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CHARACTERIZING THE MINIMALITY AND MAXIMALITY
OF ORDERED LATERAL IDEALS IN ORDERED
TERNARY SEMIGROUPS

AIYARED IAMPAN

ABSTRACT. In 1932, Lehmer [4] gave the definition of a ternary semi-
group. We can see that any semigroup can be reduced to a ternary
semigroup. In this paper, we give some auxiliary results which are also
necessary for our considerations and characterize the relationship between
the (0-)minimal and maximal ordered lateral ideals and the lateral sim-
ple and lateral O-simple ordered ternary semigroups analogous to the char-
acterizations of minimal and maximal left ideals in ordered semigroups
considered by Cao and Xu [2].

1. Introduction and preliminaries

In 1995, Dixit and Dewan [3] introduced and studied the properties of
(quasi-, bi-, left, right) lateral ideals in ternary semigroups. In 2000, Cao
and Xu [2] characterized the minimal and maximal left ideals in ordered semi-
groups and gave some characterizations of minimal and maximal left ideals in
ordered semigroups. In 2002, Arslanov and Kehayopulu [1] characterized the
minimal and maximal ideals in ordered semigroups.

The concept of the minimal and maximal (left) ideals is the really inter-
ested and important thing about ordered semigroups. Now we characterize the
(0-)minimal and maximal ordered lateral ideals in ordered ternary semigroups
and give some characterizations of the (0-)minimal and maximal ordered lat-
eral ideals in ordered ternary semigroups analogous to the characterizations of
the minimal and maximal left ideals in ordered semigroups considered by Cao
and Xu.

Our aim in this paper is fivefold.

(1) To give the definition of an ordered ternary semigroup.
(2) To introduce the concept of lateral simple and lateral O-simple ordered
ternary semigroups.
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(3) To characterize the properties of ordered lateral ideals in ordered ter-
nary semigroups.

(4) To characterize the relationship between the minimal and 0-minimal
ordered lateral ideals and the lateral simple and lateral 0-simple ordered
ternary semigroups.

(5) To characterize the relationship between the maximal ordered lateral
ideals and the lateral simple and lateral O-simple ordered ternary semi-
groups.

To present the main theorems we first recall the definition of a ternary
semigroup which is important here.

A nonempty set T is called a ternary semigroup [3] if there exists a ternary
operation T x T x T — T, written as (x1,x2,23) — [x12223], satisfying the
following identity for any x1,x2,x3, x4, 25 € T,

[[T12oxs)zas] = [ [w22324)25] = [X122[232425]].
Hence we can see that any semigroup can be considered as a ternary semigroup.
For nonempty subsets A, B and C of a ternary semigroup 7', let

[ABC] :={[abc] : a € A,b € B and c € C}.

If A = {a}, then we also write [{a}BC] as [aBC|, and similarly if B = {b} or
C ={ctor A= {a} and B = {b} or A = {a} and C = {c} or B = {b} and
C = {c}. A nonempty subset S of a ternary semigroup T is called a ternary
subsemigroup [3] of T if [SSS] C S.

Example 1 ([3]). Let T'= {—i,0,i}. Then T is a ternary semigroup under the
multiplication over complex number while T is not a semigroup under complex
number multiplication.

Example 2 ([3]). Let O = (39).,1 = (§9),41 = ({8),42 = (8¢),43 =
(99) and Ay = (39). Then T = {O, I, Ay, A, A3, A4} is a ternary semigroup
under matrix multiplication.

A partially ordered ternary semigroup 7T is called an ordered ternary semi-

group if for any x1,z9, 23,24 € T,
x1 < xo implies [x12324] < [Towsxs] and [x4zzx] < [Tax322].

If (T, -, <) is an ordered ternary semigroup and S is a ternary subsemigroup of
T, then (S, -, <) is an ordered ternary semigroup. For a subset H of an ordered
ternary semigroup 7', we denote (H] := {t € T : t < h for some h € H} and
HUa:=HU{a} for alla € T. If H = {a}, we also write ({a}] as (a]. We
see that H C (H|, ((H]] = (H]. For subsets A and B of an ordered terna-
ry semigroup 7', we have (4] C (B],if A C B and (AUB] = (4 U (B]. A
nonempty subset M of an ordered ternary semigroup 7' is called a lateral ideal of
Tif [TMT)] C M. Alateral ideal M of an ordered ternary semigroup 7' is called
an ordered lateral ideal of T if for any b € T and a € M,b < a implies b € M.
The intersection of all ordered lateral ideals of a ternary subsemigroup S of
an ordered ternary semigroup 7' containing a nonempty subset A of S is the
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ordered lateral ideal of S generated by A. For A = {a}, let Mg(a) denote the
ordered lateral ideal of S generated by {a}. If S = T, then we also write Mr(a)
as M(a). An element a of an ordered ternary semigroup 7' with at least two
elements is called a zero element of T if [atits] = [t1ate] = [ti1t2a] = a for all
t1,to € T and a < t for all t € T and we denote it by 0. If T is an ordered ter-
nary semigroup with zero, then every ordered lateral ideal of T' contains a zero
element. An ordered ternary semigroup 7' without zero is called lateral simple
if it has no proper ordered lateral ideals. An ordered ternary semigroup 7" with

zero is called lateral 0-simple if it has no nonzero proper ordered lateral ideals
and [TTT] # {0}.

We shall give an example of an ordered ternary semigroup without zero
which there exists a ternary subsemigroup with zero.

Example 3. Let Z be the set of all integers. Define multiplication on Z by
[ryz] = min{z,y, z} for all z,y, z € Z. Then Z is an ordered ternary semigroup
without zero under usual partial order. Let N be the set of all positive integers.
Then N is a ternary subsemigroup of Z with a zero element 1.

For any positive integers m and n with m < n and any elements x1, x2, ..., Top
and g1 of a ternary semigroup 7' [5], we can write

[IE1$2 te =’C2n+1] = [Sfl T Tm 1 Tm2 $2n+1]

- [331 Tt [[zmxm+1x7n+2]xm+3x7n+4] tee x2n+1]~

We shall assume throughout this paper that 7" stands for an ordered ternary
semigroup.

The following two lemmas are also necessary for our considerations and easy
to verify.

Lemma 1.1. For any nonempty subset A of T, ([TTATT|U[TAT]U A] is the
smallest ordered lateral ideal of T containing A.
Furthermore, for any a € T,

M(a) = ([TTaTT)U [TaT|Ua).

Lemma 1.2. For any nonempty subset A of T, ([TTATT]U [TAT]] is an
ordered lateral ideal of T.

Lemma 1.3. If T has no zero element, then the following statements are
equivalent.

(a) T is lateral simple.
(b) ([TTaTT)U[TaT)] =T forallaeT.
(¢) M(a)=T forallaeT.

Proof. By Lemma 1.2 and T is lateral simple, we have ([TTaTT|U [TaT]] =
for all @ € T. Therefore (a) implies (b). By Lemma 1.1, we have M(a)
(TTaTT)VU [TaT\Ua] = ([TTaTT)U [TaT)|)U (a] = TU (a] = T. Thus (b)

T
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implies (c). Now let M be an ordered lateral ideal of T and let a € M. Then
T=M(a) CMCT,so M =T. Hence T is lateral simple, we have that (c)
implies (a). Hence the proof is completed. O

Lemma 1.4. If T has a zero element, then the following statements hold.
(a) If T is lateral 0-simple, then M(a) =T for all a € T \ {0}.
(b) If M(a) =T for all a € T\{0}, then either [TTT] = {0} or T is lateral
0-simple.

Proof. (a) Assume that T is lateral O-simple. Then M (a) is a nonzero ordered
lateral ideal of T for all a € T'\ {0}. Hence M(a) =T for all a € T'\ {0}.

(b) Assume that M(a) =T for all a € T'\ {0} and let [TTT] # {0}. Now
let M be a nonzero ordered lateral ideal of T" and put a € M \ {0}. Then
T=M(a) CMCT,soM=T. Therefore T is lateral 0-simple.

Therefore we complete the proof of the lemma. O

The next lemma is easy to verify.

Lemma 1.5. Let {M, : v € T'} be a family of ordered lateral ideals of T. Then
U, er M is an ordered lateral ideal of T and (- M., is also an ordered lateral

ideal of T if (,cp My # 0.

Lemma 1.6. If M is an ordered lateral ideal of T and S is a ternary subsemi-
group of T, then the following statements hold.

(a) If S is lateral simple such that SN M # 0, then S C M.
(b) If S is lateral 0-simple such that S\ {0} N M # 0, then S C M.

Proof. (a) Assume that S is lateral simple such that SN M # (. Then let
a € SNM. Since M is an ordered lateral ideal of T', (M] C M. By Lemma 1.2,
we have ([SSaSS] U [SaS]] NS is an ordered lateral ideal of S. This implies
that ([SSaSS|U[SaS]|NS = S. Hence S C ([SSaSS]U[SaS]| C([TTMTT|U
[TMT]| C ([TMT))C (M]C M,s0oSCM.

(b) Assume that S is lateral O-simple such that S\ {0} N M # (. Then let
a € S\{0}NM. By Lemmas 1.1 and 1.4(a), we have S = Mg(a) = ([SSaSS]U
[SaS|Ua]NS C ([SSaSS|U[SaS]Ua] C ([TTaTT)U[TaT|Ua]l = M(a) C M.
Therefore S C M.

Hence the proof of the lemma is completed. ([

2. (0-)Minimal ordered lateral ideals

For an ordered ternary semigroup T without zero, an ordered lateral ideal M
of T is called a minimal ordered lateral ideal of T if there is no ordered lateral
ideal A of T such that A C M. Equivalently, if for any ordered lateral ideal A
of T' such that A C M, we have A = M. For an ordered ternary semigroup T
with zero, a nonzero ordered lateral ideal M of T is called a 0-minimal ordered
lateral ideal of T if there is no nonzero ordered lateral ideal A of T" such that
A C M. Equivalently, if for any nonzero ordered lateral ideal A of T such that
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A C M, we have A = M. Equivalently, if for any ordered lateral ideal A of T
such that A C M, we have A = {0}.

In this section, we characterize the relationship between the minimal and
0-minimal ordered lateral ideals and the lateral simple and lateral 0-simple or-
dered ternary semigroups.

Theorem 2.1. If T has no zero element and M is an ordered lateral ideal of
T, then the following statements hold.

(a) If M is a minimal ordered lateral ideal of T without zero, then either
there exists an ordered lateral ideal A of M such that [MMAM M) #
[MAM)] or M is lateral simple.

(b) If M is lateral simple, then M is a minimal ordered lateral ideal of T.

(¢) If M is a minimal ordered lateral ideal of T with zero, then either there
exists a nonzero ordered lateral ideal A of M such that [MMAM M) #
[MAM)] or M is lateral 0-simple.

Proof. (a) Assume that M is a minimal ordered lateral ideal of T' without
zero and [MMAMM] = [M AM] for all ordered lateral ideals A of M. Now
let A be an ordered lateral ideal of M. Then [MMAMM] = [MAM] C
A C M. Define H := {h € A : h < [mjams] for some my,my € M and
a € A}, Then ) # H C A C M. To show that H is an ordered lateral
ideal of T, let t1,t2 € T and h € H. Then h < [miamg] = [m][mhamf]m}]
for some mq, ma, my, mh,mh, m) € M and a € A, so [t1hts] < [t1[miams]ts] =
[t1[m)[mbambim)ta] = [[timimblalmim)ts]]. Since M is an ordered lateral
ideal of T, we have [t1hta], [tim)imb], [msm)ts] € M. Since A is an ordered
lateral ideal of M, we have [[tym]mb]a[msm/ts]], [t1ht2] € A. Hence [t1hto] €
H, so [THT) C H. Next let t € T and h € H be such that ¢t < h. Then
h < [myams] for some my,me € M and a € A, so t < [miams] € [MAM] C
A C M. Since M is an ordered lateral ideal of T, we get t € M. Thust € A
because A is an ordered lateral ideal of M. Hence t € H, so H is an ordered
lateral ideal of T'. Since M is a minimal ordered lateral ideal of T, H = M.
Therefore A = M, so we conclude that M is lateral simple.

(b) Assume that M is lateral simple. Let A be an ordered lateral ideal of
T such that A € M. Then AN M # 0, it follows from Lemma 1.6(a) that
M C A. Hence A = M, so M is a minimal ordered lateral ideal of T

(c) Tt is similar to the proof of statement (a).

Therefore we complete the proof of the theorem. O

Using the similar proof of Theorem 2.1(a) and the Lemma 1.6(b), we have
Theorem 2.2.

Theorem 2.2. If T has a zero element and M is a nonzero ordered lateral
ideal of T, then the following statements hold.
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(a) If M is a 0-minimal ordered lateral ideal of T, then either there ex-
ists a nonzero ordered lateral ideal A of M such that [MMAMM] #
[MAM] = {0} or M is lateral 0-simple.

(b) If M is lateral 0-simple, then M is a 0-minimal ordered lateral ideal of
T.

Theorem 2.3. If T has no zero element but it has proper ordered lateral ideals,
then every proper ordered lateral ideal of T is minimal if and only if T contains
ezxactly one proper ordered lateral ideal or T contains exactly two proper ordered
lateral ideals My and My, My U My =T and M; N My = 0.

Proof. Assume that every proper ordered lateral ideal of T is minimal. Now
let M be a proper ordered lateral ideal of T. Then M is a minimal ordered
lateral ideal of T. We consider the following two cases:

Case 1: T =M(a) for alla € T\ M.

If K is also a proper ordered lateral ideal of T and K # M, then K\ M # ()
because M is a minimal ordered lateral ideal of T. Thus there exists a €
K\M CT\M. Hence T = M(a) C K C T, so K =T. It is impossible, so
K = M. In this case, M is the unique proper ordered lateral ideal of T'.

Case 2: There exists a € T\ M such that T' # M(a).

Then M(a) # M and M (a) is a minimal ordered lateral ideal of T. By
Lemma 1.5, M(a) U M is an ordered lateral ideal of T". By hypothesis and
M C M(a)UM, we get M(a)UM =T. Since M(a)NM C M(a) and M (a) is
a minimal ordered lateral ideal of T', M (a)NM = ). Now let K be an arbitrary
proper ordered lateral ideal of T. Then K is a minimal ordered lateral ideal of
T. We observe that K = KNT = KN(M(a)UM) = (KNM(a))U(KNM). If
KNM # 0, then K = M because K and M are minimal ordered lateral ideals
of T. If KN M(a) # 0, then K = M(a) because K and M (a) are minimal
ordered lateral ideals of T'. In this case, T contains exactly two proper ordered
lateral ideals M and M (a), M(a) UM =T and M(a) N M = 0.

The converse is obvious. O

Using the same proof of Theorem 2.3, we have Theorem 2.4.

Theorem 2.4. If T has a zero element and nonzero proper ordered lateral
ideals, then every monzero proper ordered lateral ideal of T is 0-minimal if and
only if T contains exactly one nonzero proper ordered lateral ideal or T contains
exactly two nonzero proper ordered lateral ideals My and Ms, My U My =T
and M1 n MQ = {O}

3. Maximal ordered lateral ideals

A proper ordered lateral ideal M of T is called a maximal ordered lateral
ideal of T if for any ordered lateral ideal A of T' such that M C A, we have
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A = T. Equivalently, if for any proper ordered lateral ideal A of T such that
M C A, we have A = M.

In this section, we characterize the relationship between the maximality of
ordered lateral ideals and the union U of all (nonzero) proper ordered lateral
ideals in ordered ternary semigroups.

Theorem 3.1. If T has no zero element but it has proper ordered lateral ideals,
then every proper ordered lateral ideal of T is mazimal if and only if T contains
ezactly one proper ordered lateral ideal or T contains exactly two proper ordered
lateral ideals My and Mo, My U My =T and My N My = (.

Proof. Assume that every proper ordered lateral ideal of T' is maximal. Now
let M be a proper ordered lateral ideal of 7. Then M is a maximal ordered
lateral ideal of T. We consider the following two cases:

Case 1: T=M(a) for alla € T\ M.

If K is also a proper ordered lateral ideal of T" and K # M, then K is a
maximal ordered lateral ideal of T'. This implies that K\ M # (), so there exists
ae K\MCT\M. Thus T =M(a) C K CT,so K =T. It is impossible,
so K = M. In this case, M is the unique proper ordered lateral ideal of T

Case 2: There exists a € T'\ M such that T' # M(a).

Then M(a) # M and M(a) is a maximal ordered lateral ideal of T. By
Lemma 1.5, M (a) U M is an ordered lateral ideal of T'. Since M C M (a) UM
and M is a maximal ordered lateral ideal of T, M (a) UM = T. By hypothesis
and M(a) N M C M(a), we get M(a) "M = 0. Now let K be an arbitrary
proper ordered lateral ideal of T. Then K is a maximal ordered lateral ideal of
T. We observe that K = KNT = KN(M(a)UM) = (KNM(a))U(KNM). If
KN M #0, then K = M because K N M and M are maximal ordered lateral
ideals of T. If K N M(a) # 0, then K = M (a) because K N M (a) and M (a)
are maximal ordered lateral ideals of T. In this case, T contains exactly two
proper ordered lateral ideals M and M (a), M(a)UM =T and M(a)NM = §.

The converse is obvious. O

Using the same proof of Theorem 3.1, we have Theorem 3.2.

Theorem 3.2. If T has a zero element and nonzero proper ordered lateral
ideals, then every nonzero proper ordered lateral ideal of T is mazximal if and
only if T contains exactly one nonzero proper ordered lateral ideal or T contains
exactly two nonzero proper ordered lateral ideals My and Ms, My U My =T
and M1 n MQ = {O}

Theorem 3.3. A proper ordered lateral ideal M of T is maximal if and only if

(a) T\ M ={a} and ([TaT))] C M for some a €T or
(b) T\ M C ([TTaTT)U[TaT]] for alla e T\ M.
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Proof. Assume that M is a maximal ordered lateral ideal of T. Then we con-
sider the following two cases:

Case 1: There exists a € T'\ M such that ([TTaTT]U [TaT]] C M.

Then ([TaT]] € M. By Lemma 1.1, we have M U (a] = (M U ([TTaTT] U
[TaT]))U(a) = MU (([TTaTT)U[TaT]]U(a]) = MU([TTaTT)U[TaT|Ua] =
M U M(a). Thus M U (a] is an ordered lateral ideal of T because M U M(a)
is an ordered lateral ideal of T'. Since M is a maximal ordered lateral ideal of
T and M C M U (a], we have M U (a] = T. Hence T\ M C (a]. To show
that T\ M = {a}, let « € T\ M. Then = < a, so ([TT2TT|U [TzT]] C
([TTaTT)U [TaT]] € M. From ([TT2TT)U[TzT])] C M and © € T\ M, a
similar argument shows that 7\ M C (z]. Consequently a < x, so = a. Hence
T\ M = {a}. In this case, the condition (a) is satisfied.

Case 2: ([TTaTT)U[TaT]|Z M for alla € T\ M.

If a € T\ M, then ([TTaTT)U [TaT)] € M and ([TTaTT] U [TaT]] is
an ordered lateral ideal of T by Lemma 1.2. By Lemma 1.5, we have M U
([TTaTT)U[TaT)] is an ordered lateral ideal of T'and M C M U ([TTaTT| U
[TaT]]. Since M is a maximal ordered lateral ideal of T, M U ([TTaTT| U
[TaT)] = T. Hence we conclude that T\ M C ([TTaTT] U [TaT]] for all
a € T\ M. In this case, the condition (b) is satisfied.

Conversely, let J be an ordered lateral ideal of T' such that M C J. Then
J\NM #0. YT\ M = {a} and ([TaT]] € M for some a € T, then J\ M C
T\ M ={a}. Thus J\ M ={a},so J=MUa=T. Hence M is a maximal
ordered lateral ideal of T. If T\ M C ([TTaTT]|U [TaT]] for all a € T\ M,
then T\ M C ([TTzTT|U [TzT]) C([TTJTTIU[TJT)) C J forall x € J\ M.
Hence T' = (T\M)UM C J CT,so J =T. Therefore M is a maximal ordered
lateral ideal of T'.

Hence the theorem is now completed. (I

For an ordered ternary semigroup 7', let U denote the union of all nonzero
proper ordered lateral ideals of T if T' has a zero element and let & denote the
union of all proper ordered lateral ideals of T if T" has no zero element. Then
it is easy to verify Lemma 3.4.

Lemma 3.4. U =T if and only if M(a) # T for alla e T.

As a consequence of Theorem 3.3 and Lemma 3.4, we obtain the next two
theorems.

Theorem 3.5. If T has no zero element, then one and only one of the following
four conditions is satisfied.

(a) T is lateral simple.

(b) M(a)#T forallaeT.

(¢) There exists a € T such that M(a) =T, a & ([TTaTT) U [TaT]] and
([TaT)] CU =T\ {a} and U is the unique mazimal ordered lateral
ideal of T.
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(d) T\U={x T : ([TTTT\U[T2T)] =T} and U is the unique mazimal
ordered lateral ideal of T.

Proof. Assume that T is not lateral simple. Then there exists a proper ordered
lateral ideal of T, so U is an ordered lateral ideal of T'. We consider the following
two cases:

Case 1: U =T.

By Lemma 3.4, we have M(a) # T for all @ € T. In this case, the condi-
tion (b) is satisfied.

Case 2: U #T.

Then U is a maximal ordered lateral ideal of T. Now assume that M is a
maximal ordered lateral ideal of T'. Then M C U C T because M is a proper
ordered lateral ideal of T'. Since M is a maximal ordered lateral ideal of T, we
have M = U. Hence U is the unique maximal ordered lateral ideal of T'. By
Theorem 3.3, we get

(i) T\U = {a} and ([TaT]] C U for some a € T or
(i) T\U C ([TTaTT| U [TaT]] for all a € T\ U.

Suppose that T\U = {a} and ([TaT]] C U for some a € T. Then ([TaT]] C
U=T\{a}. Since a ¢ U, we have M(a) =T. If a € ([T TaTT|U[TaT]], then
(a] C ([TTaTT) U [TaT)]. By Lemma 1.1, we have T = M (a) = ([TTaTT) U
[TaT]Ua] = ([TTaTT| U [TaT]| U (a] = ([TTaTT) U [TaT]] = ([TTaTT)| U
([TaT)) € ([TUTN)UU = U C T. Thus T = U, so it is impossible. Hence
a ¢ ([TTaTT)U[TaT]]. In this case, the condition (c) is satisfied.

Now suppose that T\ U C ([TTaTT]| U [TaT]] for all a € T\ U. To show
that T\U = {x € T : ([TT2TT) U [TzT)] = T}, let x € T\ U. Then
x € ([TT2TT)U[T2T)], so (z] C ([TTxTT]U [TxT]]. By Lemma 1.1, we have
M(z) = ([TT2TT\U[T2T|Vzx] = ([TT2TT)U[TzT)|U(z] = ([TT2TT|U[TzT])].
Since © ¢ U, we have M(z) = T. Hence T = M(z) = ([TTzTT) U [TzT]].
Conversely, let x € T be such that ([TT2TT|U [T2T)] = T. If x € U, then
M(x) CU C T. By Lemma 1.1, we have M(z) = ([TT2TT|U [TzT]U z] =
(TT2zTT)U [T2T) U (2] =T U (z] = T. It is impossible, so x € T \ Y. Hence
we conclude that T\U = {x € T : ([TT2TT) U [TxT]] = T}. In this case, the
condition (d) is satisfied.

Hence the proof of the theorem is completed. O

Using the same proof of Theorem 3.5, we have Theorem 3.6.
Theorem 3.6. If T has a zero element and [TTT] # {0}, then one and only
one of the following four conditions is satisfied.

(a) T is lateral 0-simple.
(b) M(a)#T forallaeT.
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(¢) There exists a € T such that M(a) = T,a ¢ ([TTaTT] U [TaT]] and
([TaT)] CU =T\ {a} and U is the uniqgue mazimal ordered lateral

ideal of T.
(d) T\U={xeT: ([TT2TT)\U[T2T]] =T} and U is the unique mazimal
ordered lateral ideal of T.
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