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THE GROUP OF UNITS OF SOME FINITE LOCAL RINGS II

Sung Sik Woo

Abstract. In [2], we identified the group of units of finite local rings
Z4[X]/(Xk + 2Xa, 2Xr) with certain restrictions on a. In this paper we
find direct sum decomposition of the group of units of such rings without
restrictions on a into cyclic subgroups by finding their generators. And
further generalization is considered.

1. Introduction

In [2], we observed that any finite Z4-algebra which is generated by a single
element is of the form R = Z4[X]/(Xk + 2u(X)Xa, 2Xr) with a < r < k and
a polynomial u(X) such that u(0) = 1 and deg(u) < r− a. The group of units
U(R) of R is easily seen to be a 2-group and we will decompose it into a direct
sum of cyclic subgroups by finding their generators explicitly. If a = 0, then R
is a chain ring [1, Chapter XVII].

In Section 2, we show that the surjective ring homomorphism

φ : Z4[X]/(Xk + 2u(X)Xa, 2Xr) → F2[X]/(Xk)

induces a surjective group homomorphism which we still call φ,

φ : U(Z4[X]/(Xk + 2u(X)Xa, 2Xr)) → U(F2[X]/(Xk))

on the groups of units and find its kernel. And then we set up our notations
and prove technical lemmas to be used in the next sections.

In Section 3, we consider the rings of the form R = Z4[X]/(Xk +2u(X)Xa)
with u = 1 and find a decomposition of the group of units U(R) of R into
a direct sum of cyclic subgroups. The generators we are going to use will be
different from those used in [2]. It turns out that those generators do not gives
us a direct sum decomposition of the group of units for u 6= 1. Hence further
investigation is needed when u 6= 1.

In Section 4, we consider the ring R = Z4[X]/(Xk +2u(X)Xa, 2Xr). When
u = 1, a complete description of the group of units of R into a direct sum of
cyclic subgroups with explicit generators is given.
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We will use the following notations: For a finite set S of positive integers
and a nonnegative integer α we will write S + α = {i + α | i ∈ S}. And
XS =

∑
i∈S Xi as an element of Z4[X]. If S = ∅, then we define XS = 0.

For a rational number r, let brc2 to be the smallest integer greater than or
equal to log2(r). Hence 2brc2 is the smallest 2-power which is greater than or
equal to r.

If the order o(G) of a group G is 2n, then we will say the 2-logarithmic order
of G is n and we will write lo2(G) = n or simply lo(G) = n. For x ∈ G we will
write lo2(x) for the 2-logarithmic order of the subgroup generated by x.

Any unexplained notations are in [2].

2. The group of units of the ring R = Z4[X]/(Xk + 2Xa, 2Xr)

Now consider the group of units of the ring R =Z4[X]/(Xk+2u(X)Xa, 2Xr),
where u(X) =

∑s
i=0 aiX

i, where a0 = 1, and deg(u) < k − a. We will adopt
the convention that X−∞ = 0 so that our ring can be R = Z4[X]/(Xk) if
a = r = −∞; or R = Z4[X]/(Xk + 2Xa) if r = −∞. If a > 0, then the
elements of the form 1 + Xf(X), where f ∈ Z4[X] form a subgroup U1(R)
which we call the group of 1-units. If a = 0, then the set of 1-units does not
form a subgroup and in that case we will only consider the group of units of R.

In [2, Theorem 3.4], we identified the group of units of the ring F2[X]/(Xk)
as the direct sum of cyclic subgroups generated by 1 + Xi for all odd integers
i with 0 < i < k. And the 2-logarithmic order of 1 + Xi is bk

i c2.
Consider the surjective ring homomorphism Z4[X]/(Xk + 2uXa, 2Xr)

φ→
F2[X]/(Xk). Then φ induces a surjective map on the group of units since
a unit of F2[X]/(Xk) is of the form 1 + Xf(X) and the same expression in
R = Z4[X]/(Xk + 2uXa, 2Xr) will give rise to a lift. Hence we have an exact
sequence

(1) → T0 → U(Z4[X]/(Xk + 2uXa, 2Xr))
φ→ U(F2[X]/(Xk)) → (1),

where T0 is the kernel of φ. Then T0 will be generated by ∆ = {−1+2Xi | 0 ≤
i < n}, where n = k if r = −∞; and n = r if r > 0. Note that we could also
choose the generators of T0 by {−1} ∪ {1 + 2Xi | 0 < i < n}.

When a > 0, we can construct a similar exact sequence for 1-units

(1) → T → U1(Z4[X]/(Xk + 2uXa, 2Xr))
φ1→ U(F2[X]/(Xk)) → (1),

where T is the kernel of φ1. Then T will be generated by ∆1 = {1 + 2Xi | 0 <
i < n}, where n = k if r = −∞; and n = r if r > 0.

We let

Gi = 〈1 + Xi〉 if i is odd with 0 < i < k,

Hj = 〈1 + 2Xj〉 if j an integer with 0 < j < k and,

H0 = 〈−1〉,
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and let

G =
∑

1≤i:odd<k

Gi, H(l) =
∑

0<i<l

Hi and H+
(l) =

∑

0≤i<l

Hi.

Also note that if U1(R) is well defined, then U(R) = H0 ⊕ U1(R) and T0 =
H0 ⊕ T .

We will prove a crucial fact which we will use repeatedly in the proofs of our
assertions in the following sections.

Lemma 2.1. Let k be a positive integer and let ki = bk
i c2. Then

{
i2ki−1 | 0 < i : odd < k

}
=

{
i | k

2
≤ i < k

}
.

Proof. Consider the set {i2ki−1 | 0 < i : odd < k} which we call K. Observe
that the elements of K are all distinct since i’s are distinct odd numbers.
Further every element of K is < k by the very definition of bk

i c2. On the other
hand, every element of K is ≥ k

2 since i2ki ≥ k.
Now the number of elements of K is k−1

2 if k is odd and k
2 if k is even. Since

these are precisely the numbers of elements in {i | k
2 ≤ i < k} we have the

equality above. ¤

In [2, Corollary 3.5] we proved the following fact.

Lemma 2.2. If k is a positive integer, then
∑

0<i:odd<k

bk
i
c2 = k − 1.

Using these facts we can prove some interesting formula as a byproduct.

Corollary 2.3. Let k be a positive integer. Then
∏ {i | k

2 ≤ i : even < k}∏ {i | 1 ≤ i : odd < k
2}

=

{
2

k−1
2 if k is odd,

2
k−2
2 if k is even.

Proof. Let ki = bk
i c2. By the lemma above and the fact

∑{ki | 0 < i : odd <
k} = k − 1, we have

∑
log2 {2j | k ≤ 2j < 2k} =

∑
log2

{
i2ki | 0 < i : odd < k

}

=
∑

0<i:odd<k

log2(i) +
∑

0<i:odd<k

ki

=
∑

0<i:odd<k

log2(i) + (k − 1).
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On the other hand,
∑

log2{2j | k ≤ 2j < 2k} =
∑

k
2≤j<k

{(log2 j) + 1}

=
∑

k
2≤j<k

(log2 j) +

{
k−1
2 if k is odd,

k
2 − 1 if k is even.

Therefore we have∑
k
2≤j<k

(log2 j)−
∑

0<i:odd<k

log2(i) =
∑

k
2≤j:even<k

(log2 j)−
∑

0<i:odd< k
2

log2(i)

and this is equal to {
k−1
2 if k is odd,

k
2 − 1 if k is even. ¤

Lemma 2.4. Let Z4[X]/(Xk + 2Xa) with 0 < a < k and let H be a subgroup
of U(R).

(i) For each i with 0 < i < k let Si be a subset of {1, 2, . . . , k− 1} consisting
of at most a single element such that i /∈ Si. If H contains the elements
1 + 2Xi + 2XSi , then H contains 1 + 2Xi for all 0 < i < k. (Recall that when
Si = ∅ we defined XSi = 0.)

(ii) If H contains all

1 + 2(Xj + (hdt)) (0 < j < k),

where hdt stand for ‘higher degree terms’, then H contains 1 + 2Xi for all
0 < i < k.

Proof. (i) First note that 1 + 2Xk−1 ∈ H. If there is Si containing k− 1, then
we have (1+2(Xi +XSi))(1+2Xk−1) = 1+2Xi ∈ H. Hence, in particular, we
see that 1 + 2Xk−2 ∈ H. In this way, we arrive, eventually, at the conclusion
that 1 + Xi ∈ H for all i < k.

(ii) If j = k − 1, then 1 + 2(Xj + (hdt)) = 1 + 2Xj . Hence 1 + 2Xj ∈ H.
Therefore if there an element having 2Xj as a higher degree term, then we can
cancel it off by multiplying 1 + 2Xj to it. And so on. ¤

Lemma 2.5. Let R = Z4[X]/(Xk + 2u(X)), where u(X) = Xa0 + · · · + Xas

with 0 < a0 < · · · < as and as < k. Let A = {i | k
2 ≤ i < k} and let H be a

subgroup of U(R) containing


1 + 2Xi +

∑

0≤j≤s

2X2i−k+aj | k

2
≤ i < k



 .

Let B = {i | 0 < i < k
2} and let b be the number of elements of B.

(i) If a0 > k
2 , then

∑
0<i< k

2
Hi together with G ∩ T generate T .
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(ii) If a0 ≤ k
2 , then there is a subset S′ of {i | 0 < i < k} consisting of b

elements such that
∑

i∈S Hi + Hk−a0 together with G ∩ T generate T .

Proof. Using the fact that (1+2Xi)(1+2Xj) = 1+2Xi +2Xj we can identify
T with the additive group T 0 = {2XS ∈ Z4[X]|S ⊂ A ∪B} which also can be
identified with 2Zk−1

4 . For a polynomial f(X) = 1+2XS we let f ′(X) = 2XS .
To show that a family {fi} generate T we will show that the matrix formed by
the coefficients of fi

′ form an upper triangular matrix with 2’s on the diagonal.
For i ∈ A with i 6= k − a0, let a(i) be the lowest degree of

2Xi +
∑

0≤j≤s

2X2i−k+aj .

Then they are distinct. We let f ′a(i) = 2Xi +
∑

0≤j≤s 2X2i−k+aj . Then for
i = k− a0 the term 2Xi cancel off with 2X2i−k+a0 . And the matrix formed by
the coefficients of f ′a(i) will look like




2 ∗ ∗ ∗
2 ∗

. . . . . . . . . .
0 ∗

2 ∗
2 ∗

. . . . . . . . . .
2




,

where ∗ denotes 2 or 0 and below 2’s are all 0. (The slope of 2’s above the first
dots is − 1

2 and −1 below the first dots. The slope changes at 0.)
(i) If a0 > k

2 , then there is no i ∈ A with i = k − a0 and a(i) = i. Hence
there are only 2’s on the diagonal in the matrix above. Hence for i ∈ B we let
f ′i = 2Xi. Then the matrix formed by the coefficients of f ’s will be an upper
triangular matrix with 2’s on the diagonal. This proves our assertion.

(ii) Now suppose a0 ≤ k
2 . Then for i = k− a0 ∈ A, i.e., i = 2i− k + a0; and

a(i)’s are defined for all i ∈ A and distinct. Let S be a subset of A∪B defined
by

S = {i|0 < i < a0}
⋃ {

2i− k + a0 + 1 | k

2
≤ i < k − a0

}

which consists of b elements. For j ∈ S let f ′j = 2Xj . Then the matrix
formed by the coefficients of {f ′a(i), f

′
j | i ∈ A, j ∈ S} is an upper triangular

matrix with 2’s on the diagonal except a single 0 on (i, i) position. Therefore
{f ′a(i), f

′
j | i ∈ A, j ∈ S} together with Hk−a0 generate T . ¤

The following proposition shows that if u 6= 1, then the sum
∑

Gi is not
a direct sum. Therefore we need to look for new generators for the cyclic
subgroups in the direct sum decomposition of the group of units in this case.
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Proposition 2.6. Let R = Z4[X]/(Xk+2u(X)), where u(X) = Xa0+· · ·+Xas

with 0 < a0 < · · · < as and as < k. Assume u 6= 1 and a0 ≤ k
2 , a0 6= 1. Then

the sum
∑

0<i:odd<k Gi is not a direct sum.

Proof. Consider the matrix formed by the coefficients of


2Xi +

∑

0≤j≤s

2X2i−k+aj | k

2
≤ i < k





as in the proof of the lemma above.
Obviously the row containing 0 is a linear combination of the rows below.

If the element corresponding to the row containing 0 is the element in Gi ∩ T
and the elements below the row containing 0 is the element in Ga(j) ∩ T , then
our assertion about matrix implies that

∑
j Ga(j) ∩ Gi 6= (1). Hence the sum∑

Gi is not a direct sum. ¤

We will make use of the following simple observation.

Lemma 2.7. Let G be a finite abelian group. Let Gi be subgroups of G such
that

∑
Gi = G and

∏
o(Gi) = o(G). Then G = ⊕Gi.

3. Decomposing the group of units of Z4[X]/(Xk + 2u(X)Xa)

We apply the results of the previous section to choose the simpler generators
for the direct sum decomposition of U1(R) than we used in [2].

Theorem 3.1. Let R = Z4[X]/(Xk). Then the group U1(R) of 1-units of R
is isomorphic to the direct sum

U1(R) =
⊕

1≤i:odd<k

Gi ⊕
⊕

0<i< k
2

Hi,

where Gi is the cyclic subgroup generated by 1+Xi of order 2ki+1 with ki = bk
i c2

for each odd integer i, and Hi is cyclic of order 2 generated by 1 + 2Xi (0 <
i < k

2 ).

Proof. By the exact sequence

(1) → T → U1(Z4[X]/(Xk))
φ→ U(F2[X]/(Xk)) → (1)

we need to prove that φ(G+H( k
2 )) generate U(F2[X]/(Xk)) and (G+H( k

2 ))∩T

generate T . The first assertion is [2, Theorem 3.4] and hence we only need to
show that (G + H( k

2 )) ∩ T generate T , i.e., G ∩ T together with H( k
2 ) generate

T . First note that (1 + Xi)2
ki = 1 + 2Xi2ki−1 ∈ G ∩ T . Therefore Hj ⊂ G ∩ T

for k
2 ≤ j < k by Lemma 2.1. Hence it is clear that G ∩ T together with H( k

2 )

generate T .
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Finally we need to check that the sum of the logarithmic orders of the
subgroups is the right number, i.e.,∑

lo(Gi) +
∑

lo(Hi) = 2(k − 1) = lo(U1(Z4[X]/(Xk))).

We see easily that

#{1 ≤ i : odd < k} =

{
k−1
2 if k is odd,
k
2 if k is even,

and

#{1 ≤ i : even < k} =

{
k−1
2 if k is odd,

k−2
2 if k is even.

By Lemma 2.2, we see that
∑

0<i:odd<k bk
i c2 = k − 1. In either case, the sum

of the logarithmic order of the cyclic groups is 2k − 2. ¤

Example 3.2. Consider the example Z4[X]/(X10). The group U1(R) of 1-
units of R is isomorphic to

Z/25 ⊕ Z/23 ⊕ Z/22 ⊕ Z/22 ⊕ Z/22 ⊕ Z/2⊕ Z/2⊕ Z/2⊕ Z/2,

where the first five cyclic groups are generated by the units

1 + X, 1 + X3, 1 + X5, 1 + X7, 1 + X9

and the last four groups are generated by

(1 + 2X), (1 + 2X2), (1 + 2X3), (1 + 2X4)

in this order.

Now consider the group of units of the ring R = Z4[X]/(Xk + 2Xa) with
0 ≤ a < k. We can remove the assumption a > k

2 in [2, Theorem 5.5] by using
different generators. First consider the ring R = Z4[X]/(Xk + 2). In this case,
the group of 1-units is not well defined. Hence we decompose the group of units
U(R) into a direct sum of cyclic subgroups.

Theorem 3.3. Let R = Z4[X]/(Xk + 2). Then

U(R) =
⊕

1≤i:odd<k

Gi ⊕
⊕

0≤i< k
2

Hi,

where Gi is a cyclic group generated by 1+Xi of order 2ki+1 with ki = bk
i c2 for

each odd integer i; and Hi is cyclic of order 2 generated by 1+2Xi (0 < i < k
2 )

and H0 = 〈−1〉.
Proof. As before by the exact sequence

(1) → T0 → U(Z4[X]/(Xk + 2))
φ→ U(F2[X]/(Xk)) → (1)

we need to prove that φ(G+H+
( k
2 )

) generate U(F2[X]/(Xk)) and G∩T0 together

with H+
( k
2 )

generate T0. By [2, Theorem 3.4], we only need to prove the second
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assertion. By [2, Lemma 5.1], lo(1 + Xi) = ki + 1 with ki = bk
i c2. Then since

i2ki ≥ k we have

(1 + Xi)2
ki = 1 + 2Xi2ki−1

+ Xi2ki

= 1 + 2Xi2ki−1
+ 2Xi2ki−k ∈ T0.

Hence Gi∩T0 = 〈(1+Xi)2
ki 〉. Therefore it suffice to show that T0 is generated

by the elements
{

1 + 2Xi2ki−1
+ 2Xi2ki−k, where 0 < i odd < k,

(−1 + 2Xi), where 0 ≤ i < k
2 .

We know {i2ki−1 | 0 < i : odd < k} = {i | k
2 ≤ i < k} by Lemma 2.1. Therefore

G ∩ T0 contains {1 + 2Xi + 2X2i−k | k
2 ≤ i < k}. Now we use Lemma 2.4 to

conclude that T0 ∩ (G + H+
( k
2 )

) contains {−1 + Xn | 0 ≤ n < k}.
Since we know G and H+

k
2

generate U(R) we need to show that sum of
logarithmic order is lo(U(R)) = 2k − 1. Now we have

∑
lo(Hi) = #

{
i | 0 ≤ i <

k

2

}
=

{
k+1
2 if k is odd,
k
2 if k is even.

Therefore, by Lemma 2.2,
∑

lo(Gi) +
∑

lo(Hi) =
∑

1≤i:odd<k

b2k

i
c2 + #

{
i | 0 ≤ i <

k

2

}
= 2k − 1

as required. ¤

Now we consider the group of 1-units of R = Z4[X]/(Xk + 2Xa) with a > 0
and decompose it into a direct sum of cyclic subgroups.

Theorem 3.4. Let R = Z4[X]/(Xk + 2Xa) with a > 0 and let ki = bk
i c2.

Then the group of 1-units U1(R) of R can be decomposed into the direct sum
of the following cyclic subgroups:

(i) If k
2 < a, then

U1(R) =
⊕

0<i:odd<k

Gi ⊕
⊕

0<i< k
2

Hi,

where Gi is cyclic of order 2ki+1 generated by 1 + Xi for each odd integer < k
and Hi is the cyclic subgroup of order 2 generated by 1 + 2Xi.

(ii) If k
2 ≥ a, then

U1(R) =
⊕

0<i:odd<k

Gi ⊕
⊕

0<i< k
2

Hi ⊕Hk−a,
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where H’s are cyclic group of order 2 and for each odd i the cyclic subgroup Gi

is generated by 1 + Xi with

lo(Gi) =

{
ki + 1 if i 6= j,

kj if i = j.

Proof. We first prove (ii). As before by the exact sequence

(1) → T → U1(Z4[X]/(Xk + 2Xa))
φ→ U(F2[X]/(Xk)) → (1)

we need to prove that G ∩ T together with H( k
2 ) + Hk−a generate T since

we already know that φ(G) generate U(F2[X]/(Xk). Since k
2 ≥ a we have

k− a ≥ k
2 . By Lemma 2.1, there is a j such that k − a = j2kj−1. If i 6= j, then

(1 + Xi)2
ki = 1 + 2Xi2ki−1

+ 2Xi2ki−k+a ∈ T.

But for j we have (1 + Xj)2
kj = 1 and hence lo(1 + Xj) = kj ; but note that

(1 + Xj)2
kj−1

= 1 + 2Xj2kj−2
+ Xj2kj−1

/∈ T and thus Gj ∩ T = (1). Hence
T ∩ (G + Hk−a) is generated by

{
1 + 2Xi2ki−1

+ 2Xi2ki−k+a (i 6= j),
1 + 2Xk−a, where k − a = j2kj−1.

And by Lemma 2.1, {i2ki−1|i 6= j}∪{k−a} = {i | k
2 ≤ i < k}. By Lemma 2.4,

we conclude that H( k
2 ) ⊕Hk−a together with T ∩G generate T .

(i) Suppose now k
2 < a, i.e., k−a < k

2 . Then by Lemma 2.1, there is no j such
that k − a = j2kj−1. Therefore (1 + Xi)2

ki = 1 + 2Xi2ki−1
+ 2Xi2ki−k+a ∈ T

for each odd i with 0 < i < k. By Lemma 2.4, we see that {(1 + Xi)2
ki | 0 <

i : odd < k} and H( k
2 ) generate T .

To finish our proof we need to check that the sum of the logarithmic order
of the subgroups

∑
0<i:odd<k lo(Gi)+

∑
0<i< k

2
lo(Hi) is equal to 2(k−1) in (i).

However, the same proof of Theorem 3.3 also works for this case also. In the
case of (ii), we need to show

∑
0<i:odd<k lo(Gi)+

∑
0<i< k

2
lo(Hi)+ lo(Hk−a) =

2(k − 1). But since lo(Gj) = kj the sum
∑

0<i:odd<k lo(Gi) drops by 1 which
is compensated by adding lo(Hk−a) = 1. ¤

Example 3.5. Let R = Z4[X]/(X8 + 2X4). Then lo(U1(R)) = 14. For i = 1
we have ki = 3 and i2ki−1 = 4 = k − a. Now we have

lo(1 + X) = 3, lo(1 + X3) = 3, lo(1 + X5) = 2, lo(1 + X7) = 2,

lo((1 + 2X) = lo((1 + 2X2) = lo((1 + 2X3) = lo((1 + 2X4) = 1.

Hence

U1(R) ∼= G1 ⊕G3 ⊕G5 ⊕G7 ⊕H1 ⊕H2 ⊕H3 ⊕H4

∼= Z/23 ⊕ Z/23 ⊕ Z/22 ⊕ Z/22 ⊕ Z/2⊕ Z/2⊕ Z/2⊕ Z/2.
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For the rest of this section, we consider the ring of the type R = Z4[X]/(Xk+
2u(X)Xa), where u(X) is a polynomial of the type

u(X) =
s∑

i=0

Xbi , where b0 = 0, u(X) 6= 1 and deg(u) < k − a

and write Xau(X) = Xa0 + Xa1 + · · ·+ Xas . If u = 1, then R reduces to the
rings we already considered. And if u 6= 1 we need some restrictions on a to
decompose the group of units into a direct sum of cyclic subgroups.

Lemma 3.6. Let R = Z4[X]/(Xk +2u(X)Xa) with a ≥ 0. For an odd integer
i less than k let ki = bk

i c2. Then
(i) If a > k

2 , then lo(1 + Xi) = ki + 1.
(ii) If a = 1 and j is an odd integer such that k − 1 = j2kj−1, then

lo(1 + Xi) =

{
ki + 1 if i 6= j,

kj if i = j.

Proof. (i) Note X2k−a = 2uXk = 0 and these are the smallest such power.
Then i2ki+1 ≥ 2k ≥ 2k − a and i2ki ≥ k. Hence (1 + Xi)2

ki+1
= 1 + 2X2ki +

X2ki+1
= 1. Now check the possibility that (1+Xi)2

ki = 1. This happens only
when

2Xi2ki−1
+ Xi2ki = 2Xi2ki−1

+ 2(Xi2ki−k+a0 + Xi2ki−k+a1 + · · · ) = 0,

where Xau(X) = Xa0 + Xa1 + · · · + Xas . But {i2ki−1 | 0 < i : odd < k} =
{n | k

2 ≤ n < k} by Lemma 2.1, and since a > k
2 we see that i2ki − k + a0 >

i2ki−1. Therefore 2Xi2ki−1
+ Xi2ki cannot vanish.

(ii) Existence of an odd integer j with k − 1 = j2kj−1 is guaranteed by
Lemma 2.1. Now we have

(1 + Xj)2
kj = 1 + 2Xj2kj−1

+ Xj2kj

= 1 + 2Xj2kj−1
+ 2(Xj2kj−k+a + · · · ).

Then 2Xj2kj−1
+ 2Xj2kj−k+a = 0 and the rest vanishes because the exponents

of X become ≥ k. Therefore we see that lo(1 + Xj) = kj . ¤

Theorem 3.7. Let R = Z4[X]/(Xk + 2u(X)Xa) with a polynomial u of the
type described above and let ki = 2b

k
i c2 .

(i) If a > k
2 , then

U1(R) =
⊕

0<i:odd<k

Gi ⊕
⊕

0<i< k
2

Hi,

where Gi is cyclic of lo(Gi) = ki +1 with the generator 1+Xi and Hi is cyclic
of lo(Hi) = 1 with the generator 1 + 2Xi.
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(ii) If a = 1 and if j is an odd integer with k − 1 = j2kj−1, then

U1(R) =
⊕

0<i:odd<k

Gi ⊕
⊕

0<i< k
2

Hi ⊕Hk−1

with lo(Gj) = kj and lo(Gi) = ki + 1 (i 6= j) and Hi’s are the same as before.
(iii) If a = 0, then the group of units of R is

U(R) =
⊕

0<i:odd<k

Gi ⊕
⊕

0≤i< k
2

Hi,

where Gi is cyclic group of order 2ki+1 generated by 1+Xi for each odd integer
< k and Hi is the cyclic subgroup of order 2 generated by 1 + 2Xi.

Proof. (i) Since there is no i such that k − a = i2ki−1 we see that lo(Gi) =
ki + 1. The same proof of Theorem 3.4(i) will works for this case.

(ii) follows from Lemma 2.5 together with the fact that the direct sum of
the subgroups generate U1(R) with the right order.

(iii) is similarly proved. ¤

Remark. For 1 < a ≤ k
2 the sum

∑
i Gi is not direct as we saw in Proposi-

tion 2.6. Further investigation is needed for this case†.

4. Decomposing the group of units of Z4[X]/(Xk + 2Xa, 2Xr)

Let R = Z4[X]/(Xk + 2Xa, 2Xr), where 0 ≤ a < r < k. In [2, Lemma 6.1,
Lemma 6.2] we show that the number of elements of U(R) is 2k+r−1 and the
group of 1-units U1(R) has order 2k+r−2 when a > 0. And we showed that for
each odd integer i with 0 < i < k

(i) If k ≤ r + a and k − a 6= i2b
r
i c2 , then lo(1 + Xi) = b 2r

i c2. Note that

ki ≤ b2r

i
c2 ≤ ki + 1

since k ≤ r + a ≤ 2r ≤ 2k.
(ii) If k ≥ r + a, then

lo(1 + Xi) =

{
bk+r−a

i c2,
bk

i c2 if k − a = i2ki−1,

where ki = bk
i c2. There are at most one positive odd integer i less than

k satisfying the condition k − a = i2ki−1 with ki > 1. Note that if we let
αi = bk+r−a

i c2, then since k < k + r − a < 2k we have

ki ≤ αi ≤ ki + 1.

Now we compute the group of units of the ring R = Z4[X]/(Xk +2Xa, 2Xr).

†See the paper [3].
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Theorem 4.1. Let R = Z4[X]/(Xk + 2Xa, 2Xr) with 0 < a < r < k. If
k ≥ r + a, then the group of 1-units U1(R) decomposes into the direct sum:

U1(R) =
⊕

1≤i:odd<k

Gi ⊕
⊕

i∈S

Hi,

where S = {i | 0 < i < a} ∪ {a + i | i : odd, a < a + i < r}. Here, Gi is cyclic
generated by 1 + Xi of order 2αi , where αi = bα

i c2 with α = k + r− a; and Hi

is cyclic generated by 1 + 2Xi of order 2.

Proof. First we look at G ∩ T . Since the elements of T are order 2, the only
possible elements in Gi which are in T are of the form (1 + Xi)αi−1 = 1 +
2Xi2αi−2

+Xi2α1−1
. This will belong to T only if i2αi−1 ≥ k. Now {i2αi−1 | 1 ≤

i : odd < α} = {j | α
2 ≤ j < α}, by Lemma 2.1, which we will call S. If j is odd

such that j ≥ k, then αj = 1 and (1+Xj)αj−1 = (1+Xj) /∈ T . Hence the even
numbers ≥ k in S is of the form S ′ = {i2αi−1 | i : odd, αi > 1, i2αi−1 ≥ k}
= {j : even | k ≤ j < α}. And therefore, G∩T = 〈1+2X

j
2 +2Xj−k+a | j ∈ S ′〉.

On the other hand, k ≥ r + a implies that a < k
2 . Therefore k− a > k

2 ≥ j
2 .

Hence j
2 > j − k + a and consequently (1 + Xi)2

αi−1
= 1 + 2Xj−k+a + (hdt) 6=

1 (j = k, k + 2, . . . ). Hence G ∩ T is generated by {1 + 2Xa+2i | i = 0, 1, . . . }.
Thus if we let S = {i | 0 < i < a}∪{a+ i | i : odd, a < a+ i < r}, then T is

generated by G∩T together with
∑

i∈S Hi by Lemma 2.4. As we already know
that φ(G) generate U(F2[X]/(Xk)) we conclude that G together with ⊕i∈SHi

generate U1(R).
Now we need to show that

∑
0<i:odd<k lo(Gi) +

∑
i∈S lo(Hi) = k + r − 2.

First note #S = #({i | 1 ≤ i < r} \ S′) = (r − 1)−#S′. Hence
∑

lo(Gi) +
∑

lo(Hi)

= (α− 1)−#{i : odd | k ≤ i < α}+ #S

= (α− 1)−#({i : odd | k ≤ i < α} ∪ S′) + #{i | 1 ≤ i < r}
= #{i | 1 ≤ i < k}+ #{i | 1 ≤ i < r} = (k − 1) + (r − 1)
= k + r − 2

as required. ¤

Remark. In the proof of Theorem 4.1, suppose there is an odd integer i satisfy-
ing the condition k − a = i2ki−1. As observed above, the only possible elements
in G which are in T are of the form (1 + Xi)αi−1 = 1 + 2Xi2αi−2

+ Xi2α1−1

and it belong to T only if i2αi−1 ≥ k. But since k − a = i2ki−1 < k the corre-
sponding element (1 + Xi)ki does not belong to T and existence of such i does
not affect the decomposition of the group of units.

Theorem 4.2. Let R = Z4[X]/(Xk + 2Xa, 2Xr) with 0 < a < r < k. Let
ri = b r

i c2. Suppose k < r + a. Then the group of 1-units U1(R) decomposes
into the direct sum:
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(i) If a > k
2 , then

U1(R) =
⊕

0<i:odd<k

Gi ⊕
⊕

0<i< k
2

Hi,

where Gi is cyclic generated by 1 + Xi with lo(Gi) = ri + 1 and Hi is cyclic
generated by 1 + 2Xi with lo(Hi) = 1.

(ii) If a ≤ k
2 , then there is an odd integer j (0 < j < k) such that k − a =

j2rj−1 and
U1(R) =

⊕

0<i:odd<k

Gi ⊕
⊕

i∈S

Hi,

where S = {i | 0 < i < a} ∪ {k − a} ∪ {a + l}, where l is odd such that
a < a + l < r if k is even; and l is even such that a + 1 < a + l < r if k is
odd. Here, Gi is cyclic generated by 1 + Xi with lo(Gi) = ri + 1 for i 6= j and
lo(Gj) = rj ; and Hi is cyclic generated by 1 + 2Xi with lo(Hi) = 1.

Proof. (i) As before consider the exact sequence

(1) → T → U1(Z4[X]/(Xk + 2Xa, 2Xr))
φ→ U(F2[X]/(Xk)) → (1),

where T is generated by 1 + 2Xi, where 0 < i < r. As usual we need to show
that G∩ T together with

⊕
0<i< k

2
Hi (resp.

⊕
0<i< k

2
Hi ⊕Hk−a) generate T

when a > k
2 (resp. a ≤ k

2 ).
By Lemma 2.1, we see that

{i2ri | 0 < i : odd < 2r} = {n | r ≤ n < 2r}
which we call R. If i ∈ R is odd such that i ≥ k, then ri = 0 and hence
(1 + Xi)2

ri
/∈ T . And therefore if n ∈ R is even such that n ≥ k, then it is of

the form n = i2ri with ri ≥ 1 and i is odd such that 0 < i < 2r (we only need
i for which 0 < i < k). For an odd i with k ≤ i2ri and 0 < i < k we have

(1 + Xi)2
ri = 1 + 2Xi2ri−1

+ Xi2ri

= 1 + 2Xi2ri−1
+ 2Xi2ri−k+a ∈ T.

Since k
2 < a we see that k− a < k

2 and as k ≤ j we conclude that k− a < j
2 .

This in turn implies that j − k + a > j
2 . Thus (1 + Xi)2

ri = 1 + 2X
j
2 + 2XSn ,

where Sn = {i2ri − k + a} if i2ri − k + a < r and Sn = ∅ if i2ri − k + a ≥ r.
Thus we conclude that{

1 + 2Xi (0 < i < k
2 )

1 + 2Xn + 2XSn (k
2 ≤ n < r)

generate T by Lemma 2.4.
On the other hand, if k−a = j2rj−1 for some j, in the situation above, then

(1 + Xj)2
rj = 1 and lo(Gj) = rj and Gj ∩ T = 1. (Every element of T is of

order 2 and the only element of Gi is (1+Xj)2
rj−1

but this does not belong to
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T .) Hence G∩T contains {1+2Xn +2XSn | k
2 ≤ n < r, n 6= k−a}. Therefore

G ∩ T together with H( k
2 ) + Hk−a generate T by Lemma 2.4.

To finish our proof we need to show that the sum of the logarithmic order
of our subgroups is the right number. In fact, we know that

∑

1≤i:odd<2r

b2r

i
c2 = 2r − 1.

If i is odd ≥ k, then b 2r
i c2 = 1. Since the number of elements of {i | k ≤ i < 2r}

are {
k−2r−1

2 if k is odd,
k−2r

2 if k is even.
Hence

∑

1≤i:odd<k

lo(Gi) =

{
(2r − 1)− 2r−k+1

2 if k is odd,
(2r − 1)− 2r−k

2 if k is even.

On the other hand,
∑

1≤i< k
2

lo(Hi) = #
{

1 ≤ i <
k

2

}
=

{
k−1
2 if k is odd,

k−2
2 if k is even.

Therefore lo(Godd)+lo(Hi) = k+r−2 which is exactly the order of U1(R). (We
could have used the similar argument we used in the proof of Theorem 4.1.)

(ii) Now suppose a ≤ k
2 . Then k ≤ 2(k − a) < 2r since k < r + a. Hence

there is an odd integer j for which k − a = j2rj−1. And if n ∈ R is even such
that n

2 < k − a, then n− k + a < n
2 and; if n

2 > k + a, then n
2 < n− k + a.

Now we have (1 + Xj)2
rj = 1 + 2Xj2rj−1

+ Xj2rj = 1. Therefore G ∩ T is
generated by{

1 + 2Xn−k+a + (hdt), where n ∈ R is even such that k ≤ n < 2(k − a),
1 + 2X

n
2 + (hdt), where n ∈ R is even such that n > 2(k − a).

Hence, by Lemma 2.4, T is generated by G ∩ T together with



1 + 2Xi (0 < i < a)
1 + 2Xk−a

1 + 2Xa+l,

where l is odd such that a < a + l < r if k is even; and l is even such that
a + 1 < a + l < r if k is odd.

To count the order we notice that the number of i such that Gi ∩ T 6= (1) is
one less than that in (i) since Gk−a ∩ T = (1). And we can resort to the proof
of (i). ¤
Remark. We have freedom to choose the generators of the form 1+2Xi’s. Say
we could have chosen {1+2X

j
2 |j ∈ S′} instead of S′− k +a when we form the

set S = {i | 0 < i < r} \S′− k + a. But our choice seems to be rather natural.
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Theorem 4.3. Let R = Z4[X]/(Xk + 2, 2Xr). Then the group of units U(R)
of R is isomorphic to

U(R) =
⊕

1≤i:odd<k

Gi ⊕
⊕

i∈S

Hi,

where

S =




{i : even | 0 ≤ i < r} if k is odd,

{i : odd | 0 < i < r} ∪ {0} if k is even.

Proof. As before we need to show that {1 + 2Xi|i ∈ S} together with G ∩ T0

with
⊕

i∈S Hi generate T0 and the sum of logarithmic order of our subgroups
has the right number.

First we look at G ∩ T0. Let α = k + r and αi = bα
i c2. Since the elements

of T0 are of order 2, the only possible elements in G which are in T0 are of the
form

(1 + Xi)αi−1 = 1 + 2Xi2αi−2
+ Xi2α1−1

which belong to T0 only if i2αi−1 ≥ k. Now by Lemma 2.1, we know that
{i2αi−1 | 1 ≤ i : odd < α} = {j | α

2 ≤ j < α} which we will call S. If i is
odd such that i ≥ k, then αi = 1; i2αi−1 = i and (1 + Xi)αi−1 = 1 + Xi /∈
T0. Therefore the even numbers ≥ k in S is of the form S ′ = {i2αi−1 | i :
odd, αi > 1, i2αi−1 ≥ k} = {j : even | k ≤ j < α}. And hence G ∩ T0 =
{1 + 2X

j
2 + 2Xj−k | j ∈ S ′}. Let S = {i | 0 ≤ i < r} \ S ′ − k. Then

S = {i : even | 0 ≤ i < r} if k is odd; and S = {i : odd | 0 < i < r} ∪ {0} if k
is even. Thus T0 is generated by G ∩ T0 and

∑
i∈S Hi by Lemma 2.4. As we

already know that φ(G) generate U(F2[X]/(Xk)) we conclude that G together
with ⊕i∈SHi generate U1(R).

Now we need to show that∑

0<i:odd<k

lo(Gi) +
∑

i∈S

lo(Hi) = k + r − 1.

First note #S = #({i | 0 ≤ i < r} \ S) = r −#S′. Hence

∑
lo(Gi) +

∑
lo(Hi)

= (α− 1)−# {i : odd | k ≤ i < α}+ #S

= (α− 1)−#({i : odd | k ≤ i < α} ∪ S′) + #{i | 0 ≤ i < r}
= #{i | 1 ≤ i < k}+ #{i | 0 ≤ i < r} = (k − 1) + r)
= k + r − 1

as required. ¤

Example 4.4. Let R = Z4[X]/(X20+2X2, 2X12). Here we have k+r−a = 30,
k ≥ r+a and lo(U1(R)) = k+r−2 = 30. Let α = k+r−a and αi = bk+r−a

i c2.
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We look at the possible elements of T of the form (1 + Xi)2
αi−1

.

1 ≤ i : odd < α αi i2αi−1 (1 + Xi)2
αi−1

1 5 24 = 16 1 + 2X8 + X16 not in T
3 4 3 · 23 = 24 1 + 2X6

5 3 5 · 22 = 20 1 + 2X10 + 2X2

7 3 7 · 22 = 28 1 + 2X10

9 2 9 · 2 = 18 1 + 2X9 + X18 not in T
11 2 11 · 2 = 22 1 + 2X11 + 2X4

13 2 13 · 2 = 26 1 + 2X8

15 1 15 1 + X15 not in T
17 1 17 1 + X17 not in T
19 1 19 1 + X19 not in T
21 21
23 23
25 25 i ≥ k
27 27
29 29

In the blank space there were terms of the form 2X l with l > r.
Now ∑

1≤i:odd<20

lo(Gi) =
∑

1≤i:odd<k

αi = 5 + 4 + · · ·+ 1 = 24

and

G ∩ T =
⊕

{H2j−k+a | k ≤ 2j < k + r − a}
= {1 + 2X10 + 2X2, 1 + 2X11 + 2X4, 1 + 2X6, 1 + 2X8, 1 + 2X10}

which correspond to even numbers i2αi−1 which is bigger than k. Therefore to
generate T we need to adjoin the generators

{1 + 2Xi | 1 ≤ i < r, i 6= 2, 4, 6, 8, 10}
which consists of (r − 1) − r−a

2 = r+a
2 − 1 = 6 elements. Letting S ′ = {2j −

k + a|k ≤ 2j < k + r − a} we have

U1(R) =
⊕

1≤i:odd<k

Gi ⊕
⊕

{Hi | i /∈ S ′, 1 ≤ i < r}

=
⊕

1≤i:odd<30

Gi ⊕
⊕

1≤i:odd<12

Hi.

Example 4.5. Let R = Z4[X]/(X20 + 2X6, 2X15). Here we have r + a = 21,
k ≤ r+a and lo(U1(R)) = k + r−2 = 33. Let ri = b r

i c2 so that ri +1 = b 2r
i c2.

Note that r7 = b 15
7 c2 = 2 and k − a = 14 = 7 · 2r7−1. Hence lo(G7) = r7 = 2
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and for an odd i other than 7 we have lo(Gi) = ri + 1. Now
∑

1≤i:odd<k

lo(Gi) = r7 +
∑

i:odd 6=7

(ri + 1) = 23.

We look at the possible elements of T of the form (1 + Xi)2
ri .

1 ≤ i : odd < 2r ri i2ri (1 + Xi)2
ri

1 4 24 = 16 1 + 2X8 + X16 not in T
3 3 3 · 23 = 24 1 + 2X12 + 2X10

5 2 5 · 22 = 20 1 + 2X10 + 2X6

7 2 7 · 22 = 28 1 + 2X14 + 2X14 = 1 lo(G7) = 2
9 1 9 · 2 = 18 1 + 2X9 + X18 not in T
11 1 11 · 2 = 22 1 + 2X11 + 2X8

13 1 13 · 2 = 26 1 + 2X13 + 2X12

15 0 15 1 + X15 not in T
17 0 17 1 + X17 not in T
19 0 19 1 + X19 not in T
21 21
23 23
25 25 i ≥ k
27 27
29 29

Therefore G ∩ T is generated by

{1 + 2X12 + 2X10, 1 + 2X10 + 2X6, 1 + 2X11 + 2X8, 1 + 2X13 + 2X12}.
Hence if we let H ′ = H14 ⊕

⊕
0<i<10

Hi, then (G ∩ T ) + H ′ = T . Therefore

U1(R) = G⊕H ′.

Acknowledgment. In the sequel of this paper [3] we will remove the restric-
tions imposed in the paper by modifying the set of generators.
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