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DOMINATION IN GRAPHS OF MINIMUM DEGREE FOUR

MoO YOUNG SOHN AND YUAN XUDONG

ABSTRACT. A dominating set for a graph G is a set D of vertices of G
such that every vertex of G not in D is adjacent to a vertex of D. Reed
[11] considered the domination problem for graphs with minimum degree
at least three. He showed that any graph G of minimum degree at least
three contains a dominating set D of size at most %\V(Gﬂ by introducing
a covering by vertex disjoint paths. In this paper, by using this technique,
we show that every graph on n vertices of minimum degree at least four
contains a dominating set D of size at most %|V(G)|.

1. Introduction

Throughout this paper, by a graph G we always mean a finite, undirected,
and simple graph with vertex set V(G) and edge set E(G). For z,y € V(G),
zy denotes the edge with ends = and y. If zy € E(G), we say that y is a
neighbor of z or y is joined to z, and denote by N(z) the set of neighbors of x.
d(xz) = |N(z)| is called the degree of . A subgraph H is said to be induced by
Uif V(H)=U and zy € F(H) if and only if zy € F(G), z,y € U. A set D of
vertices of a graph G is called a dominating set if every vertex of V(G) — D is
adjacent to at least one element of D. The domination number of G, denoted
by 7(G), is the minimum cardinality of a dominating set of G. It has been
proved [5] that the decision problem corresponding to the domination number
for arbitrary graphs is N P-complete. Thus, the exploration of lower and upper
bounds for the domination number as sharp as possible is of great significance.
Many results on upper bounds on the domination number in terms of some
basic parameters such as the numbers of vertices and edges, the minimum
and maximum degree and so on, have been obtained. The terminologies not
presented here can be found in [6].

Let § = 0(G) denote the minimum degree of graph G. An early result of
Ore (see [9]) states that v(G) < § if G is a graph of order n with the minimum
degree at least one. This result was improved to v(G) < 2?” by McCuaig and
Shepherd in [8] for the connected graph G which has minimum degree at least
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two and is not one of seven exceptional graphs. Reed in [11] considered the
case for the graphs with minimum degree at least three, and obtained that
v(G) < 3. In this direction, an obvious conjecture (see [6]) seems to be

that for any graph G with 6(G) > k, v(G) < %L_ln However, Caro and
Roditty (see [2], [3] and also [1]) proved that for any graph G with minimum
degree 4, v(G) < n[l — 5(%)“%]. For §(G) > 7, it is easy to verify that
n[l — 6(ﬁ)1+%] < 55271 by using calculus. Thus, the question remains open
only for graphs G with 4 < §(G) < 6. The purpose of this paper is to give a

positive answer for the graph G with minimum degree 6(G) > 4.

Main Theorem. Let G be a graph of order n with minimum degree at least
four. Then A
v(G) < T

The proof of Main Theorem is completed by choosing a dominating set D of
G based on the so-called vertex disjoint paths cover, which was introduced by
Reed [11]. By cases analysis, we prove three basic facts, from these, |D| < #n
is obtained. For convenience, we use |G| for the number of vertices of the graph
G.

A cover of vertex disjoint paths of G, or simply a vdp-cover, is a set of vertex
disjoint paths Pi, ..., P, such that V(G) = V(P)U--- UV (Pg). A path P is
called a 0-, 1- or 2-path if |P| is congruent to 0, 1 or 2 mod 3, respectively. For
a vdp-cover S of G, let S; (i = 0,1,2) be the set of i-paths in S. If P = P'zP”,
where P’ is an i-path and P” is a j-path (and z is on neither of those paths),
then we say x is an (4, j)-vertex of P. Let P € S and x be an endvertex of P.
We say that z is an out-endvertex if it has a neighbor which is not on P. If P
is a 2-path, we say that z is a (2, 2)-endvertex if it is not an out-endvertex and
is adjacent to some (2,2)-vertex of P.

2. Choose a dominating set

In the below, we always assume that G is a graph of order n with §(G) > 4.
For convenience, we assume that G is connected. We first choose a vdp-cover
S of G such that

(1) 2|S1| + |S2| is minimized,

(2) Subject to (1), |Sz2| is minimized,

(3) Subject to (2), > p,cg, | 74| is minimized,
(4) Subject to (3), Y p cg, | %] is minimized.

Let « be an out-endvertex of P; € S; U Sq, y a neighbor of x on some path
Pj distinct from P;. Let P; = PjyPj’. Then, we have the following assertion
(for the proof, see [11], Observation 1-3).

Assertion 1. P; is not a 1-path. If P; is a 0-path, then both P; and P are

L-paths; if P; is a 2-path, then both P} and P} are 2-paths.
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Having chosen the minimal vdp-cover S = {Pi,..., Py}, we rearrange the
paths of S to obtain a new vdp-cover S’ = {P;,..., P}} such that P/ is a Hamil-
ton path on V(P;), and so that the number of out-endvertices is maximized,
and subject to this, the number of (2, 2)-endvertices is maximized. Clearly, S’
is still minimal with respect to the above four conditions. For convenience, we
still denote the new wvdp-cover of G by S.

Now, for each 1-path P in S which has an out-endvertex we choose some
vertex y ¢ P which is adjacent to the endvertex of P. We say that y is the
acceptor for P. For each 2-path P in S which has two out-endvertices, for each
of these endvertices we choose a vertex of G — P which is adjacent to it and
designate it as the acceptor corresponding to that endvertex. For each 2-path
P in S which has precisely one out-endvertex x and |P| < 8, we choose some
vertex y ¢ P which is adjacent to it and designate it as the acceptor for P.
We call a path in S accepting if it contains an acceptor. We next specify a
set A C S of 2-paths. Initially, let A be the set of accepting 2-paths. While
there is any out-endvertex x of a path in A for which we have not chosen an
acceptor, we choose a neighbor of this endvertex in G — P and designate it as
an acceptor for x. If this new acceptor is on a previously non-accepting 2-path
P’, then we add P’ to A. We continue this process until there is an acceptor
for every out-endvertex of the paths in A. In addition, for any (2, 2)-endvertex
z of any path P in A, we choose a (2,2)-vertex y of P which is adjacent to x
and designate it as an inacceptor for x.

For any accepting 2-path P, we partition P = P, P, P such that P; and P;
are both 1-paths which contain neither acceptors nor inacceptors, and maximal
with this property. We say that P; and Ps are tips of P and P; is its central
path. By the maximality of P;, P; and Assertion 1, if x € P, is adjacent in P,
to an endvertex of P», then it is an acceptor or inacceptor.

Before the description of choosing the dominating set, we present the fol-
lowing fact.

Assertion 2. Let P € S be a 2-path. If P has precisely one out-endverter x
and |P| < 8, then V(P) has a subset of L%J vertices which dominate V(P)—x.

We will prove Assertion 2 in next section. Now, we choose a dominating set
D of G in the following manner:

Step 1: For each 0-path P, we put every (1, 1)-vertex of P in D.

Step 2: For each accepting 2-path P, we put into D every (2,2)-vertex of
P which is in the central path of P.

Step 3: For each 1-path P with at least one out-endvertex, we choose L@J
vertices of P which dominate all of the vertices of P except for the endvertex
of P which is adjacent to the acceptor of P. We put these vertices in D. For
each non-accepting 2-path P with two out-endvertices we choose L@j vertices
of P which dominate its interior vertices. We put these vertices in D. For each
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non-accepting 2-path P which has precisely one out-endvertex x and |P| < 8,

we choose L@J vertices of P which dominate all of the vertices of P except for
the endvertex x (By Assertion 2, we can do that). We put these vertices in D.

Step 4: For each 1-path P with no out-endvertex, we choose a subset of
V(P) which dominate V(P) to put in D. If possible, we choose a set of L@J
vertices; otherwise we choose a set of f@] vertices. For each non-accepting
2-path P which has no out-endvertex, or has precisely one out-endvertex and
|P| > 11, we choose a subset of V(P) which dominate V(P) to put in D. If
possible, we choose a set of L@J vertices, otherwise we choose a set of f%]
vertices.

Step 5: For each tip P, of an accepting 2-path P, if the common endvertex
x of P; and P is adjacent to a vertex chosen in Step 1 or 2, we choose Ll%llj
of vertices of P; which dominate the remaining vertices of P; and put them in
D. If z is not adjacent to a vertex chosen in Step 1 or 2, we choose a set which

dominates P; to put in D. If possible, we choose L%J vertices, otherwise we
| Py |
3

It is easy to see that D is a dominating set of G (or see [11], Observation
5-8). To calculate the size of D, we define the following sets.
(i) Oy: the set of 1-paths P which either have an out-endvertex or contain

choose [=H] vertices.

a dominating set of size L%j

(ii) Og: the set of non-accepting 2-paths P which have two out-endvertices
or contain a set of size L%J that dominates all of the vertices of P, and all
non-accetping 2-paths which have precisely one out-endvertex and |P| < 8.

(iii) Iy: the set of 1-paths not in Oj.

(iv) Io: the set of non-accepting 2-paths not in Os.

(v) E: the set of such tips P; of an accepting 2-path P, which is in F if
and only if the corresponding endvertex of P is neither an out-endvertex nor a
(2,2)-endvertex and we cannot dominate P, using L@J vertices.

(vi) W: the set of (2,2)-endvertices of accepting 2-paths for which we have
chosen an inacceptor.

Then
|P| -1 |P| -2 |P| + 2 |P|+1
-y Mty s 2, s It 5 1A
PeO, PeO, Pely Pelsy
1P| 1P| —2
— — + |E|.
sy s 2 g
PeSy PeA
Equivalently,

n 1 2 2 1 2
D|=———|0y] - = 2L+ 2| — Z|A| + |E).
DI =% = 5101 = 10a] + S|L] + 51B] = $14] + ||

Note that each accepting 2-path corresponds to an endvertex of some path
in O; U Oy or to an endvertex of an accepting 2-path of A which is not in
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E UW. Thus, we have |A| < |O1] 4+ 2|02| + 2|A| — |E| — |W|, and so |E| <
|O1] 4+ 2|02| + |A] — |W]. Also, |E| < 2|A| — |W|. Thus,
1B _ W]
2 2
For each element T' of E, there is an accepting 2-path Pr such that T is a
tip of Pr. Now we define E' C F by saying that each T' € F is in E’ if the

endpoint of Pr not in T is not an element of W.
Clearly, |E'| > |E| — |W|, and so

n 2 1
|D| < 3t §|I1| + §|I2| +

n 2 1 1
DI < -+ =1 —|I —|E
() D < 3+ ||+ 515+ 5|F

In next section, we will prove some facts (Lemma 3, Lemma 4, Lemma 5),
with (x) that imply |D| < n.

3. 1-paths with short length

Essentially, in this section we will prove that every 1-path P of short length
with some additional conditions can be dominated by L@J vertices. We will
assume the same conditions and use the notations as in last section. We first

state three simple observations.

(Q1) Let P = zqyxo---x3k41 (kK > 1) be a l-path. If x; is adjacent to a
vertex xg; for some 1 < i < k, then P can be dominated by k vertices.

(Q2) Let C be a cycle of 3k + 1 (k > 1) vertices, B = b1babs be a path such
that V(C)NV(B) = 0. If by has a neighbor in C, then V(C) U V(B) can be
dominated by k + 1 vertices.

(Qs) Let P =zq1x9--- 23,1 (k > 1) be a path, and = ¢ P. If z is adjacent
to some vertex of U¥_; {x3;_2,73;_1}, then V(P) U {xz} can be dominated by k
vertices.

Next we show two technical results.

Lemma 1. Let C = zyxo- - x3p121 (1 < k < 4) be a cycle of G, H the
subgraph induced by V(C). If N(z;) C V(C) for any x; € V(C) such that there
is a Hamilton path from x; to xspy1 in H, then H has a dominating set of k
vertices.

Proof. Assume to the contrary that H has no any dominating set of k vertices.
We only prove for k = 4. For k < 3 we can deduce a contradiction by the same
reasoning.

Let k=4 and C = z1x5 - - - x1321. Then, both z1, x5 are the endvertices of
some Hamilton paths to 13 in H, thus N(z1) C V(C) and N(z12) C V(C).
First we check the possible neighbors of z1. By (Q1), 21 is not adjacent to any
of x3,xq, 9, x12. If 1 is adjacent to x19, as x12 has a neighbor in the cycle
C' = xyx9 -+ - x1071, by (Q2), then H has a dominating set of four vertices,
a contradiction. On the other hand, if x5 is adjacent to both xg and =z,
then x10 is an endvertex of a Hamilton path of H to z13, by applying (Q2)
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to xgx10711 and the cycle zizs - - - xgx1221371, then H has a dominating set of
four vertices, a contradiction. Thus, if z; is adjacent to x7, applying (Q2) to
x11212213 and the cycle z1xs - - - 2721, 12 is not adjacent to any vertex of the
cycle x1xo ... z7x1. So we can deduce that x1o is adjacent to both xg and xg,
a contradiction.

Hence, x1 has extra neighbors only in {z4, 25, s, z11}. Symmetrically, 212
has extra neighbors only in {xg,zs, x5, z2}. Now, if z1 is adjacent to x4, by
(Q2), then x12 is not adjacent to xo. As x12 is not adjacent to both zg and x9,
212 is adjacent to 5. Note that, x3 is an endvertex of a Hamilton path of H to
13- As x1 dominates xs, x4, 213, H has a dominating set of four vertices for any
choice of the neighbor of z3 in the 8-cycle C"" = x5x¢ - - - T1275, a contradiction.
So, x1 is not adjacent to x4, and symmetrically, x15 is not adjacent to xzg. If 1 is
adjacent to x11, then x1¢ is an endvertex of a Hamilton path of H to x13. Thus,
x12 is still not adjacent to xg, for otherwise, we apply (Q2) to zg9x10211 and the
cycle Tz - - - xgx1271321 to obtain a contradiction. So, x5 is adjacent to both
To,%5. Then, x3 is an endvertex of a Hamilton path of H to x13. By applying
(Q2) to waxszy and the cycle z1x11210 - - T5T12713%1, also a contradiction.
Hence, x1 is adjacent only to both x5 and xg, and symmetrically, x5 is also
adjacent to only both xg,x5. Then, 7 is an endvertex of a Hamilton path of
H to z15. By (Q1) and (Q2), x7 is adjacent to neither xg nor any vertex of the
cycle - -+ x5w12w1321. Thus, 27 is adjacent to z19. Then, {xa, x5, 210,212}
dominates H, a contradiction. This proves Lemma 1. O

Lemma 2. Let C = zyx9---x351221 (1 < k < 4) be a cycle of G, H the
subgraph induced by V(C). If N(z;) C V(C) for any x; € V(C) such that

there is a Hamilton path from x; to xsi1o in H, then V(C) — {x3k42} can be
dominated by k vertices.

Proof. Assume to the contrary that V(C') — {x3x4+2} can not be dominated by
k vertices. We still prove only for kK = 4 and omit for k£ < 3.

Let Kk = 4 and C = x129---x1421. Then, both 1, x5 are the endvertices
of some Hamilton paths to z14 in H, thus N(z;) C V(C) and N(x13) C
V(C). Note that, 1 and z13 are symmetrical. By (Q1), 1 is not adjacent
to any of x3,zg,Tg,x12. If x1 is adjacent to both x4, x5, then both x5, x3
are the endvertices of some hamiltonian paths of H to z14. As z; dominates
X9, 4,25, by (Q3), x3 has extra neighbors only in {x5,zs,211,214}. On the
other hand, as x4 dominates x1, 3,25, by (Q3), x2 has at least one neighbor
in {x5,xs,211,714}. Hence, {x5,xs,211,714} dominates V(C) — {z3r42}, a
contradiction. So, x1 is not adjacent to both x4, x5, and symmetrically, x13 is
not adjacent to both zg,x19. In the sequel, we distinguish five cases according
to the possible neighbors of x7.

1. x; is adjacent to x13. Then, both x5 and x5 are the endvertices of Hamil-
ton paths to z14 in H. As 1 has one more neighbor in {z4, x5, 27, 23, €10, 11},
we consider the following subcases.
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(1.1) x4 is adjacent to x4. Then, z3 is an endvertex of Hamilton path to x4
in H. As 1 dominates x2, x4 and x13, by (Q3), x3 has extra neighbors only in
{z7, 210,713, z14}. If x5 is adjacent to x19, as N(z12) C V(C), we apply (Q2)
to 11212213 and the cycle z1x4x5 - - - 19232221, then there is a dominating set
of four vertices of V(C') — {z14}, a contradiction. If 3 is adjacent to x13, then
213 dominates x1,x3 and z12. As N(zy) C V(C), still by (Q3), then x5 has
extra neighbors only in {zg, z9, z12, 214}, and thus zs is adjacent to at least
one vertex of {xg, g, x12}. Then, {z4, zs, x9, T12} dominates V(C) — {z14}, a
contradiction. Hence, 3 is adjacent to x14. On the other hand, as x4 dominates
x1,x3 and x5, by (Q3), x2 has extra neighbors only in D’ := {5, 28,11, 14 }-
Then, D’ dominates V(C) — {x14}, a contradiction.

(1.2) x; is adjacent to x19. As N(xz12) € V(C), by applying (Q2) to
r11212213 and the cycle xias - z1921, we have that four vertices dominate
V(C) — {14}, a contradiction.

(1.3) x1 is adjacent to x5. By (1.1) and (1.2), assume that both x1,x3 are
not adjacent to x4 and x19. Now x4 is an endvertex of Hamilton path to z14 in
H, we have N(z4) C V(C). By (Q1) and above result, x4 has extra neighbors
only in {7, 28, %10, 211,214}. If 24 is adjacent to both z7 and zg, then x4 is
an endvertex of a Hamilton path of H to x14, and thus, by applying (Q2) to
rs5rer7 and the cycle xy ---z4zg- - x1371, we have a contradiction. If x4 is
adjacent to x1p, then we have a 10-cycle without three vertices {x11, 12, 13},
thus, by (Q2), we also have a contradiction. If x4 is adjacent to x14, then
T3Tox1213 - - L4214 is a Hamilton path of H, and thus N(z3) C V(C). By
applying (Q2) to zoz3x4 and the cycle x125 - - - 1371, we have a contradiction.
Summarizing, 4 must be adjacent to x1;. Then, x1; dominates x1q, Z12, T4-
By applying (Q3) to x13 and the path z3zex x5 - - - X9, we have that z13 must
be adjacent to z7. As N(z3) C V(C), by (Q2), 2 has no neighbor in the cycle
x7xs -+ - x1327. Again by (Q1), z2 has two extra neighbors only in {x5, xg, 214}.
If x5 is adjacent to x14, then 3 is also an endvertex of a Hamilton path of
H to x14, by using the same reasoning as above, we have a contradiction.
Thus, x2 is adjacent to both x5, z¢. By applying (Q2) to zzz4xs and the cycle
T1ToXg - - X13T1, We have a contradiction.

(1.4) z is adjacent to z7. Then, by (Q2) and (Q1), 12 has extra neigh-
bors only in {xg,zg,2z14}. If 215 is adjacent to both zg and zg, then z19 is
also an endvertex of a Hamilton path of H to 14, and thus N(x109) C V(C).
By applying (Q2) to zexipox11 and the cycle xy - - - xgx1221321, we have a con-
tradiction. So, x12 must be adjacent to x14 and one of xg,x9. In this case
Ti2 - - T1213T147T12 1S a Hamilton cycle and that x4, 213 are adjacent. Note
that x12 is adjacent to s or zg, this is the same situation as (1.1) or (1.3), a
contradiction.

(1.5) 1 is adjacent to xg or x1;. By symmetry and (1.1)-(1.4), z13 has one
more neighbor only in {z3,z¢}. Then {z3,x¢, zs, x11} dominates V(C)—{x14},
a contradiction.
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2. x; is adjacent to x11. By 1, x1, 213 are not adjacent. As x1; dominates
{z1, 10,712}, by (Q3), x13 has extra neighbors only in {4, x7,210}-

If 213 is adjacent to x1¢, then x5 is an endvertex of a Hamilton path of H to
x14. As 219 dominates {xg, 211, x13}, still by (Q3), 12 has extra neighbors only
in {3, x6, 29, T14}. If 212 is adjacent to x14, then it is the same situation as 1, a
contradiction. If x15 is adjacent to xg, by noting that x13 has one more neighbor
in {x4, 27}, then {z1,24, 27,29} dominates V(C) — {14}, a contradiction. If
x12 is adjacent to both x3, x4, then there is a 10-cycle x3 - - - £19x1321223 Which
excludes zoz1211. As x1 has one more neighbor in this cycle, by (Q2), we also
have a contradiction.

Otherwise, x13 is adjacent to both x4 and x7. Then, x5 is an endvertex of a
Hamilton path of H to 214, so N(x5) C V(C). By (Q2), x5 has no neighbor in
the cycle z7xg - - - 1327. By (Q1), x5 has extra neighbors only in {z1, 23, x14}.
If x5 is adjacent to z1, then x5 is an endvertex of a Hamilton path of H
to 214, by applying (Q2) to x1z2x5 and the cycle z4ws - - - £1324, we have a
contradiction; otherwise, x5 is adjacent to x3, then {z1, x5, 29, z15} dominates
V(C) — {z14}, also a contradiction.

3. 1z is adjacent to x19. By 1 and 2, z; has one more neighbor only in
{z4,x5,27,28}. In this case, xg is an endvertex of a Hamilton path of H to
x14. Clearly, by applying (Q2), we have the following claim.

(F) 212 has no neighbor in the cycle zizs - - - x1027.

Then, xg, 213 are not adjacent, for otherwise x5 is an endvertex of a Hamilton
path of H to z14, and thus N(z12) € V(C), as §(G) > 4, contradicting (F').
Hence, by noting that x13,z; are symmetrical, 13 has extra neighbors only
in {210, 27,26, 24}. Clearly, by (Q1), xg¢ is not adjacent to x12. And also xg
is not adjacent to x11, for otherwise x5 is an endvertex of a Hamilton path
of H to x4, contradicting (F). So, by (Q1), z9 has extra neighbor only in
{za, x3, 5, 26,214} In the following we distinguish four subcases.

(3.1) x1 is adjacent to x4. Then, x3 is an endvertex of a Hamilton path of H
to x14. As 7 dominates {22, 24,210}, by (Q3) and (Q1) and above result, x3
has extra neighbors only in {z7, z10, 211,214} If 23 is adjacent to x7, we apply
(Q2) to xgx9x1p and the cycle z1xox327 - - - £421 to obtain a contradiction. If 23
is adjacent to both 11, z14, then it is the same situation as 2, a contradiction.
If z3 is adjacent to both x1g, 11, then zs is an endvertex of a Hamilton path
of H to x14. Thus, we can similarly deduce that x5 has extra neighbors only
in {x5,28, 211,214}, and hence {xs5,xs,211,214} dominates V(C) — {x14}, a
contradiction. So, x3 must be adjacent to both x1g,z14. Next we check the
neighbors of xg.

By (Q2), z9 has no neighbors in the cycle zjzazsxzsx;. Then, zg9 has
extra neighbors only in {zs,xs,214}. First assume that xg is adjacent to
x5. Then, x13 is not adjacent to z7, for otherwise {za,xs5,x7,211} domi-
nates V(C) — {z14}, a contradiction. Moreover, if x13 is adjacent to xg, then
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X12T11T102T1 -+ - T5Tg - - - Tg T13%14 is a Hamilton path of H, contradict (F).
Hence, in this case, x13 is adjacent to both x4, x19. Note that

T TogXs - T1X10 """ T14

is a Hamilton path of H, we have N(xg) C V(C). We can similarly deduce
that z¢ has extra neighbors only in {xg,x10,214}. If 24 is adjacent to xg,
then xrxgxoxg - - T1T10- - 14 is a Hamilton path of H; if zg is adjacent to
T10, then z7xgx9x5T6210 - T13T4 T3 - T14 1S a Hamilton path of H. Thus,
N(z7) C V(C). Now we apply (Q2) to the cycle x; - x5x921071 and the
cycle x1g--- w13 10 to deduce that x; has only one extra neighbor x4, a
contradiction.

Hence, xg, x5 are not adjacent, and thus xg is adjacent to both zg,x14. Now
if z13 is adjacent to x7, then xi1ox11Z10%1 - - - TToxgT7T13T14 is a Hamilton
path of H, contradict (F). So, x13 has extra neighbors only in {z4, ¢, 210} If
x13 is adjacent to both {x4, 10}, by symmetry, we can similarly deduce that
x5 is adjacent to both xg,x14, and thus {3, z7, 11,214} dominates V(C) —
{z14}, a contradiction. If z13 is adjacent to both {x4,xs}, by noting that x5
dominates {z4, 6,212} and that both zg, 215 are not adjacent to x5, we can
deduce that x5 has only one extra neighbor z14, a contradiction. If zi3 is
adjacent to both {xg,x10}, then x5 - x1210 - - T13%6 - - - T9x14 is a Hamilton
path of H. By (Q1), =5 is not adjacent to xzg. If x5 is adjacent to x7 or x4,
then {x3, 27,211,714} dominates V(C) — {214}, a contradiction. As x5 is not
adjacent to x9, then x5 has a neighbor in the cycle C| := z1zax321021 or the
cycle Cf := x1pz11212213210. By applying (Q2) to x42526 and Cf, or to z4x526
and C%, we have a contradiction.

By (3.1) and the symmetry of z; and x13, 13 is also not adjacent to both
x4 and x19.

(3.2) z1 is adjacent to z5. In this case, if either x13 is adjacent to x4, or x13
is adjacent to both xg,x7, then z15 is an endvertex of a Hamilton path of H
to 14, contradict (F). So, we only need check for that x3 is adjacent to both
Zg,T10, Or to both x7, z1¢.

First, let z13 be adjacent to both zg,z19. Then, x17 is an endvertex of
a Hamilton path of H to z14. As 13 dominates {zg, 210,212}, if x11 has
one neighbor in the cycle z7--- 2521, then we can easily find four vertices
to dominate V(C) — {z14}. On the other hand, if z1; is adjacent to x7,
then xiox11@7 - T10%13%6 - - - T1214 1S a Hamilton path of H, contradict (F).
Clearly, z11 is not adjacent to xg,xg,x13, and thus z1; is adjacent to both
Tg,T14. Then, To- - T5T1T10- - Tex11 - - T14 1S a Hamilton path of H. By
(Q2), z2 has no neighbor in the cycle C% := z1g- - x13210. If 29 is adjacent
to any vertex in {xs,xzs, 29}, then x3 is an endvertex of a Hamilton path of
H to x14. Thus, by applying (Q2) to zazszy the cycle zias - - 21021 and CY,
we have a contradiction. Otherwise, by (Q1), z2 is adjacent to xg. Then
{24, s, %10, 213} dominates V(C) — {z14}, a contradiction.
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Secondly, let z13 be adjacent to both x7,x19. Then, zg is an endvertex of
a Hamilton path of H to z14. By applying (Q2) to x7xszg9 and the cycle CY,
we have that zg has no neighbor in C}. As z19 dominates 1, zg, 211, we apply
(Q3) to xg and the path 1921327 - - - o2, then xg has extra neighbors only in
{14, 24,21}. Then, zg is adjacent to 1 or x4, and thus, x5 is an endvertex
of a Hamilton path of H to x14, contradict (F).

(3.3) By above, x; is adjacent to x7 or xg. If x1 is adjacent to x7, then we
apply (Q2) to xgzex1g and the cycle x - - - x7x1 to deduce a contradiction. If
x1 is adjacent to xg, then, by (F') and (Q3), we can deduce that x;3 is adjacent
to both x4, 19, as above claim, also a contradiction.

4. x; is adjacent to xg. From 1-3 and the symmetry, x13 has extra neigh-
bors only in {zg,x7,x9,z10}. If x13 is adjacent to xg, then {x3,xs,xs, 11}
dominates V(C) — {14}, a contradiction. Otherwise, as x13 is not adjacent to
both zg, z19, then x13 is adjacent to x7, then x5 is an endvertex of a Hamilton
path of H to x14. By applying xix2x3 and the cycle z7 - - - x1327, we know
that z7 has no neighbor in this cycle. If x5 is adjacent to both x5, xs Then,
x4 is an endvertex of a Hamilton path H to x14, by (Q2) (for z3z4x5 and the
cycle zi1xowgxr13 - - - x321), we have a contradiction. Otherwise, zo must be
adjacent to x14, this is the same situation as 1, a contradiction.

5. From 1-4 and the fact x; is not adjacent to both x4, x5, we have that
x1 is adjacent to x7. Symmetrically, 13 is also adjacent to x7. On the other
hand, z; has one more neighbor in {z4,x5}. First let 21 be adjacent to x4. As
xg is an endvertex of a Hamilton path of H to x14, we can similarly use (Q1)
and (Q2) to deduce that, z¢ has extra neighbors only in {zs, 10, 11, 14} As
the former cases shown, xg is not adjacent to x14. Thus, z¢ is adjacent to
either xg, or both x19,x11. If 2 is adjacent to xg, then x15 is an endvertex of
a Hamilton path of H to x14, and thus, by (Q2) and (@) and 1 shown, z19
is adjacent to both xg,z9. Then, x1¢ is an endvertex of a Hamilton path of
H to x14. Again by @5 for zgz19x11 and the cycle x; - - - zgr1221371, we have
a contradiction. Otherwise, xg is adjacent to both x19,x11. Then, xg is an
endvertex of a Hamilton path of H to x14. By (Q2) for zszgx19 and the cycle
T XgL11L12213L72T1, we also have a contradiction.

Hence, z; is adjacent to x5, and by symmetry, x13 is adjacent to xg. As
xg is an endvertex of a Hamilton path of H to 14, by (Q1), ¢ has extra
neighbors only in {xs, z3, xs, 10, 11,14 }. If 26 is adjacent to x3 or x11, then
{x1, 3,29, 212} or {x1, 24,9, x11} dominates V(C) — {x14}, a contradiction.
If z¢ is adjacent to x5, as x4 is an endvertex of a Hamilton path of H to
Z14, by (Q2) for xsz4xs and the cycles zixozgz721 and 7 - - - x1327, we have
a contradiction. Hence, zg has extra neighbors only in {zs,x19,214}, and
thus, by the former cases shown, xg is adjacent to both zg,x19. Then, x5
is an endvertex of a Hamilton path of H to x14, then, by (Q2) for x11212713
and the cycle x1---xgx10 - x721, We also have a contradiction. This proves
Lemma 2. [l
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A lasso L is defined as a graph by identifying one vertex in a cycle C' with an
endvertex of a path P. The other endvertex of the path P is called the end of
L, the common vertex of C' and P is called the connecting vertex (sometimes,
with a little abuse, we also regard a cycle as a lasso). Now we use Lemma 1
and Lemma 2 to deduce the results we need.

Lemma 3. Let P € S be a 2-path with at most one out-endvertex. If |P| < 8,

then V(P) has a subset of L%J vertices which dominate all vertices of V(P)
except for the possible out-endvertex.

Proof. Clearly, Lemma 3 implies Assertion 2. If |P| = 2, then P has two out-
endvertices. If |P| =5 and P has at most one out-endvertex, it is also easy to
verify that P can be dominated by one vertex. Now let P = z1x5 - xg. Let
H be the subgraph induced by V(P). If |G| = 8, then G = H. As each vertex
of GG has degree at least four, we can verify directly that H can be dominated
by two vertices. So, let |G| > 8. We first claim that P has one out-endvertex.
Otherwise, both z; and xg have at least four neighbors in V(P), from that it
is easy to see that H has a Hamilton cycle. As G is connected, there exists at
least one edge joining V(P) and V(G) — V(P). By our choices to maximize
the number of the out-endvertices of S. This is a contradiction. Hence, P has
precisely one out-endvertex.

Let xg be the out-endvertex of P. We choose a lasso L with zg as the end of
L, such that the cycle of L has maximum length. For convenience, we denote
the vertices of L along a Hamilton path of L from the end as xg, x7,...,x1. Let
v be the connecting vertex. Clearly, z; is adjacent to v. Let C' = x125 - - - vz1.
By (Q1), v = 3541 or v = X342 (1 < k < 2). By the choice of L, C’ satisfies
the condition of Lemma 1 or Lemma 2. By Lemma 1 or Lemma 2, we can
deduce that V(P) — {zs} can be dominated by two vertices. O

Lemma 4. Let P € S be a I-path with no out-endvertex. If |P| < 19, then
P can be dominated by L@J vertices.

Proof. We first prove that, if |G| = |P| = 19 and G has a Hamilton cycle, then
G has a dominating set of 8 vertices. Let C = bibs---bigb; be a Hamilton
cycle of G. Assume the conclusion is not true. By (Q1), b1 is not adjacent to
bsi (1 < k < 8). Note that by is adjacent to by, for otherwise, by applying (Q2)
for babsby and the cycle b1bs - - - bigby, we have a contradiction. Similarly, b3
is also not adjacent to any of bs,by. If by is adjacent to bs, then, by (Q2) for
babsby and the cycle bybg - - - bigby, b3 has no neighbor in this cycle, and thus,
bs must be b; or by, a contradiction. So, b; is also not adjacent to bg. By
symmetry, by is not adjacent to any of x14,213. Clearly, for each 2 < i < 19,
b; has the similar property as b;. Now, if by is adjacent to by, as by dominates
ba, by, b1g, by (Q3), b3 has extra neighbors only in {b13, b1s, b1g}; as by dominates
b1,bs, b5, by (Q3), ba has extra neighbors only in {bs, bs, b11}. Since §(G) > 4,
{bs, bs, b11,b13,b16,b19} dominates V(G), a contradiction. Hence, b; is also
not adjacent to by, symmetrically, not adjacent to b17. And hence, b; is not
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adjacent to byp, for otherwise, we look at bg, as bg has similar properties as by,
then bg must have neighbors in the cycle b1b1; - - - b1gb1, and thus, by applying
(Q2) for bsbgby and this cycle, we have a contradiction. Symmetrically, by is
not adjacent to b1g. So, by is adjacent to both x7,z14. Similarly, b3 is adjacent
to both by, b1g. Then, {by, bs, by, b12, b15,b1s} dominates V(G), a contradiction.
So, in this case, G has a dominating set of 8 vertices.

Next we assume that either |G| > 19 or G has no hamiltonian cycle. Let
[Pl =3m+1 (1 <m <6). Let H be the subgraph induced by V(P). Now
we claim that H has no Hamilton cycle. For otherwise, if |G| > |P|, as G is
connected, then P has at least one out-endvertex, a contradiction; if |G| =
|P| = 19, then G = H, contradicting that G has no Hamilton cycle. Now we
choose a lasso L in H such that the number of vertices on the cycle of the lasso
is maximum. For convenience, we label the vertices of L along a Hamilton
path on L from the end of L as 3,41, Z3m,-..,21. Let v be the connecting
vertex. By the labelling, x; is adjacent to v. By (Q1) and our assumption, we
may assume that v = 3541 or Z3gye (1 < k < m). If & < 4, then, by the
choice of L, the cycle C' = x1x5 - - - vy satisfies the condition of Lemma 1 or
Lemma 2, and thus we can obtain the desired result by Lemma 2 or Lemma 3.
So, we next let &k > 5. Hence, m = 6,k = 5 and |P| = 19. We still prove by
contradiction.

Case 1. v = 3,11 = w15. Denote the cycle C' := x1x9---x1621. By the
choice of L, N(z1) C V(C') and N(z15) C V(C’). We can similarly as in the
proof of Lemma 1 deduce the following.

(F) x; is not adjacent to both x4, z5; x15 is not adjacent to both xg, 1.

By (@2), z1 is not adjacent to x13. If 1 is adjacent to 19, then, by (Q2), z15
has no neighbor in the cycle z; - - - 1921, and thus, by (Q1), z15 is adjacent to
both xg, x1¢, a contradiction. So, x; is also not adjacent to x19. Symmetrically,
x15 is not adjacent to any of x4, z7. Now, we check the possible neighbors of
T19.

Clearly, N(x19) € V(P). Moreover, by the choice of L and (Q1), z19 has
extra neighbors only in {z4, 27, z9, 212,216} U {xs,x10}. If z19 is adjacent to
g, we look at the Hamilton pathxy - - - x¢z19 - - - 7 of H, by the choice of L and
(Q1), we can deduce that 7 is adjacent to both x4, x5, contradict (F). Note
that xg and x19 are symmetrical, we have x19 is not adjacent to any of xzg, x1g.
If x19 is adjacent to both x4, zg, then we can similarly deduce that x; must
be adjacent to both x4, xs, and thus zsxs3 - T1X8T16215 - - ToT19T18217 IS A
hamiltonian path of H. By applying (Q2) for x12223 and the cycle x4 - - - 21924,
we have a contradiction. Hence, x19 is adjacent to at most one of x4, g, and
symmetrically, is adjacent to at most one of z7,x15. So, x19, 216 are adjacent.
Thus, x17 is also an endvertex of a hamiltonian path of H. Then, x17, z19 have
the same properties.
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Note that x19 must be adjacent to one of x4, x9, and one of x7, x12. First let
19 be adjacent to x4. As x17 is also adjacent to one of x7, 12, if 217 is adjacent
to x4, then {xq, x6, xg, T12, T15, T19} dominates P; if 17 is adjacent to x7, then
Ty T16X1 - T4T19T182172T7 18 a cycle of H which exclude x5, xg, contradict
the choice of L. Then, by symmetry, 19 is adjacent to both x7, xg9. Also, z17 is
adjacent to these two vertices. Hence, x1 - - - x7219T18T17%9 - - - T16T1 1S a cycle
of H which exclude xg, contradict the choice of L.

Case 2. v = 312 = Z17. By (Q1) and the choice of L, z19 is not adjacent
to any of x17,21,216. As x17 dominates x1s,x1, z16, by (@3), 19 has extra
neighbors only in {x4,z7,210,213}. Since z19 is adjacent to three of them,
by symmetry, we assume that z19 is adjacent to both x4, x7. Then, x5 is an
endvertex of a Hamilton path of H, and thus N(x5) C V(P). As x7---x1927
is a 13-cycle, by looking at z4x5x¢ and this cycle, we deduce that x5 has no
neighbor in this cycle. So, x5 has extra neighbors only in {z1,z2,23}. If
x5 is adjacent to xg, then {x5,1,215, 12, T, x19} dominates P; otherwise
x5 is adjacent to both x1,xs, then {z4,xs, s, 11,214,217} dominates P, a
contradiction. This proves Lemma 4. (I

Lemma 5. Let T € E’ be a tip of a 2-path P in A. If |T| < 13, then T can be
dominated by L%J vertices.

Proof. Let T =ag - azms+1 € E' (m <4) and C = ¢ - - - ¢; be the central path
of P. Assume that ¢ is adjacent to ag;,+1 on the path P. By definition, ¢ is
an acceptor or inacceptor. As T € E’, neither endpoint of P is (2, 2)-endpoint,

and thus ¢; is an acceptor. We first present a claim (for the proof, see [11,
p. 285, Fact 11]).

Claim. ao is only adjacent to the vertices of T'U {co}.

By the choice of S and the claim, if ag - - - a3, ; is a Hamilton path on V(T')
such that a3, is adjacent to co, then aj is also only adjacent to the vertices
of TU {00}.

Let H be the subgraph induced by V(T) U {cp}. We choose a lasso L
with ¢o as the end of L, such that the cycle of L has maximum length. For
convenience, we denote the vertices of L along a hamiltonian path of L from ¢
as T3m+2, L3m+1, - - -, 1. Let v be the connecting vertex. Clearly, x; is adjacent
tov. Let ' = x129---vzy. By (Q1), v = Tagy1 or v = T340 (1 <k <m < 4).
By the choice of L, C' satisfies the conditions of Lemma 1 or Lemma 2. By
Lemma 1 or Lemma 2, we can deduce the desired result. (I

Proof of Main Theorem. By Lemma 4, |P| > 22 for any path P in I;. By
Lemma 3, |P| > 11 for any path P in I5. Hence,

S P = 22n) Y|P > 115,

Pely Pels
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By Lemma 5,

> Ip| = 17|E.
PecA
From that we have,

n> Y|P+ Y [Pl+ Y [P =220 + 11| 1] + 17|E],

Pely Pel> PecA
yielding, & > 2|I;| + 1|I5| + 1|E’|. Combining with (x), we have |D| < in.
This proves Main Theorem. (I

Remark. We have verified by the same method, that the conjecture for the
remaining two cases k = 5,6 is also true.
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