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Characterizations For Interval-Valued Fuzzy m-semicontinuous
Mappings On Interval-Valued Fuzzy Minimal Spaces
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Abstract

In [5], we introduced the concepts of IVF m-semiopen sets and IVF m-semicontinuous mappings on interval-valued
fuzzy minimal spaces. In this paper, we investigate some properties of IVF m-semiopen sets and characterizations for

the IVF m-semicontinuous mapping.
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1. Intorduction and Preliminaries

Zadeh [7] introduced the concept of fuzzy set and
several researchers were concerned about the general—
izations of the concepts of fuzzy sets, intuitionistic fuz—
zy sets [1] and interval-valued fuzzy sets [3].
Alimohammady and Roohi [2] introduced fuzzy minimal
structures and fuzzy minimal spaces and some results
are given. In [4], Min introduced the concepts of IVF
minimal structures and IVF m-continuous mappings
which are generalizations of IVF topologies and IVF
continuous mappings [6], respectively. In [5], Min et al.
introduced the concepts of IVF m-semiopen sets and
IVF m-semicontinuous mappings on interval-valued
fuzzy minimal spaces. We investigated basic properties
of IVF m-semiopen sets and IVF m-semicontinuous
mappings. In this paper, we investigate character-
izations for the IVF m-semicontinuous mapping and
some properties of IVF m-semiopen sets.

Let D[0,1] be the set of all closed subintervals of
the interval [0,1]. The elements of D[0,1] are generally
denoted by capital letters M, N, --- and note that M=
[M* MY, where M*

and MY are the lower and the upper end points
respectively. We also note that

(1) (v M, NeD[0,1])

X 20094 48 1
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(M=N < M*=N*, mU=NY).
(2) (VM, N € D[0,1])
(M<N & ME< NE, mV< NY).

For each M< D|0,1], the complement of M, denoted
by M¢ is defined by M=[1-MY 1- M*].

Let X be a nonempty set. A mapping
A: X— D[0,1] is called an interval-valued fuzzy set
(simply, IVF set) in X. For each z€X, A(z) is a
closed interval whose lower and upper end points are
denoted by A(z)* and A(z)Y, respectively. For any
[a,b] € D[0,1], the IVF set whose value is the interval
[a,b] for all z € X is denoted by [a,b]. We denote 0
and 1 as follows: 0 =[0,0], 1 =[1,1]. In particular, for
any c€ [a,b], the IVF set whose value is ¢(z)=le,c] for
all zEX is denoted by simply c¢. For a point pEX
and for [a,b]ED[0,1] with >0, the IVF set which
takes the value [a,b] at p and 0 elsewhere in X is
called an interval-valued fuzzy point (simply, IVF
point) and is denoted by [a,b],. In particular, if b=a,
then it is also denoted by a,. We denote the set of all
IVF sets in X by IVF(X). An IVF point M, where M
e D[0,1], is said to belong to an IVF set 4 in X, de-
noted by M, € A, if A(z)?>M* and A(z)"=M". In
[6], it has been shown that A=U{M, : M, E A}.

For every A, B € IVF(X), we define

A=B & (VX)) A(z)*=B(z)% Alz)"=B(z)Y).



AcBe (VzeX)A(z) € B(z)t, Alz)YE B(z)Y).

The complement A° of A is defined by

[A4° (@) =1-A(2)Y and [A°(2)]” =1-A(z)* for all
reX.

For a family of IVF sets {4;: i € J} where J is an in-
dex set, the union G=U;c;A4;, and F=N,c A4, are
defined by

G(l’)L:supiEJ[Aj(x)}L, G(x)[/YZSUPieJ[A,-(x)}U
and
Fz)=infie |4;(2)]", F(a)V=infc,[4,(2)]",

respectively, for all z €X.

Let f: X— Y be a mapping and let A be an IVF set
in X. Then the image of A under f, denoted by f(A4),
defined as follows

[ (A4) (y)]* {Su}jzef-](y)[A(Z”L’ iff 'y = 2,
Y=
0, otherwise,
Sungf*‘(y) [A(Z)]U7 lffil(y) = J,
[f(A)(y)]U—{
0, otherwise,
for all yE€ Y.

Let B be an IVF set in Y. Then the inverse image
of B under f, denoted by f '(B), defined as follows

[ (Bl =B(f @) [FH(B)]=(B(f ()]

for all z €X.

Definition 1.1 ([6]). A family 7 of IVF sets in X is
called an interval-valued fuzzy topology on X if it
satisfies the following properties:

(1) 0,1er

(2) A, BET = AN BEeT.

(3) For i€ J, A,€17 = U, 4,€T.

Every member of 7 is called an IVF open set. An
IVF set A is called an IVF closed set if the comple—
ment of A is an IVF open set. And the pair (X,7) is
alled an interval-valued fuzzy topological space.

Definition 1.2 ([4]). A family M of interval-valued
fuzzy sets in X is called an interval-valued fuzzy mini-
mal structure on X if

0, 1€M.
In this case, (X,M) is called an interval-valued fuz-

zy minimal space (simply, IVF minimal space). Every
member of M is called an IVF m-open set. An IVF set
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A is called an IVF m-closed set if the complement of
A (simply, A€ is an IVF m-open set.

Let (X,M) be an IVF minimal space and A <IVF
(X). The IVF minmal-closure and the IVF minimal-in-
terior of A [6], denoted by mC(A4) and mI(A4), re-
spectively, are defined as

mC(A)=N{BEIVF(X): p°€ M and A< B},
ml(A)=U{BEIVF(X): BEM and B A4).

Theorem 1.3 ([4]). Let (X,M) be an IVF minimal
space and 4,BEIVF(X). Then the following properties
hold:
(1) mI{A)S A and if A is an IVF m-open set, then
mil(A)=A.
(2) ASmC(A4) and if A is an IVF m-closed set,
then mC(A)=A.
(3) If A< B, then mI(A) S mI(B) and mC(A) S mC
(B).
4) mIAN B <SmIAA) NmIAB) and mC(A)UmC
(B)=mC(AU B).
(B) mIAmiI(A))=mI(A) and mC(mC(A4))= mC(A).

6) 1-mC(A)=mI1-A) and 1 -mIA)=mC(1-A).

2. Main Results

Definition 2.1 ([5]1). Let (X,M) be an IVF minimal
space and A in IVF(X). Then an IVF set A4 is called
an IVF m-semiopen set in X if ASmC(ml(A)). An
IVF set A4 is called an IVF m-semiclosed set if the
complement of A is an IVF m-semiopen set. The
semi—closure and the semi—interior of A, denoted by
smC(A) and smi(A), respectively, are defined as the
following:

smC(A)=N{FEIVF(X): ACF,
F is IVF m-semiclosed in X}
sml(A)=U{UEIVF(X): U< A,

U is IVF m-semiopen in X}.

Theorem 2.2 ([5]). Let (X;M) be an IVF minimal
space and A E€IVF(X). Then
(1) smIlA)S AS smC(A).
(2) If A< B, then smIl(A) < sml(B) and smC(A) <
smC(B).
(3) A is IVF m-semiopen iff smI(A)=A and F is
IVF  m-semiclosed iff sm C(F)=F.
(4) smIlsmI(A))=smI(A) and smC(smC(A))=smC
(A).
(5) smC(1-A)=1-smKA) and smI1-A)=1-smC
(A).
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Lemma 2.3 Let (X,My) be an IVF minimal space and
AEIVF(X). Then

(1) mImC(A) S mImC(smC(A))) S smC(A).

(2) smIA)SmC(ml(smI(A))SmC(mI(A)).

(3) mIlm C(A)=ml(sm C(A)).

4) mC(mI(A)=m C(smI(A)).
Proof. (1) For AEIVF(X), since A< smC(A) and
smC(A) is an IVF m-semiclosed set, we have mJ

(mC(A) S mImC(smC(A))) < smC(A).

(2) It is similar to the proof of (1).

(3) From (1) and Theorem 2.2, it follows

mIimC(A)) € smC(A) S mC(A).
This implies mI(m C(A))=mLlsm C(A)).
(4) Tt is similar to the proof of (3).

Definition 2.4 ([5]). Let (X;M,) and (Y¥,M,) be two

IVF minimal spaces. Then f: X — Y is said to be inter—
val-valued fuzzy m-semicontinuous (simply, IVF m
-semicontinuous) if for each IVF point A/, and each

IVF m-open set V containing f(J,), there exists an
IVF m-semiopen set U containing A, such that f(U)<
V.

Theorem 2.5 Let f: X — Y be a function on IVF mini—
mal spaces (X,M,) and (Y;M,). Then f is IVF m
—semicontinuous if and only if for each IVF m-open
set Vin Y, f{(WMemCmif (V).

Proof. Let V be an IVF m-open set in Y and ]l/[l,é

f (V). By IVF m-semicontinuity of f, there exists an
IVF  m-semiopen set U containing A4, such that f(0)

c V. Thus from IVF m-semiopenness and Theorem
1.3 (3), it follows

M, e U= mCOmI D) = mC(mI(f~ (V).
Hence we have f {(V)SmCmi(f1(M)).

For the converse, let M, be an IVF point of X and
V an IVF m-open set in Y containing f(AZ,). Then by
hypothesis, we have M, e U MemcmIiF ().
Put U=f V). Then U is an IVF m-semiopen set
containing A, such that f(I)< V. Thus f is IVF m
—semicontinuous.

Corollary 2.6. Let f: X — Y be a mapping on IVF
minimal spaces (X,My) and (¥;My,). Then the follow-
ing statements are equivalent:

(1) f is IVF m-semicontinuous.

(2) For each IVF m-open set Vin Y, f Y1) is
IVF m-semiopen.

(3) For each IVF m-closed set Vin Y, f Y(V) is
IVF m-semiclosed.
Proof. It follows from Definition 2.1 and Theorem 2.5.

Corollary 2.7. Let f: X— Y be a mapping on IVF
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minimal spaces (X,M,) and (Y;My). Then f is IVF
m—semicontinuous if and only if for each IVF m-open

set Vin Y, fHUWMCSmClsmIf (1))
Proof. It follows from Theorem 2.5 and Lemma 2.3.

Theorem 2.8 Let f: X — Y be a function on IVF mini—
mal spaces (X,My) and (Y;M,). Then f is IVF m
-semicontinuous if and only if f '(mIB))SmC(mI
(f 1(B))) for BEIVF(Y).

Proof. For each ]L[l,é f H(mI(B)), since f(%)ém[
(B), there exists an IVF m-open set V such that f
(]L[l,)é V< B. From IVF m-semicontinuity of f, there
exists an IVF m-semiopen set U containing A, such
that f(I)< V. This implies M, € U< f~ (V)< f1(B).
Since U is IVF m-semiopen, it follows

M, e US mCOmI 1)) S mC(mIf ' (B))).
Hence f~'(mI(B) S mC(mI(f (B))).

For the converse, let A, be an IVF point of X and
an IVF m-open set V containing f(A,). Then by hy-
pothesis, we have

FHWV=F  m A V) S mCmI(F 1 (V).

Thus f (V) is an IVF m-semiopen set containing
M,. Put U=f (V). Then f(U)< V and so f is IVF m
—semicontinuous.

Corollary 2.9. Let f: X— Y be a mapping on IVF
minimal spaces (X,M,) and (Y;My). Then f is IVF
m-semicontinuous if and only if f YmAB)SmC
(smI(f"Y(B))) for BEIVF(Y).

Proof. It follows from Theorem 2.8 and Lemma 2.3.

Theorem 2.10 Let f: X— Y be a function on IVF
minimal spaces (X,My) and (¥;My). Then the follow-

ing statements are equivalent:
(1) f is IVF  m-semicontinuous.

2 mImC(f 1 (B) S f (mC(B) for BEIVE(Y).
(3) fmImC(A))SmC(f(A) for ASIVF(X).

Proof. (1) = (2) Let AEIVF(X). Then from Theorem
1.3 and Theorem 2.8, it follows
fHma(B)=f (1 -ml1-B))
=1-(f"(mI1- B))
S1-mCmIf ' (1-B))
=mlm C(f1(B))).

(2) = (3) For ASIVF(X), by (2), we have

mImC(A) S mImC(f ' (f(A)) S fHmC(f(A))).
This implies f(mI(mC(A4))) S mC(f(A)).

(3) = (1) Let F an IVF m-closed set in Y. Then



by ), f(mImC(f Y E)))SmC(f(fH(F))SmC
(F)=F. This implies f'(F) is an IVF m-semiclosed
set. Hence by Corollary 26, f is IVFE m
—semicontinuous.

Corollary 2.11. Let f: X— Y be a function on IVF
minimal spaces (X,My) and (¥;My,). Then the follow-
ing statements are equivalent:

(1) f is IVF m-semicontinuous.

2) mIsmC(f {(B))) < f {(mC(B)) for BEIVF(Y).

(3) f(mI(smC(A))SmC(f(A)) for ASIVF(X).
Proof. It follows from Theorem 2.10 and Lemma 2.3.
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