum ) _,. 4, lo(G;) drops by 1 which
is compensated by adding lo(Hy—,) = 1. O

Example 3.5. Let R = Z4[X]/(X® +2X*). Then lo(U;(R)) = 14. For i =1
we have k; = 3 and i2¥~1 =4 = k — a. Now we have

lo(14+X)=3, lo(1+X3) =3, lo(1+X%) =2, lo(1+X7) =2,
lo((142X) = lo((1 +2X?) = lo((1 +2X3) = lo((1 +2X*) = 1.
Hence
Ui(R)2G1 G330 Gs @Gy ® Hy ® Hy® Hs @ Hy
~7/282 0L/ DL/22DZ/22 0 Z/20L/20Z/20 Z/2.
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For the rest of this section, we consider the ring of the type R = Z4[X]/(X*+
2u(X)X?), where u(X) is a polynomial of the type

u(X) = ZXbi, where by = 0,u(X) # 1 and deg(u) <k —a
i=0
and write X%u(X) = X% + X + ... 4+ X% If u = 1, then R reduces to the
rings we already considered. And if u # 1 we need some restrictions on a to
decompose the group of units into a direct sum of cyclic subgroups.

Lemma 3.6. Let R = Z4[X]/(X* +2u(X)X?) with a > 0. For an odd integer
i less than k let k; = |%],. Then

(i) If a > &, then lo(1 + X*) = k; + 1.

(i) Ifa =1 and j is an odd integer such that k — 1 = j2ki 1 then

; ki +1if ¢ # 3,
lo(1 4 X = (L7
k; ifi=j.
Proof. (i) Note X2¢=¢ = 2uX* = 0 and these are the smallest such power.
Then 261 > 2k > 2k — a and 2% > k. Hence (1+ X7)2"" =14 2X2" 4
X2""" = 1. Now check the possibility that (1+Xi)2ki = 1. This happens only
when
2X12kj71 n XiQki _ 2xi2k‘i*1 n 2(Xi2ki—k+ao + Xigki_k+a1 +---)=0,

where X%u(X) = X% + X% 4 ...+ X%, But {i2¥"1 |0 <i:odd < k} =
{n| £ <n <k} by Lemma 2.1, and since a > & we see that i2* — k +ao >
i2k=1 Therefore 2X%2" " + X" cannot vanish.

(ii) Existence of an odd integer j with & — 1 = j2%~! is guaranteed by
Lemma 2.1. Now we have

(14 X927 =1 42x727 " 4 x92Y
=1 4 2Xj2kjf1 + 2(Xj2kj7k:+a 4. )

Then 2X72" " + 9X72% —k+a — () and the rest vanishes because the exponents
of X become > k. Therefore we see that lo(1 + X7) = k. O

Theorem 3.7. Let R = Z4[X]/(X* + 2u(X)X®) with a polynomial u of the
type described above and let k; = olils,

(i) If a > &, then
hR)= P co P H,

0<i:odd<k Q<i<%

where G is cyclic of lo(G;) = k; + 1 with the generator 1+ X* and H; is cyclic
of lo(H;) = 1 with the generator 1+ 2X°.
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(ii) Ifa =1 and if j is an odd integer with k — 1 = j2Fi =1 then
Ul(R): @ G; ® @ H; ® Hy_1

0<i:odd<k O<i<§

with lo(G;) = k; and lo(G;) = ki +1 (i # j) and H,’s are the same as before.
(iii) If a = 0, then the group of units of R is

U(R) = @ G;® @ H;,

0<i:odd<k O§i<§

where G is cyclic group of order 251 generated by 1+ X for each odd integer
< k and H; is the cyclic subgroup of order 2 generated by 1 + 2X°.

Proof. (i) Since there is no i such that k —a = i2%¥~! we see that lo(G;) =
k; + 1. The same proof of Theorem 3.4(i) will works for this case.

(ii) follows from Lemma 2.5 together with the fact that the direct sum of
the subgroups generate Uy (R) with the right order.

(iil) is similarly proved. O

Remark. For 1 < a < g the sum ZZ (; is not direct as we saw in Proposi-

tion 2.6. Further investigation is needed for this case.

4. Decomposing the group of units of Z4[X]/(X* + 2X%,2X")

Let R = Z4[X]/(X* +2X* 2X"), where 0 < a < r < k. In [2, Lemma 6.1,
Lemma 6.2] we show that the number of elements of U(R) is 257~ and the
group of 1-units Uy (R) has order 2¥*"=2 when a > 0. And we showed that for
each odd integer ¢ with 0 <7 <k

(i) If k <r+aand k —a+#i2l7)2, then lo(1 4+ X?) = [ 2 ],. Note that

2
ki < |y < kit 1
i
since k <r+a <2r <2k.
(i) If kK > r + a, then

(B2 ),
&), if k—a=1d2k"1

%

mu+X0{

where k; = L%b There are at most one positive odd integer i less than

k satisfying the condition k —a = i2%~! with k; > 1. Note that if we let
a; = [EE=a |, then since k < k +r — a < 2k we have

ki <oy <K+ 1

Now we compute the group of units of the ring R = Z4[X]/(X*+2X%,2X").

fSee the paper [3].
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Theorem 4.1. Let R = Z4[X|/(X* +2X%2X") with 0 < a < r < k. If
k > r+ a, then the group of 1-units Uy (R) decomposes into the direct sum:

1<i:0dd<k €S
where S={i | 0<i<a}U{a+i| i:0dd, a <a-+i<r}. Here, G; is cyclic
generated by 1+ X" of order 2, where o; = ||, with « =k +r —a; and H;
is cyclic generated by 1+ 2X* of order 2.

Proof. First we look at G NT. Since the elements of T are order 2, the only
possible elements in G; which are in T are of the form (1 + X)*~1 = 1 4+
2X2% 77 4 Xi2"'7" This will belong to T only if 221 > k. Now {i2%~1 |1 <
i:odd <a} ={j|§ <j<a}, byLemma 2.1, which we will call &. If j is odd
such that j > k, then a; = 1 and (1+X7)%~! = (14 X7) ¢ T. Hence the even
numbers > k in & is of the form S/ = {i2%~! | i : odd, o; > 1,i2% ! > k}
={j:even|k < j < a}. And therefore, GNT = (142X 2 +2X7~F+e | j € §7).

On the other hand, k > r 4+ a implies that a < g Therefore k — a > % > 1.
Hence 4 > j — k+ a and consequently (1 + X127 = 14 2X9-k+a 4 (hdt) #
1(j=kk+2,...). Hence GNT is generated by {1 +2X*21|i=0,1,...}.

Thusifwelet S={i|0<i<a}U{a+i| i:0dd, a <a+i<r}, then T is
generated by GNT together with ¢ H; by Lemma 2.4. As we already know
that ¢(G) generate U(F[X]/(X*)) we conclude that G together with ®;csH;
generate U (R).

Now we need to show that > ) _.. qqcrl0(Gi) + >, cglo(Hy) = k47 — 2.
First note #S =#({i | 1 <i<r}\S) = (r—1) — #5’. Hence

Zlo(Gi)—l—Zlo(Hi)
—(a—1)—#{i:odd | k<i<a}+#S
=(a—1)—#{i:odd | k<i<a}lUS)+#{i|1<i<r}
=#li|1<i<k}+#{i|1<i<r}=(k-1)+(r—1)
=k+r—2

as required. ([

Remark. In the proof of Theorem 4.1, suppose there is an odd integer 7 satisfy-
ing the condition k — a = i2¥~1. As observed above, the only possible elements
in G which are in T are of the form (1 + X?)®~1 =1 4 2x2% " 4 x2" ™
and it belong to T only if 2%~ > k. But since k — a = i2¥~! < k the corre-
sponding element (1 + X?%)*: does not belong to T and existence of such i does
not affect the decomposition of the group of units.

Theorem 4.2. Let R = Z4[X]/(X* +2X* 2X") with0 < a < r < k. Let
ri = |%]y. Suppose k < r+a. Then the group of 1-units Ui (R) decomposes
into the direct sum:
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(i) If a > %, then

Ul(R): @ G, ® @ Hi,
0<i:odd<k o<i<k
where G is cyclic generated by 1 + X* with lo(G;) = ; + 1 and H; is cyclic
generated by 1+ 2X with lo(H;) = 1.
(ii) If a < %, then there is an odd integer j (0 < j < k) such that k —a =

42"~ and
LR = @ Ge H,
0<i:odd<k ieS
where S = {i | 0 < i < a} U{k — a} U {a + 1}, where [ is odd such that
a <a+1l<rifkiseven; and [ is even such that a + 1 < a+1 < rif k is
odd. Here, Gj is cyclic generated by 1+ X with lo(G;) = r; + 1 for i # j and
lo(G;) = r;; and H; is cyclic generated by 1+ 2X* with lo(H;) = 1.

Proof. (i) As before consider the exact sequence

(1) = T — Us(Z4[X]/(X* +2X,2X")) % U(F2[X]/(X*)) — (1),
where T is generated by 1+ 2X*, where 0 < i < 7. As usual we need to show
that GNT together with @0<i<§ H; (resp. @o<i<§ H; ® Hy_,) generate T
when a > % (resp. a < g)

By Lemma 2.1, we see that
{i2" |0<i:odd <2r}={n|r<n<2r}

which we call R. If ¢ € R is odd such that ¢ > k, then r; = 0 and hence
(1+ X% ¢ T. And therefore if n € M is even such that n > k, then it is of
the form n = 2" with r; > 1 and ¢ is odd such that 0 < ¢ < 2r (we only need
¢ for which 0 < i < k). For an odd ¢ with k < 2™ and 0 < ¢ < k we have

(1 +Xi)2” =1+ 2Xi2”*1 _|_X¢2Tz‘
— 14+ 2X27 poxi2ickta o

Since g < a we see that k —a < g and as k < j we conclude that k —a < %
This in turn implies that j — k +a > % Thus (14 X9)?" =1+ 2X% 4 2X 5,
where S, = {i2" —k+a}if 2" —k+a<rand S, =0if 2" —k+a > r.
Thus we conclude that

1+2X" (0<i<¥)
1+2X" +2X5 (B <n<r)
generate 1" by Lemma 2.4.

On the other hand, if kK —a = j27~! for some j, in the situation above, then
(1+ X7)?7 =1 and lo(G}) = r; and G;NT = 1. (Every element of T is of
order 2 and the only element of G; is (1+ Xj)z"'rl but this does not belong to
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T.) Hence GNT contains {1+2X"+2X | &£ <n <r n+#k—a}. Therefore
G N T together with H(g) + Hj_, generate T' by Lemma 2.4.

To finish our proof we need to show that the sum of the logarithmic order
of our subgroups is the right number. In fact, we know that

2
Yo F =2t
1<icodd<2r ¢

If i is odd > k, then |2~ |, = 1. Since the number of elements of {i | k < i < 2r}
are

k—2r
2

E=2r=1 if k is odd,
if k is even.

Hence

S 10(Gy) (2r — 1) — 2=E5L §f  is odd,
o i) =
1<irodd<k (2r—1)— @ if k is even.

On the other hand,

E=l e
Z lO(Hi):#{1<i<];}:{ 7 if k is odd,

. % if k is even.
1<i<k

Therefore lo(Goaa)+10(H;) = k+r—2 which is exactly the order of U (R). (We
could have used the similar argument we used in the proof of Theorem 4.1.)
(ii) Now suppose a < &. Then k < 2(k — a) < 2r since k < r + a. Hence
there is an odd integer j for which k —a = j27~!. And if n € R is even such
that 3 <k —a,thenn—k+a <3 and; if § >k +a, then 3 <n -k +a.
Now we have (1+ X7)27 =1+ 2X727 " 4 X327 = 1. Therefore GN T is
generated by
1 +2X7~F+a 4 (hdt), where n € R is even such that k <n < 2(k — a),
1+2X7% + (hdt), where n € R is even such that n > 2(k — a).
Hence, by Lemma 2.4, T is generated by G N'T together with
1+2X° (0<i<a)
14 2Xk—a
14 2x09t
where [ is odd such that ¢ < a4+ 1 < r if k is even; and [ is even such that
a+l<a+!l<rifkisodd.
To count the order we notice that the number of ¢ such that G;NT # (1) is

one less than that in (i) since Gy, NT = (1). And we can resort to the proof
of (i). O

Remark. We have freedom to choose the generators of the form 1+ 2X V5. Say
we could have chosen {1+ 2X72|j € S’} instead of S’ — k +a when we form the
set S={i|0<i<r}\S —k+a. Butour choice seems to be rather natural.
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Theorem 4.3. Let R = Z4[X]/(X* +2,2X"). Then the group of units U(R)

of R is isomorphic to
UR = P GoPH,
1<izodd<k icS
where
{i:even | 0 <i<r}ifkisodd,
S =
{i:odd | 0 <i<r}U{0} if k is even.

Proof. As before we need to show that {1 + 2X|i € S} together with G N T,
with P, cs Hi generate Ty and the sum of logarithmic order of our subgroups
has the right number.

First we look at G NTp. Let a =k +r and a; = [$],. Since the elements
of Ty are of order 2, the only possible elements in G which are in Tj are of the
form

(1 _i_Xi)ai,—l -1+ 9 xi2%i7? _‘_Xizal*l

which belong to Ty only if i2%~! > k. Now by Lemma 2.1, we know that
fi2vi=t |1 <i:odd <a}={j|$ <j< o} which we will call &. If i is
odd such that i > k, then a; = 1; i2% ! = j and (1 + X9)*~! =1+ X' ¢
Ty. Therefore the even numbers > k in & is of the form S’ = {i2%~1 | i :
odd,a; > 1,i2%71 > k} = {j : even | k < j < a}. And hence GNTy =
{1+2X2 +2X77%|j eS8} Let S=1{i|0<i<r}\S —k Then
S={i:even |0<i<r}ifkisodd;and S={i:odd |0 <i<rjU{0}ifk
is even. Thus Tj is generated by G NTy and ) ;g H; by Lemma 2.4. As we
already know that ¢(G) generate U (F2[X]/(X*)) we conclude that G together
with ®;csH; generate Uy (R).

Now we need to show that

> 1o(Gi)+ > lo(H) =k+r—1.

0<i:odd<k €S
First note #5 = #({i | 0<i <r}\S) =r — #5’. Hence

> 1o(Gi) + > lo(H;)
=(a—1)—#{i:odd | k<i<a}+#S
=(a-1)—#{i:odd |k<i<a}lUS)+#{i|0<i<r}
=#L|1<i<k}+#{|0<i<r}=(k—-1)+r)
=k+r-1
as required. (|

Example 4.4. Let R = Z4[X]/(X?°+2X?2,2X'?). Here we have k+r—a = 30,
k>r+aandlo(U;(R)) =k+r—2=30. Let « = k+r—a and o; = L@JQ



490 SUNG SIK WOO

We look at the possible elements of T of the form (1 4 X7)2" "

1<i:odd<a|a;| 201 (1+ X927
1 5 29=16 14+2X8+ X1 [ notin T
3 413.22=24|1 +2X6
5 315:-22=20|1+2X"0+2Xx?
7 317-22=28]1 +2Xx10
9 219-2=18 | 14+2X°+ X" |notin T
11 2 |11-2=22|1+2X"1 4+2x*
13 2 113.2=26|1 +2X8
15 1 15 14 X185 not in T'
17 1 17 1+ X7 not in T
19 1 19 14+ X1 not in T
21 21
23 23
25 25 i>k
27 27
29 29

In the blank space there were terms of the form 2X' with [ > r.
Now

Yoo oG = ). ai=5+4+-+1=24

1<i:odd <20 1<iodd<k

and
GNT =@ {Hsjkta | k<2j <k+r—a}
={1+2X"0 4 2x% 12X 4 2X% 1 +2X% 14+2X8 142X}

which correspond to even numbers i2% 1 which is bigger than k. Therefore to
generate T' we need to adjoin the generators

142X |1<i<r, i#24,6,8,10}

which consists of (r —1) — ©5% = =£% — 1 = 6 elements. Letting S' = {2j —

k+alk <2j < k+r—a} we have

hrR)= P Geolp{H li¢gs 1<i<r}

1<i:odd<k
- ® oo @ n
1<i:0dd<30 1<i:odd<12

Example 4.5. Let R = Z4[X]/(X?° +2X° 2X'5). Here we have r + a = 21,
k<r+aandlo(Ui(R)) =k+r—2=33. Let r; = | %], so that r; + 1 = [ %],
Note that r7 = L1—75J2 =2and k—a=14=7-2""1 Hence lo(G7) = 17 = 2
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and for an odd ¢ other than 7 we have lo(G;) = r; + 1. Now
o(Gi) =r7+ Y (ri+1)=23.

>

1<i:odd<k

We look at the possible elements of T' of the form (1 + X%)2™.

i:odd#7

1<i:odd<2r | i2" 1+ X9
1 4] 21=16 1+2X8 4+ X6 not in T
3 313-22=24 1+2X1242x10
5 215-22=20 142X 4+2X6
7 2| 7-22=28|1+2X" +2X" =1 |10(G;) =2
9 119-2=18 14+2X94+ X18 not in T
11 1|11-2=22 142X 42x8
13 1]13-2=26 142X 42x12
15 0 15 14+ X115 not in T
17 0 17 1+ X7 notin T
19 0 19 14 X119 not in T
21 21
23 23
25 25 i>k
27 27
29 29

Therefore G N'T is generated by

{14+2X"2 +2x10 1 +2X10 4 2X6 1 +2xM +2X8 14 2X13 42X

491

Hence if we let H' = Hi4 ® €@ H;, then (GNT)+ H' = T. Therefore

Ul(R) =Go H'.

0<i<10

Acknowledgment. In the sequel of this paper [3] we will remove the restric-

tions imposed in the paper by modifying the set of generators.
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