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ON THE r-TH HYPER-KLOOSTERMAN SUMS AND A
PROBLEM OF D. H. LEHMER

Zhang Tianping and Xue Xifeng

Abstract. For any integer k ≥ 2, let P (c, k + 1; q) be the number of all
k+1-tuples with positive integer coordinates (a1, a2, . . . , ak+1) such that
1 ≤ ai ≤ q, (ai, q) = 1, a1a2 · · · ak+1 ≡ c (mod q) and 2 - (a1 + a2 +

· · ·+ak+1), and E(c, k +1; q) = P (c, k +1; q)− φk(q)
2

. The main purpose
of this paper is using the properties of Gauss sums, primitive characters
and the mean value theorems of Dirichlet L-functions to study the hybrid
mean value of the r-th hyper-Kloosterman sums Kl(h, k + 1, r; q) and
E(c, k + 1; q), and give an interesting mean value formula.

1. Introduction

Let q ≥ 3 and c be two integers with (c, q) = 1. For each integer a with
1 ≤ a ≤ q and (a, q) = 1, we know that there exists one and only one b with
1 ≤ b ≤ q such that ab ≡ c (mod q). Let

M(c, k; q) =
q∑′

a=1

q∑′

b=1
ab≡c (mod q)

(a− b)2k
,

where
∑′q

a=1 denotes the summation over all a such that (a, q) = 1. In [17],
W. Zhang used the estimates for Kloosterman sums and trigonometric sums
to obtain a sharp asymptotic formula for M(c, k; q), and proved that for any
positive integer k, we have the asymptotic formula

(0.1) M(c, k; q) =
1

(2k + 1)(k + 1)
φ(q)q2k + O

(
4kq

4k+1
2 d2(q) ln2 q

)
,

where φ(q) is the Euler function, and d(q) is the divisor function.
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For any fixed positive integer c with (c, q) = 1, let

N(c, 1; q) = M(c, 1; q)− 1
6
φ(q)q2 − 1

3
q
∏

p|q
(1− p) ,

where
∏

p|q denotes the product over all distinct prime divisors of q. W. Zhang
[19] proved that

q∑′

c=1

N2(c, 1; q) =
5
36

q3φ3(q)
∏

pα‖q

(p+1)3

p(p2+1) − 1
p3α−1

1 + 1
p + 1

p2

+ O

(
q5 exp

(
4 ln q

ln ln q

))
,

which shows that the error term in (0.1) is the best possible.
Let P (c; q) be the number of cases in which a and ā are of opposite parity.

For any odd prime p, D. H. Lehmer [3] asked us to find P (1; p) or at least to
say something nontrivial about it. In [16], W. Zhang proved that

(0.2) P (1; q) =
1
2
φ(q) + O

(
q

1
2 d2(q) ln2 q

)
.

Following the spirit of [19], [21] defined the error term

E(c; q) = Mc; q)− 1
2
φ(q),

and obtained that
p−1∑
c=1

E2(c; p) =
3
4
p2 + O

(
p exp

(
3 ln p

ln ln p

))
.

This proves the error terms in (0.2) is also the best possible.
Moreover, W. Zhang [20] found that there exists some interesting connec-

tions between the error terms E(c; q) and the classical Kloosterman sums:

K(m,n; q) =
q∑′

b=1

e

(
mb + nb

q

)
,

where e(y) = e2πiy, and obtained the hybrid mean value formula as

(0.3)
q∑′

c=1

E(c; q)K(4c, 1; q) =
4
π2

qφ(q)
∏

p‖q

(
1− 1

p(p− 1)

)
+ O

(
q

3
2+ε

)
,

where ε is any fixed positive number. Note that here on the left hand side the
term is of the size O(q1+ε). The result in (0.3) shows that this term indeed
has an average size of O(q), and there is no significant cancellation occurred
in this weighted sum. This is opposite to the standard belief that a sum of
Kloosterman sums (without weighting by those error terms) of the type

∑

q≤x

K(m,n; q)√
q
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should exhibit cancellation. Linnik [5] and Selberg [11] have conjectured that
∑

q≤x

K(m,n; q)
q

= O (xε)

for every ε > 0. This conjecture is still unproven, but Kuznetsov [4] has proved
that it is true for ε > 1

6 . For the details, see the excellent paper of Goldfeld
and Sarnak [2], or Patterson [10] and references therein.

In reference [8], Mordell introduced the hyper-Kloosterman sums as follow-
ing:

Kl(h, k + 1; q) =
q∑′

a1=1

q∑′

a2=1

· · ·
q∑′

ak=1

e

(
a1 + a2 + · · ·+ ak + h · a1a2 · · · ak

q

)
.

About the hyper-Kloosterman sums, many scholars had studied about it be-
fore. Applications of the hyper-Kloosterman sums were found in the estimation
of Fourier coefficients of Maass forms [1] and the work on Selberg’s eigenvalue
conjecture [7]. On the other hand, Smith [12] had built some interesting con-
nections between the hyper-Kloosterman sums and the Heibronn sums. And Ye
[14] found certain identities between the hyper-Kloosterman sums and the two-
term exponential sums, which are in turn deduced from generalized Davenport-
Hasse identities of Gauss sums.

Similarly, Zhang and the first author [15] defined the r-th hyper-Kloosterman
sums as following:

Kl(h, k + 1, r; q) =
q∑′

a1=1

q∑′

a2=1

· · ·
q∑′

ak=1

e

(
ar
1 + ar

2 + · · ·+ ar
k + h · ar

1a
r
2 · · · ar

k

q

)
,

and built some interesting connections between the r-th hyper-Kloosterman
sums and the hyper Cochrane sums.

Let P (c, k + 1; q) be the number of all (k + 1)-tuples with positive integer
coordinates (a1, a2, . . . , ak+1) such that 1 ≤ ai ≤ q, (ai, q) = 1, a1a2 · · · ak+1 ≡
c (mod q) and 2 - (a1 + a2 + · · ·+ ak+1). That is,

P (c, k + 1; q) =
q∑′

a1=1

q∑′

a2=1

· · ·
q∑′

ak+1=1

a1a2···ak+1≡c (mod q)

2-(a1+a2+···+ak+1)

1.

In [6], Liu Huaning defined the error term as

E(c, k + 1; q) = P (c, k + 1; q)− φk(q)
2

,

and proved that for any odd number q ≥ 3 and integer k ≥ 2, we have
q∑′

c=1

E(c, k + 1; q)Kl(2k
c, k + 1; q) =

(−4)kqkφ(q)
πk+1ik+1

∏

p‖q

(
1− pk − 1

pk(p− 1)2

)
+ O

(
qk+ε

)
.
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It is obvious that Kl(h, k+1, r; q) = Kl(h, k+1; q) if dr ≡ r ≡ 1 (mod φ(q)),
so we suppose that dr = r − φ(q)

[
r

φ(q)

]
> 1. In this paper, we shall use the

properties of Gauss sums, primitive characters and the mean value theorems
of Dirichlet L-functions to study the hybrid mean value of the r-th hyper-
Kloosterman sums Kl(h, k + 1, r; q) and E(c, k + 1; q), and give an interesting
mean value formula. That is, we shall prove the following:

Theorem. Let q ≥ 3 be an odd number. Then for any positive integers r, k

with dr = r − φ(q)
[

r
φ(q)

]
> 1, we have the asymptotic formula

(0.4)
q∑′

c=1

E(c, k + 1; q)Kl(2k
c, k + 1, r; q) =

(−4)kqkφ(q)
πk+1ik+1

∏

p‖q

(
1− pk − 1

pk(p− 1)2

)
+ O

(
drq

k+ 1
2+ε

)
.

Remark. If we bound the left hand side by estimation of individual terms, we
can use the bounds for the r-th hyper-Kloosterman sums |Kl(2k

c, k+1, r; q)| =
O((k + 1)q

k
2 +ε) and the error term |E(c, k + 1, q)| = O(q

k
2 +ε). This will give

us a bound for the left hand side O(qk+1+ε), which is about the same as the
bound in the theorem. This confirmed that the bound for the error term is
best possible, and there is no major cancellation on the left side of (0.4).

Taking q = p and k = 1 in Theorem respectively, we may immediately
deduce the following

Corollary 1. Let p ≥ 3 be a prime. Then for any positive integers r, k with
dr = r − φ(p)

[
r

φ(p)

]
> 1, we have

p−1∑
c=1

E(c, k + 1; p)Kl(2k
c, k + 1, r; p) =

(−4)kpk+1

πk+1ik+1
+ O

(
drp

k+ 1
2+ε

)
.

Corollary 2. Let q ≥ 3 be an odd number. Then for any positive integer r

with dr = r − φ(q)
[

r
φ(q)

]
> 1, we have

q∑′

c=1

E(c, 2; q)Kl(4c, 2, r; q) =
4qφ(q)

π2

∏

p‖q

(
1− 1

p(p− 1)

)
+ O

(
drq

3
2+ε

)
.

2. Some lemmas

To complete the proof of Theorem, we need the following several lemmas.
Since the classical Gauss sums is defined as

G(n, χ; q) =
q∑

b=1

χ(b)e
(

nb

q

)
,

and τ(χ) = G(1, χ), we have the following:



HYPER-KLOOSTERMAN SUMS AND A PROBLEM OF D. H. LEHMER 737

Lemma 1. For any positive integer q, let χ be a non-primitive character mod-
ulo q and χq ⇔ χ∗q∗ . If (n, q) > 1, we have

G(n, χ)

=

{
χ∗

(
n

(n,q)

)
χ∗

(
q

q∗(n,q)

)
µ

(
q

q∗(n,q)

)
φ(q)φ−1

(
q

(n,q)

)
τ(χ∗), if q∗ = q1

(n,q1)
;

0, if q∗ 6= q1
(n,q1)

,

where µ(n) is the Möbius function and q1 is the greatest divisor of q that has
the same prime factors as q∗.

If (n, q) = 1, then we have

G(n, χ) = χ∗(n)χ∗
(

q

q∗

)
µ

(
q

q∗

)
τ(χ∗).

Proof. See [9]. ¤

Lemma 2. Let χ be a character modulo q, generated by the primitive character
χm modulo m. Then we have the identity

τ(χ) = χm

( q

m

)
µ

( q

m

)
τ(χm).

Proof. See Lemma 1.3 of [9]. ¤

Lemma 3. Let q ≥ 3 be an odd number and k be a positive integer. Then for
any positive integer c with (c, q) = 1, we have the identity

E(c, k + 1; q) =
(−2)k

(πi)k+1φ(q)

∑

χ mod q

χ(−1)=−1

χ(c) (1− 2χ(2))k+1

( ∞∑
n=1

G(n, χ)
n

)k+1

,

where χ denotes a Dirichlet character modulo q with χ(−1) = −1.

Proof. This is Lemma 1 of [6]. Since the paper is still in press, we state it out.
From the orthogonality relation for character modulo q we have

P (c, k + 1; q) =
1
2

q∑′

a1=1

q∑′

a2=1

· · ·
q∑′

ak+1=1

a1a2···ak+1≡c (mod q)

(
1− (−1)a1+a2+···+ak+1

)

=
φk(q)

2
− 1

2

q∑′

a1=1

q∑′

a2=1

· · ·
q∑′

ak+1=1

a1a2···ak+1≡c (mod q)

(−1)a1+a2+···+ak+1

=
φk(q)

2
− 1

2φ(q)

∑

χ mod q

χ(c)

[
q∑

a=1

(−1)aχ(a)

]k+1

.
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Now if χ(−1) = 1, then
q∑

b=1

(−1)bχ(b) = 0,

while if χ(−1) = −1, then

q∑

b=1

(−1)bχ(b) = 2χ(2)
(q−1)/2∑

b=1

χ(b).

From [13] we also know that for any odd character χ mod q, we have

(1− 2χ(2))
q∑

c=1

cχ(c) = χ(2)q
(q−1)/2∑

c=1

χ(c).

On the other hand, if χ(−1) = −1, then
q∑

b=1

χ(b)
(

b

q
− 1

2

)
=

1
q

q∑

b=1

bχ(b).

Thus we may immediately obtain

E(c, k + 1; q) = − 1
2φ(q)

∑

χ mod q

χ(−1)=−1

χ(c)

[
2 (1− 2χ(2))

q

q∑
a=1

aχ(a)

]k+1

= − 2k

φ(q)

∑

χ mod q

χ(−1)=−1

χ(c)(1− 2χ(2))k+1

[
q∑

a=1

χ(a)
(

a

q
− 1

2

)]k

= − 2k

φ(q)

∑

χ mod q

χ(−1)=−1

χ(c)(1− 2χ(2))k+1

[
q∑

a=1

χ(a)
((

a

q

))]k+1

.

Note that

((x)) = − 1
π

∞∑
n=1

sin(2πnx)
n

, sin x =
1
2i

(
exi − e−xi

)
,

therefore

q∑
a=1

χ(a)
((

a

q

))
=

−1
π

∞∑
n=1

q∑
a=1

χ(a) sin (2πna/q)

n

=
−1
2πi

∞∑
n=1

G(n, χ)−G(−n, χ)
n

=
−1
πi

∞∑
n=1

G(n, χ)
n

.
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So from the above we have

E(c, k + 1; q) =
(−2)k

(πi)k+1φ(q)

∑

χ mod q

χ(−1)=−1

χ(c) (1− 2χ(2))k+1

( ∞∑
n=1

G(n, χ)
n

)k+1

.

This proves Lemma 3. ¤

Lemma 4. Let q and r be integers with q ≥ 2 and (r, q) = 1, χ be a Dirichlet
character modulo q. Then we have the identities

∑∗

χ mod q

χ(r) =
∑

d|(q,r−1)

µ
( q

d

)
φ(d)

and
J(q) =

∑

d|q
µ(d)φ

( q

d

)
,

where
∑∗

χ mod q denotes the summation over all primitive characters modulo
q and J(q) denotes the number of primitive characters modulo q.

Proof. This is Lemma 3 of [18]. ¤

Lemma 5. For any positive integers q, r, let dr = r − φ(q)
[

r
φ(q)

]
> 1 and χ1

be a drth-order character modulo q. Then for any character χ modulo q, we
have the identities

q∑

h=1

χ(h)Kl(h, k + 1, 1; q) = τk+1(χ)

and
q∑

h=1

χ(h)Kl(h, k + 1, r; q) = τ(χ)


τ(χ) +

dr−1∑

j=1

τ(χχj
1)




k

.

Proof. This is Lemma 4 of [15]. ¤

Lemma 6. For any positive integers r and q ≥ 3 with dr = r−φ(q)
[

r
φ(q)

]
> 1,

let q = uv, where (u, v) = 1, u be a square-full number or u = 1, v be a square-
free number, χ1 be a drth-order character modulo q. Then we have

Ψ1 =
∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
d1 · · · dk+1

∑∗

χ mod ud

χ(−1)=−1

χ (d1 · · · dk+1)

×Lk+1(1, χ)
ud∑

a=1

χ(a)e
( a

ud

) dr−1∑

j=1

q/ud−1∑

l=0

ud∑
m=1

χj
1 (lud + m)χ(m)e

(
lud + m

q

)

¿ qk+ 3
2+ε,
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Ψ2 =
∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
d1 · · · dk+1

∑∗

χ mod ud

χ(−1)=−1

χ (d1 · · · dk+1)

×χw(2)Lk+1(1, χ)
ud∑

a=1

χ(a)e
( a

ud

) dr−1∑

j=1

q/ud−1∑

l=0

ud∑
m=1

χj
1 (lud + m)χ(m)e

(
lud + m

q

)

¿ qk+ 3
2+ε, w = 1, 2, . . . , k + 1.

Proof. Here we only prove the first estimate. Similarly, we can get another
estimate.

Let τk+1(n) denote the (k+1)-th divisor function (i.e., the number of positive
integer solutions of the equation n1n2 · · ·nk+1 = n). Then for any parameter
N ≥ ud and non-principal character χ modulo ud, applying Abel’s identity we
have

Lk+1(1, χ) =
∞∑

n=1

χ(n)τk+1(n)
n

=
∑

1≤n≤N

χ(n)τk+1(n)
n

+
∫ ∞

N

A(y, χ)
y2

dy,

where A(y, χ) =
∑

N<n≤y χ(n)τk+1(n). Using Lemma 4 in [22] and Cauchy
inequality, we have

∑

χ mod ud

χ(−1)=−1

| A(y, χ) |≤


φ(ud)

∑

χ mod ud

χ(−1)=−1

| A(y, χ) |2




1/2

¿ y1−(1/2k)+εφ3/2(ud).

Hence we have

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
d1 · · · dk+1

dr−1∑

j=1

q/ud−1∑

l=0

ud∑
m=1

χj
1 (lud + m)

×e

(
lud + m

q

) ud∑
a=1

e
(am

ud

) ∑∗

χ mod ud

χ(−1)=−1

χ (md1 · · · dk+1)χ(am)
∫ ∞

N

A(y, χ)
y2

dy

¿ drq
k+2+ε

∫ ∞

N

1
y2




∑

χ mod q

χ(−1)=−1

|A(y, χ)|


 dy ¿ drq

k+2+ε

∫ ∞

N

y1− 1
2k +εφ3/2(q)

y2
dy

¿ drq
k+ 7

2+ε

N2−k .

Combining the above we can get

Ψ1 =
∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
d1 · · · dk+1

dr−1∑

j=1

q/ud−1∑

l=0

ud∑
m=1

χj
1 (lud + m)
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×e

(
lud + m

q

) ud∑
a=1

e
(am

ud

) ∑

1≤n≤N

τk+1(n)
n

∑∗

χ mod ud

χ(−1)=−1

χ (nmd1 · · · dk+1)χ(am) + O

(
qk+ 7

2+ε

N2−k

)
.

Note that for any integer a with (a, q) = 1, from Lemma 4 we have
∑∗

χ mod q

χ(−1)=−1

χ(a) =
1
2

∑∗

χ mod q

(1− χ(−1)) χ(a)

=
1
2

∑∗

χ mod q

χ(a)− 1
2

∑∗

χ mod q

χ(−a)

=
1
2

∑

s|(q,a−1)

µ
(q

s

)
φ(s)− 1

2

∑

s|(q,a+1)

µ
(q

s

)
φ(s).

Therefore

Ψ1 = 1
2

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
dr−1∑

j=1

q/ud−1∑

l=0

ud∑
m=1

χj
1 (lud + m)

×e

(
lud + m

q

) ud∑′

a=1

e
(am

ud

) N∑
n=1

τk+1(n)
nd1 · · · dk+1

∑

s|ud

nd1···dk+1≡a(s)

µ

(
ud

s

)
φ(s)

−1
2

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
dr−1∑

j=1

q/ud−1∑

l=0

ud∑
m=1

χj
1 (lud + m)

×e

(
lud + m

q

) ud∑′

a=1

e
(am

ud

) N∑
n=1

τk+1(n)
nd1 · · · dk+1

∑

s|ud

nd1···dk+1≡−a(s)

µ

(
ud

s

)
φ(s)

+O

(
qk+ 7

2+ε

N2−k

)

= 1
2

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
dr−1∑

j=1

q/ud−1∑

l=0

ud∑
m=1

×χj
1 (lud + m) e

(
lud + m

q

) ud∑′

a=1

e

( q
ud · a(lud + m)

q

) N∑
n=1

τk+1(n)
a

∑

s|ud

µ

(
ud

s

)
φ

+O




∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)
∑

s|ud

φ(s)
∑

1≤l≤Nd1···dk+1
s

(ls + a)ε−1




+O




∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)
∑

s|ud

φ(s)
∑

1≤l≤Nd1···dk+1
s

(ls− a)ε−1




+O

(
qk+ 7

2+ε

N2−k

)
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= 1
2

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
dr−1∑

j=1

q∑

b=1

χj
1 (b) e

(
b

q

)

×
ud∑′

a=1
d1···dk+1|a

τk+1 (a/d1 · · · dk+1)
a

e

( av
d b

q

) ∑

s|ud

µ

(
ud

s

)
φ(s)

+O
(
qk+1+εN ε1

)
+ O

(
qk+ 7

2+ε

N2−k

)
,

where we have used the estimate τk+1(n) ¿ nε1 .
Now taking N = q5·2k−1

on the above, and note that the identity J(u) =
φ2(u)/u if u is a square-full number, we can immediately obtain the following

Ψ1 = 1
2

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kJ(ud)φ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)

×
ud∑′

a=1
d1···dk+1|a

τk+1 (a/d1 · · · dk+1)
a

dr−1∑

j=1

G(1 + av/d, χj
1) + O

(
qk+1+ε

)

¿
∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kJ(ud)φ(d1) · · ·φ(dk+1)

×
ud∑

a=1

τk+1 (a/d1 · · · dk+1)
a

dr−1∑

j=1

| G(1 + av/d, χj
1) | +O

(
qk+1+ε

)

¿ ∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)kJ(ud)φ(d1) · · ·φ(dk+1)drq
1
2+ε

ud∑
a=1

(1 + av/d, q)
a

+ O
(
qk+1+ε

)

¿ drq
1
2+ε

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

(ud)k+1φ(d1) · · ·φ(dk+1)
∑

s|q

ud∑
a=1

s|1+av/d

s

a
+ O

(
qk+1+ε

)

¿ drq
k+ 3

2+ε,

where we have used the properties of Gauss sums that
∣∣∣G(1 + av/d, χj

1)
∣∣∣ ¿ (1 + av/d, q) q

1
2+ε

in the case that χi
1 is not principal character modulo q. This completes the

proof of Lemma 6. ¤

3. Proof of Theorem

In this section, we shall complete the proof of Theorem. Let q ≥ 3 be an
odd number. Then for any positive integers r, k with dr = r − φ(q)

[
r

φ(q)

]
> 1



HYPER-KLOOSTERMAN SUMS AND A PROBLEM OF D. H. LEHMER 743

and any character χ mod q, we have

q∑
c=1

χ(c)Kl(2k
c, k + 1, r; q)

=
q∑′

a1=1

q∑′

a2=1

· · ·
q∑′

ak+1=1

q∑
c=1

χ(c)e

(
ar
1 + ar

2 + · · ·+ ar
k + 2k

c · ar
1a

r
2 · · · ar

k

q

)

= χk+1(2)τ(χ)


τ(χ) +

dr−1∑

j=1

τ(χχj
1)




k

.

Hence from Lemma 3 we may have

q∑′

c=1

E(c, k + 1; q)Kl(2k
c, k + 1, r; q)

(0.5)

= (−2)k

(πi)k+1φ(q)

∑

χ mod q

χ(−1)=−1

[
q∑

c=1

χ(c)Kl(2k
c, k + 1, r; q)

]
(1− 2χ(2))k+1

( ∞∑
n=1

G(n, χ)
n

)k+1

= (−2)k

(πi)k+1φ(q)

∑

χ mod q

χ(−1)=−1

(χ(2)− 2)k+1
τ(χ)


τ(χ) +

dr−1∑

j=1

τ(χχj
1)




k( ∞∑
n=1

G(n, χ)
n

)k+1

=
q∑′

c=1

E(c, k + 1; q)Kl(2k
c, k + 1; q)

+
k(−2)k

(πi)k+1φ(q)

∑

χ mod q

χ(−1)=−1

(χ(2)− 2)k+1
τk(χ)




dr−1∑

j=1

τ(χχi
1)




( ∞∑
n=1

G(n, χ)
n

)k+1

+
(−2)k

(πi)k+1φ(q)

k∑
t=2

Ct
k

∑

χ mod q

χ(−1)=−1

(χ(2)− 2)k+1
τk−t+1(χ)




dr−1∑

j=1

τ(χχj
1)




t( ∞∑
n=1

G(n, χ)
n

)k+1

≡
q∑′

c=1

E(c, k + 1; q)Kl(2k
c, k + 1; q) + E1 + E2,

where Ct
k = k!

(k−t)!t! .

We now let q = uv, where (u, v) = 1, u be a square-full number or u = 1, v
be a square-free number. Note that χ∗

(
q
m

)
µ

(
q
m

) 6= 0 if and only if m = ud,
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where d | v. So from Lemma 1, Lemma 2 and Lemma 3 we have

E1 = k(−2)k

(πi)k+1φ(q)

∑

χ mod q

χ(−1)=−1

(χ(2)− 2)k+1
τk(χ)




dr−1∑

j=1

τ(χχi
1)




( ∞∑
n=1

G(n, χ)
n

)k+1

= k(−2)k

(πi)k+1φ(q)

∑

d|v

∑∗

χ mod ud

χ(−1)=−1

(χ(2)− 2)k+1
χk

(v

d

)
µk

(v

d

)
τk(χ)

×

∑

d1| v
d

φ(q)χ
(

v
dd1

)
µ

(
v

dd1

)
τ(χ)L (1, χ)

d1φ
(

q
d1

)



k+1 


dr−1∑

j=1

τ(χχi
1)




= k · 2k

(πi)k+1φ(q)

∑

d|v

∑

d1| v
d

· · ·
∑

dk+1| v
d

∑∗

χ mod ud

χ(−1)=−1

ukdkφ(d1) · · ·φ(dk+1)µ(d1) · · ·µ(dk+1)
d1 · · · dk+1

(
(−2)k+1 +

k+1∑
w=1

χw(2)(−2)k−w+1

)
× χ(d1 · · · dk+1)Lk+1(1, χ)

ud∑
a=1

χ(a)e
( a

ud

) dr−1∑

j=1

q/ud−1∑

l=0

×
ud∑

m=1

χj
1 (lud + m)χ(m)e

(
lud + m

q

)
,

where we have used the identities that

χ
(v

d

)
= χ

(
v

dd1

)
χ(d1), µ

(v

d

)
= µ

(
v

dd1

)
µ(d1), φ(q) = φ

(
q

d1

)
φ(d1),

and
τ(χ∗)τ(χ∗) = −m,

where χ∗ is a primitive character modulo m and χ(−1) = −1. So from Lemma 6
we have the estimate

E1 ¿ drq
k+ 1

2+ε.(0.6)

Using the similar method of proving Lemma 6, we may obtain the following
estimate

E2 ¿ drq
k+ 1

2+ε.(0.7)

Therefore from (0.3), (0.4) and (0.5), we may immediately obtain
q∑′

c=1

E(c, k + 1; q)Kl(2k
c, k + 1, r; q)

=
q∑′

c=1

E(c, k + 1; q)Kl(2k
c, k + 1; q) + O

(
drq

k+ 1
2+ε

)

=
(−4)kqkφ(q)

πk+1ik+1

∏

p‖q

(
1− pk − 1

pk(p− 1)2

)
+ O

(
drq

k+ 1
2+ε

)
.
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