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ON THE STRONG LAW OF LARGE NUMBERS FOR
WEIGHTED SUMS OF ARRAYS OF ROWWISE
NEGATIVELY DEPENDENT RANDOM VARIABLES

JONG-IL BAEK, HYE-YOUNG SEO, GIL-HWAN LEE, AND JEONG-YEOL CHOI

ABSTRACT. Let {X,;|1 < i < mn,n > 1} be an array of rowwise nega-
tively dependent (ND) random variables. We in this paper discuss the
conditions of Y7 | an;Xn; — 0 completely as n — oo under not neces-
sarily identically distributed setting and the strong law of large numbers
for weighted sums of arrays of rowwise negatively dependent random vari-
ables is also considered.

1. Introduction

Let {X, |n > 1} be a sequence of random variables. Hsu and Robbins [4]
introduced the concept of complete convergence of {X,, |n > 1}. A sequence
{X, |n > 1} of random variables converges to a constant ¢ completely if

o0

ZP(|Xn—C| > €) < oo for all € > 0.

n=1
If X,, — ¢ completely, then the Borel-Cantelli lemma implies that X,, — ¢
almost surely, but the converse is not true in general.

Let {X,; | 1 < i < n, n > 1} be an array of random variables with
EX,; = 0 for all n and ¢. Many authors studied the complete convergence
of n™1/P3°" | X,,; which is defined

(1.1) Z P <|n_1/pZXm > e) for all € > 0,

n=1 i=1
where 0 < p < 2.

In particular, Erdos [4] showed that for an array of independent identically
distributed (i.i.d.) random variables {X,;|]1 < ¢ < n,n > 1}, (1.1) holds if
and only if F|X11|?’ < co. Hu et al. [6] showed that Erdés’ result could be
obtained by replacing the i.i.d. condition by the uniformly bounded condition.
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We recall that any away {X,;|1 <47 <n,n > 1} of random variables is said to
be uniformly bounded by a random variable X if for all ¢,n and = > 0,

(1.2) sup P(|Xpi| > 2) < P(X| > a).

Hu et al. [5] had obtained the following result in complete convergence and
they had established (1.3) for non identcally random variable when no assump-
tion of independence between rows of the array is made.

Theorem A. Let {X,; | 1 <i<mn, n>1} be an array of rowwise independent
random variables with EX,; = 0. Suppose that {X,; | 1 < i <mn, n > 1}
are uniformly bounded by some random variable X. If E|X|* < oo for some
1<p<2 then

(1.3) n~l/p ZXM — 0 completely as n — oo

i=1
if and only if E|X11|* < .

In this paper, we discuss the strong law of large numbers for weighted sums
of arrays of rowwise N D random variables. The main purpose of this paper is
to extend and generalize Theorem A to rowwise N D random variables which
satisfy suitable conditions. Further, the last two properties of this paper show
that neither ND nor EX,,; = 0 are needed to obtain the corresponding strong
law of large numbers when 0 < p < 1/2 or a weak law of large numbers when
1/2<p< 1l

2. Preliminaries

This section will list some background materials which will be used in ob-
taining the main results in the next section and we define a™ = max(0,a),
a” = max(0, —a).

Definition 2.1 (Ebrahimi et al. [2]). Random variables X and Y are nega-
tively dependent(N D) if

(2.1) P[X <, Y <y| < P[X <a|P[Y <y

for all z,y € R. A collection of random variables is said to be pairwise ND if
every pair of random variables in the collection satisfies (2.1).

It is important to note that Definition 2.1 implies
(2.2) PX >z, Y >y <P[X >z|P]Y >y]

for the z,y € R. Moreover, it follows that (2.2) implies (2.1), and hence, they
are equivalent for pairwise ND. Ebrahimi and Ghosh [2] showed that (2.1)
and (2.2) are not equivalent for n > 3. Consequently, the following definition
is needed to define sequences of negatively dependent random variables.

Definition 2.2. The random variables X1, X5, ... are said to be
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(a) lower negatively dependent(LN D) if for each n,
(2.3) P[Xy <y, X, < 2] < [[ PIXG < 4]
i=1
for all z1,...,2, € R,
(b) upper negatively dependent(U N D) if for each n,

n
(2.4) PIXy >z, Xy > 2] < [[ PIXG > 4]
i=1

for all z1,...,z, € R,
(c) negatively dependent (ND) if both (2.3) and (2.4) hold.

The following properties are listed for reference in obtaining the main result
in the next section and detailed proofs can be found in their paper.

Lemma 2.1 (Ebrahimi et al. [2]). Let {X,, | n > 1} be a sequence of ND
random variables and {f, | n > 1} be a sequence of monotone increasing
(decreasing) Borel functions. Then {fn(X,) | n > 1} is a sequence of ND
random variables.

Lemma 2.2 (Taylor et al. [7]). (a) Let X1, X, ..., X, be nonnegative random
variables which are upper negatively dependent. Then

E <H XZ-> <[[Ex:.
i=1 i=1
(b) Let X1, Xs,..., X, be a pairwise ND random variables. Then
(i) Cov(X;,X;) <0 fori#j.
(¢c) Let X1, Xa,..., X, be a ND random variables. Then for any real num-
bers{a1,...,an} and {b1,..., by} such thata; <b; ,1<i<n,Y;=X;I (a; <
X; <b)+b1(X; >b;) +a;1(X; <a;) are ND random variables.

Lemma 2.3 (Hu et al. [6]). For anyr >1 andp >0,
(a) E|X|" if and only if

o0
Z n""'P(|X| > en) < oo for all € > 0,
n=1

nt/p

(b) E|X|"I(|X] < nl/P) < r/ t" I P(|1X| > t)dt,
0

(c) 27" Y n" ' P(IX[>n) <E|X|"< 14727) n"'P(IX]|>n).

n=1 n=1
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Lemma 2.4 (Bozorgnia et al. [1]). Let X be a random variable such that
EX =0 and |X| < M < a.e. Then for all constant M,

1
1< Bet™ < "X for all [t] < U

3. Strong law of large numbers for weighted sums

Theorem 3.1 is to extend and generalize Theorem A to rowwise N D random
variables. Note that the range 0 < p < 2 is allowed in Theorem 3.1 and
Theorem 3.2 whereas previous results usually addressed the important subset
1 < p < 2. Throughout the proof ¢ will represent positive constants whose
value may change from one to another.

Theorem 3.1. Suppose that 0 < p < 2 and let {X,; | 1 < i < n,n > 1}
be an array of rowwise ND random variables with EX,; = 0. Suppose that
sup P(|Xpi| > z) < P(|X| > x) for all i, n and x > 0. Assume that {an; | 1 <
it <n,n > 1} is an array of real numbers satisfying

() max |an| = O(n=1/7), (i) gafn :o< ! )

1<z<n logn
If E|X|*P < oo, then
n
Z aniXni — 0 completely as n — oo.
i=1

Proof. Since a,; = a:i — a;, it suffices to show that

(1) ZP<ZCLLXM >e> < oo for all € > 0,
n=1 i=1

(2) ZP(Za;iXm >e> < oo for all € > 0.
n=1 i=1

We prove only (1), the proof of (2) is analogous.
To prove (1), we need only prove that

(3) >op (Z af, X > e) < oo for all € > 0,

n=1 i=1

n

(4) Z P <Z at Xni < —6) < oo for all € > 0.
n=1

i=1

Without loss of generality, we can assume that 0 < a;, < n=/P for all 1 <
i <n, n>1and let ¢ be the constant such that 0 < p < ¢ < 2p < 2 and for
a>0, a=1/p—1/q.
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Note that

n n
(Z a;fiXm > 6) C (Z aIZ—XmI(|Xm| < nl/q) > e/2>
i=1

i=1

U(af”-Xm' > ¢€/2 for some i, 1 <i<mn)

U(Xm- > n!/9 for at least two values of i, 1 <i<n).

Thus,
Sp (z it o 2 )
n=1 =1
o0 n
<>y P (Z it X I(| Xpi| < n*/9) > qz)
n=1 i=1
(5) > n . )
+ ZP(am- Xni > €/2 for some i, 1 <1i<n)
n=1

+ Z P(X,i > n'/9 for at least two values of i, 1 <i<n)
n=1

= I1 + Iz + I3(say).
To prove I; < oo, we first define that
Vi = Xl (| Xns| < nV9) 4+ nY9I( X, > 00 —ntI(X,; < —nt/9).

So that {Y,;|1 <4 < n,n > 1} is still an array of rowwise N D random variables
by definition.
Next,

n
Z anz+X7nI(|an| S nl/q)

=1
= Zani+(Yni - EYnz)
i=1
=N 4 T (I(Xni > n'/9) = P(Xp; > n'/7))
n=1

+ 09> ani T (I(Xpi < —n'9) = P(Xp; < —n'/7))
n=1

+ 3 an T EX I(| X, < 0nt/7)
i=1
= I4 + I5 + I6 + 17 (say).
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As to Iy, we consider two cases of (a) p > 1 and (b) 0 < p < 1, and note that
{n0i T (Yni — EYy;) | 1 <i < n,n > 1} is still an array of rowwise N D random
variables by definition and |a,;t (Vs — EYy,)| < 2n~ 1P + 14 = 2~
(a) when p > 1, note that
ElY,* < B|XuiPI(|Xni| < n9) + 0 9P(|X ] > n'/9)
< EIX]PI(X| <nY9) +n?9P(|X]| > n'/9)
< 2B|X[* <
which implies that F|Y;,;|? < oo since E|X|?? < oo implies F|X|* < co. Hence,
by using Lemma 2.2 and Lemma 2.4 and taking t = 2logn/e, we get

I4 = P (Z am"'(Ym — EYWL) > 6)
=1

E,Et I, Eemm+("’ni*EYni)

<

< 67210gn1_[?:1 etani T (Yni=BYn;)
< e—210gn1_[?:1 et?(ani H2EY,,;2

< e—210gn I, ect?ani H2EIX)?

< e—210gnec(log n)2 30 (ani™)?
< 67210g nec(log n)2-(10; )

< cemel8" L 0asn — oo

Hence,

i P (i ani” (Yni — EYys) > 6) < 0.
n=1 i=1

(b) when 0 < p < 1, taking t = n®/2, we get

P (Z it (Yni — EYy3) > e)
i=1

I,

< e ctet’ iti(ani)?EY
< ecteen® X n T PEX P I(| X i | <nt )40 1P| X i | >0t )
< 7et6cn(2/1”2/‘nn1’2/pc(1+n2(1”’)/q)
—cn® 1-2/q+1-2p/q
S e cn ecn

which is summable since @ > 0 and 0 < p < ¢ < 2p < 2 implies that 1—2/¢ < 0
and 1 — 2p/q < 0. Hence, by (a) and (b), for all 0 < p < 2,

(7) i P <zn: CLm'Jr(Y;”‘ — EY;”) > 6) < Q.
n=1 1

1=
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As to I, let Zp; = n'/9a,;t (I(X,; > n'/9) — P(X,; > n'/?)) and noticing that
| Znil = InY 9 (I(X i > /) — P(X,; > n'/9))| < n/a=1/P <p=* and
EZpi® < 0% (an; T)2P(Xpi > 0 4+ P(X,; > n'/?)

en®/ 2P B X|?P /n?P/a,

IN

we get that

n
I; = P <sz > e)
=1
= P (na ZZM > n%)
i=1

< e—eno‘ Eeno‘ Z?:] i
n
< efen“ H enQO‘E(Zm-)2
=1
n
< een” H en(2/p—2/q)an/q—2/pE‘X|2p/n2p/q
i=1
< efeno‘ecn(lfln/q)
< e—en”+cn172"/q

which is summable since « > 0 and 1 — 2p/q < 0. Hence,
® > P <n1/q 3" ani T (I(Xpi > n1/9) — P(Xp; > nt/1)) > 6) <o
n=1 i=1

(9) As to Ig, the proof of Ig is similar to I5.

Next, as to Iz, we consider three cases of (¢) p > 1/2, (d) p = 1/2, and (e)
0 < p < 1/2. Since EX,,; =0, it follows that

(c) when p > 1/2,

n

Il < Y lani " EXni (| Xpi| < n'/9)]

i=1

< Y 0 VPEIX (| X| > )
i=1

< S (X > ) [ P( X > )
i=1 nt/a

<

o0
nl—l/p+1/qP(|X| > nl/q) +n1—1/p/ p(‘X| > t)dt

nl/q
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pl=l/ptl/a=2p/ap)| X |2 4 pl=1/pt1/a=20/a | X |2

enl—1/p+1/a(1-2p)

IN N

which implies that
ZaerEXm-IﬂXm\ < nl/q) —0asn— oo
i=1
since 1 —1/p+1/q(1 —2p) < 0.
(d) when p =1/2,

n

I <Y ans " BX I (| X o] < 09

i=1

< Y n VPEIX|I(X] < n'/7)
i=1

< n'"YPE|X| — 0asn — oo

(e) when 0 < p < 1/2, note that E|X|?” < oo implies that P(|X| > t) < t=2¢,
where t > A for some constant A. Hence, for nl/a > A,

Bl <Y st EX i (1 Xp] < n2/9)]

i=1

> 0T VPE| X I(| Xl <09

<
=1
< ' TYPEIX|I(IX]| < 0/
nl/a
< nH/P/ P(|X| > t)dt
0
A nl/a
= pl7l/p (/ P(|X|>t)dt+/ P(|X|>t)dt>
0 A
nl/a
<

nt=1/p <A+/ P(X| >t)dt>
A

< (A4 #nl/(I(l—%))
1—-2p
< b mup a2
1—-2p
which implies that

n
ZanﬁEXm-IﬂXm\ <nt%) — 0asn— 0o
i=1
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since 1/g(1 —2p) < 0 and 1 — 1/p < 0. Hence, by (¢), (d), and (e), we get

(oo} n
(10) >p <Z ani T EX i I (| Xi| < nl/q)> < 0.
n=1 i=1
Thus, by (7), (8), (9), and (10), we have
(11) L= PO an Xnil (| Xni| <n'/7) > €/2) < o0.
n=1 =1

As to I, we get that

P(anit X, > €/2 for some i, 1 <i<n)

=1
< iP(|am+Xm|>€/2)
=1
< PO > /2
=1
< En:P(IX|>n””6/2)

=1
2\ %
< nt (> E|X|?
€

which implies that
n'E|X|*’ — 0 as n — oo.
Hence,

(12) I = ZP(aerXm > ¢/2 for some i, 1 <i<n) < oco.

n=1

Finally, we get that

P(X,; > n'/? for at least two values of 1 <i < n)

< P UX7Li>Tl1/q,an >Tl1/q
i#£j
< Y P(IXni| > 09X, > 0/
i£j
< Y P(X|>n"")P(X|>n'/7)

i#]
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IN

S BIX P (0 EIX PP 0y
ij

< en(n—1)n~4/P

< cen2@p/a-1)
which implies that

n=2@p/a=) . 0asn — 0o

since 2p/q — 1 > 0. Hence,

(13) I3= Z P(X,; > n'? for at least two values of 4,1 < i < n) < co.

n=1
Thus, by (11), (12), and (13), we have
d»op ( > a0 X
n=1

i=1
By replacing X,,; by (—X,;) from (3) and noticing {a,};(=X,;) |1 <i < n,
n > 1} is still an array of rowwise N D random variables by definition, we also

>e> < oo for all € > 0.

know that
Z P <Z at (= Xni) > e) < oo for all € > 0.
n=1 n=1
The proof is complete. O

Corollary 3.1. Let 0 < p < 2 and let {X,,; | 1 <i < n,n > 1} be an array
of rowwise ND random variables with EX,; = 0. Suppose that there is a
random variables X such that sup P(|Xp;| > z) < P(|X| > z) for all i, n and
x > 0. Assume that {bn;|1 <1i<mn,n > 1|} is an array of constants satisfying
lim,, oo sup Y, b2, < co. If E|X|?’ < oo, then

Z bpiXni/logn — 0 completely as n — oo.
i=1

Proof. Let a,; = by;/logn. Then we can obtain the result by Theorem 3.1.
The proof is complete. O

Theorem 3.2. Let 0 < p < 2 and let {X,;|1 <i < mn,n > 1} be an array of
rowwise ND random variables with EX,; = 0. Assume that {a,; | 1 < i <
n,n > 1} is an array of real numbers satisfying max,<i<n |an;| = O(n=/?).

n
Z Ani Xni — 0 completely as n — oo.
i=1



ON THE STRONG LAW OF LARGE NUMBERS FOR WEIGHTED SUMS 837

Proof. Without loss of generality, we assume that
0<a:i§n_1/p for1<i<n, n>1.

As for the proof of Theorem 3.1, it suffices to show that

Z P <Z a;iXm- > e) < oo for all € > 0.

n=1 i=1

We also know that {a:;»Xm | 1 <i < mn,n > 1} is still an array of rowwise
N D random variables by definition and |a:[iXm| < n~YPM and Ea;Xm- =0.
Hence,

M8

P (i: ajn-Xm- > 6)
i=1

n
1/p—1/2 2 1/p—1/2
P (een /M § a:Zan S € m /M>
=1

n=1

I
M8

Il
_

n

o0 n
_2pl/p—1/2 1/p—1/2
< Ze e‘n /MHEeen /M(a:ZXm)
n=1 i=1
> / / = / /
_e2pt/r=1/2 1/p=1/2 / ppy2 2 2
< Do e M el MY (02 B (X )
n=1 =1
2 1/p—1/2 2
< cze—en /MHee /n
n=1 i=1
> /p=1/
2 1/p—1/2
< cZefG n /M < 00
n=1
since 0 < p < 2 and 1/p —1/2 > 0. The proof is complete. O

Proposition 3.1. Let {X,,;|1 <i <n,n > 1} be an array of rowwise random
variables. Suppose that there is a random variable X such that sup P(|X,;| >
x) < P(|X| > x) for alli,n and x > 0 and let E|X|?*P < oo for some 0 < p < 1.
Assume that {an;|1 < i < n,n > 1} is an array of real numbers satisfying

max lani| = O(n~YP) for some 0 < p < 1/2. If0 < p < 1/2, then
<i<n

n
Z aniXni — 0 completely as n — oo.
i=1

Proof. Without loss of generality, we assume that 0 < azi < n~Y? for some

0<p<l1/2and 1<i<mn, n>1. Asfor the proof of Theorem 3.1, it suffices
to show that

n
> X

=1

=

>e> < oo for all € > 0.
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Then,
P ( ;z ni| > 6)
< ( F Xl (| X < n'/P)| > e/2>
+P < > a0 Xnil (|Xni] > n'/P)| > e/2>
= Is+1 (Sa}’)~
As to I,

> i Xnil (|Xni| < nt/7)

i=1

18=P<

> 6/2)

< 2/eE Za;XmI | Xni| < nl'/?)

< 2/e nfl/pZE|X|I(|X| < n'/P)
i=1
nt/p

< cnlfl/p/ P(|X| > t)dt taking t = n'/Pr
0

1
= cn/ P(|X]| > n*Pr)dr
0
1
< cn71E|X|2p/ =P dr
0

which implies that

1

(14) n’1E|X|2p/ r?Pdr — 0 as n — oo
0

since 0 < p < 1/2. As to Iy,

Ig— < >€/2>

<P <Z n"VP| X I(| X pi| > n/P)) > e/2>

i=1

(15) <p (U Xl > nl/p>

i=1

+ Xl (| X > nl/P)
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IN

n

> P(|Xpi| > n'P)
1=1

nP(|XP > n)

IAIA

n1E|X|*? — 0 as n — oo.

Hence, by (14) and (15), Yo7, P(|> 1, a)f: Xni| > €) < oo for all € > 0. The

i
proof is complete. O
Proposition 3.2. Let {X,;|1 <i<mn,n > 1} be an array of rowwise random
variables. Suppose that there is a random variable X such that sup P(|X,;| >
z) < P(|X| > z) for alli,n and x > 0 and let E|X|?*’ < co for some 0 < p < 1.
Assume that {an;|1 < i < n,n > 1} s an array of real numbers satisfying

max lani| = O(n~YP) for some 1/2 <p < 1. If1/2 <p <1, then

Z GniXni — 0 in probability.
i=1
Proof. Tt suffices to show that

n
> ElaniXpi| — 0
=1

which implies the weak law of large numbers. By sup P(|X,;| > z) < P(|X| >
x), note that p > 1/2 yield sup E|X,,;| < E|X| < co. Hence,

ZE‘anani| < Zn‘l/pE\Xm| <n'"YPE|X| — 0 asn — oo
i=1 i=1

since 1/2 < p < 1. Hence Y. | E|a,; X,;| — 0. The proof is complete. O
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