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Rayleigh Method and Ritz Method
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Abstract : Leissaclaimed in his article that the Rayleigh method is not the same as the Ritz method for determining
natural frequencies and its corresponding mode shapes and contended that Rayleigh's name should not be attached to the
method. The present article examines the methodsin viewpoint of admissible functions and its minimization process, and
of the historical developments. It concludes that Leissa's assertion is relevant, although Rayleigh did apply a conceptual
theory systematized from the Lagrange method, and given 38 years earlier than Ritz's ‘ masterly exposition of theory’.

Key words : Rayleigh's quotient(z]l 9] 7<), Rayleigh-Ritz method(&l & 2]-2]= W), Vis viva(living forces),
Energy(l 1 %]), Natural frequency(al-f-%1&<7), Mode shape(==%), Variationa caculus(¥1¥5), Admissible
function(3]-8-¢F<7), Functional (8 €+<7), Minimization(Z] 4~ 3}), Stationary value(% X])
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2o AH, e 1 o2 Xt digh W

(credit) A &=, Apgke] =AY o] RIM LA

s} w6 Ao} hEA o =2 1686 Leibniz7}, ‘Kurzer Beweis
eines denkwdirdigen Irrtums von Descartes ©f| A1, 1644
d Descartes”} ‘proper measure of force’ 4] ‘quan-
tity of motion’ .2 AxE&= = ' B A A S
71 RF(conservation)S Fgghd] digk wkH o=

11 Leissa)= AgA=0le] afzls
mr=o] ALY 9] Sl ‘Rayleigh-Ritz 18 ol
t5le] Rayleigh & Ritze] A H A &S Ay o=z
EIRTAS STREE Py i

‘- dthough Rayleigh did solve a few problems
which involved minimization of a frequency, these
solutions were not by the straight forward, direct
method presented by Ritz and used subsequently by
others. Therefore, Rayleigh's name should not be
attached to the method’
olg}ar T4t
1.2 & 3H(mechanics) #} %15 &H(theory of vibrations)
o] o] &o] 7] A& 17A417] o] F, - E ©]
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‘visviva 2 ‘mo?’ & BFESE ) 17403 7R 2k 60
W7k 2FE A o) E Cartesian I} Leibnizian 7+2] =
A(Vis Viva Controversy),”® 184]7] 4= 7d o] &
Aol Aeigk PGS v =Aow, 1747d
D’Alembert7} oFet A3 o] FFo ek Hu|E
WAAE Festal, 2 & A old, 18291
Dirichlet”} Fourier 52 8-S S 3171714 80
W7 Al4" D Alembert, Euler, Daniel Bernoulli,
Lagrange 7Fe]l Xs3ls A9 Uubsli(a genera
solution)oll th3t =7Y(The Vibration String Con-
troversy), 22|31 16991 Duillier”} 3= €33



Rayleigh 2hn} Ritz 2H

o, Leibnize] mZEw o] Newtonol] AlA A
2l shAlEkeE =Es ﬂ =9re =M 1727
Newton®] A& A7FA] oF 30d7E A A ]
Tz o] gk = 71105 AR =4 &
of| A 4= vt
1.3 Rayleigh’s quotient 2 -3-¥ &= ‘Rayleigh "
W 3, 4 9] A& EH4=(trial functions) Z ‘energy func-
tiond' & A3 ¥, WHiEW(variational calculus)
9] *#H 43} % (minimizaton process) 2.2 A &
= ‘Ritz W o] 37 ‘Rayleigh-Ritz W' &2 o] 3}
%= o] HFE, Rayleigh's quotient® -3f %]
G A FAete] M FshE oA HE Al ~E
9] IHHFF(ET LA, eigenvalue) 71 L2
Ao A g g (stationary valug) & Zr=thi= Ao
L Z, AT VR AREE A FH A
(minimum value) & zt=t} 2k 35 o ek
14 webA, & m=oll A = Leissa®] 783} 2ol
‘Rayleigh ®'’ 3} ‘Ritze] W o] {3559 1
FrREo ZAbEY A ohe g e S
A, ofv™ A dykA o g FAHE= ‘Rayleigh-
Ritz "’ o] Bt} =22 Q1A & a2 etr] 9ldte,
A2d o A= ‘Rayleigh #H' &, #l4d A& ‘Ritz
PR S Qok AAEE 5 ohe] Al 7R Y
o} AR Z, A3 A= Rayleigh o] A
o] ofu] o =] 3} oA HEH
=19} o] & &-&3ate] afrxlEa ALkt
£ ZAL HlaLsko], Rayleigh ®Hg o] 2k A+
9 7= el i SR 2, A 5E o A]
= Rayleigh o] 2] odv] 9 tj5(FH)e &A=
Rayleigh %8 3} Ritz ® ol T3l ohk3l A2 A
AlekaL vl alsheE B, 12 oz, AlA & A5 €] 8) ]
A= Leissa®] 7o) A&EA & Leissa7} 19| +=
ol A 5 7HA =71 -8]-8 3] A B R
TE A 449 2)(23)] Z2AM|=2 3}
o, o A Al 2= gl ?i%f‘]ﬁ“:“”}xl —aﬂol 7t

mlo 2o o

M o

—

»

ok

rﬂ

H
19]
Z'

>
ol‘ mlo _10{v mlo
3@ o N2y

ﬁ

ox M &t 12
ol
¢

E

2. Rayleigh 2

1 JW.S.Rayleigh(1842-1919)°] ¢]3&} ‘Rayleigh
oA HE A "o A, aLfR =T 7] 4]

EEN

w}

1o
k]

QA5 B F] LBAUA ) Wit T A
m max o] ‘?(]i] 01]];1X1 © joﬂﬁ 7 BE—‘E ‘%V]q] max ‘ﬂ‘
2ok B 9, 5,

= V BELE max = max (1)

T+V =const.
S 2REY, IFXET 0oF AAteE W
a2, 1- A= m-k-Al =gl A, THEE
Taylor(1685-1731) 7} 1713\ & o] X% &
& AAIS sine 33,
z(t) = z sinwt 2
9] 7} o) w2}, Rayleigh’s quotient R+

?=R= max _ i (3)
]vref m
P 1
0:1 7] 1 ! Tr"«j‘ = ; J:I\ax

o Arg e 2 eelA gl
AW 1AFE A2 ol e, A=

ARG A T E @ o ohstol

2Kz
2 — R - max _ 2 == (4)
? () Ly Mz
01 7]A1, Kl]ﬁx - %ITKE
T;tf = ;2 max %—QFQTA[J;
7F =, ALGA Al =", o2 do] 3] FollA %
I3 Xof| g shed,
[
0? = R(X) = Imax Viax = T Yo ldx (5)
e " Xde
/
o] 7] A, = T [ldXy,, = T:2%%
I/;nax 2 0( dl') d.l/ [e]
D U D T (e
T = =z T = W rrl,fUX dx
oz ggEny
22 2(3)°1 Rel A(2)°] & (t) /M o= Tl Al
o], 2l(4) 2 2(5)¢] RS Alxtell = 15 E3 gl
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X <] 7}go] B sln, 1 gl whel R A
} ZAHE ) Re] 2.1+ T 2 X7} E3E=
ARCE F110Y AERA, ¢

z 2
g
(o]
-

9 x o) 7bgel 4

$-g#t} Rayleigh= 2] (1)3} 2]
(4)2] BAZ 8)2] Volume One(132-:1877) §88lA],
15 A 2 Elo) )5} ToFVE,

1 1 :
1= (EalAf + §a2A22+ )02

L o B
o2 HINskaL, 6(t) = cospt = 7S P
92 _ C1141 +CZA2-+ et CmAfz
p - 2 2 (7)
aA;ta, A5+ - + amAm

olg} A|AE o, X5 p= 74 d(stationary) -,

‘This gives the period of the vibration of the
constrained type; and it is evident that the period is
stationary, when al but one of the coefficients
A, Ay, ---vanish, -+’

- o] 2} 391 k(5 E.J.Routh(1831-1907)?+= Rayleigh
7} 8)oll A AFo & HEF pE =Yk thar 5k3
o1}, 5)0l] 2] 314, G.Galilei(1564-1642) 7} o] W] 531}

T(frequenza) = x1°52] 3191 &5 HALE o] 3
319931, M.Mersenne(1588-1648)7F oJu] Fub4=
(frequency) & =H3sta= & <+ 3uth)

2.4 =3} Rayleigh:= 8)ol| A, 2-A-5-
go] TeolVE

= 2% Al

} ®)

© 2 AL, ol %] ®EA] 28] Lagrange U4

Al
1y

1 -2 i 1 -2
T= Squ +]V[q1q2+5Nq2

1 1
V= EAQIZ + Bgq, + 50{122

110 sizRI=xI2ets|=2F 173 M45, 2009
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3. ollAX| e FE

o] Mo A= ‘Rayleigh W+’ ] 22712l oy
A, A el weEdel, 7, = v, R ole] FEF

ARk &-&oll thgk JALA ANE 2 oFghat s Aol
A Zol A AFH A A wH w2 AL 1]
Mgt

3.1 o= 7ide] &4 7= Vis Viva Con-
troversy’ = A] 2= 1t} * proper measure of force’ ©f
gk =42, 184171 HWH7] ‘Paris Academy of
Science' A% L] Cartesian@} Johann Bernoulli
(1667-1748) 5 32] Leibnizian 7+2] 73Ad A 1+ 2 &
A ] FEEARE, & 285k Al wek
243t - = s}, ZHEEHE o = o F 7
S8 AYE SAHS=U - Z Pl Ok dslel 1
%AEt@ﬂﬁ@ﬂﬂiadﬂﬁwM“%nﬁ
A Daniel Bernoulli(1700-1782)<} 17431 Jle R.
D’ Alembert(1717-1783) 7} A 2 gl 5], o] =42 9}
A7} §li= e, ‘ein Streit um Worte('he] 4y o
2 2F& 2lo) K o1 impulse<} kinetic energy 5, 271
E8 g0l g =22 id FHES £X3A

3.2 167311 C.Huygens(1629-1695) = ‘ Oeuvres Com-
plétes, XVII ol A X E3= Ao AeREs FHst
7] 95k Azxz A9 #AE $8sgc?
172613 Daniel Bernoulli== ‘Examen principiorum
mechanicae’ ol 4] visvivae] A 24, 4] (1)<2] 7id
o is

- / oo (12)
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o] #AE H w5+, 1728 Johann Bernoulli =
‘St. Petersburg Academy’ ol | &3k =0l A, 2)(1)
¥} sined 2 7143 A 55t Ao s REE X8
sto] W5FE Atstgloht w3, 174213 Johann
Bernoulli+= ‘Discours sur lesloix de lacommunication
du mouvement’ 9| A1, visviva =4 =, Bk 2328 o
734, 2(12) 9} 22 A2 A A 8kl

3.3 16861 G.W.Leibniz(1646-1716)°l] ©]&}o] Aot
+ ‘lebendige Kraft(vis viva, living force)' +=, 18071
T.Young(1773-1829)°l 2]3}o] ‘energy’ & Ll #]7]
A 2F519d a1, 18294 G. GCorlolls(1792 1843)7}Du
Calcul de I'Effet des Machines' ' il A vis viva2} 33}
Aol 72l A o] AARMA, 1/2 « m? 9] ' 5
of| L X (kinetic energy) & A &slA AH2lskinh L
2] a1, * el ol U K] (potential energy)’ & 71d-S
Al Leibnize] ‘tote Kraft(vis mortua, dead force)’ 2
ZX¥ A.C.Clairaut(1713-1765), J.L.Lagrange(1736
-1813) 2 P.-S.Laplace(1749-1827) 5l ¢]3}e] kA
HA oA REYE = Leibnize] 7, ‘dead
forcee] =418 A ¥ © = living forcee] S50 &4
-t} & Johann Bernoulli 2+ Daniel BernoulliZ} 7]
%3lo] ¥ A7) 31, S.Carnot(1796-1832) ©] 3, H o]
A UX| 2] AT R BEe] Yt AT
= %lt} 1847 H.L. F.von Helmholtz (1827-1894) =
‘Uber die Erhaltung der Kraft' ol 4, 8-2] A2 thA}
AT AdE A el d9E Al 1 HE <l
R BEAD O digk AAE skt 1849 A
W.Thomson(Lord Kelvin, 1824-1907)-= ‘kinetic ener-
gy’ & €012 185311 W.JM.Rankine(1820-1872)-2
‘potential energy’ T 8- & =T

3.4 13)9] ‘Vierte Vorlesung' A C.G.J.Jacobi
(1804—1851)—‘5

= Emz v;?=U+th (13)

£ ‘Der Satz von der lebendigen Kraft(living force <]
ey et sk,

‘Man hat in dieser Disciplin festgesetzt, dass die
Halfte der lebendigen Kraft, also 1/2-Y ;m;v,?

gleich der Arbeit der Maschine, oder, wieman sichin
diesen practischen Dingen ausdriickt, 1/2: Y ym,v,

dasjenige ist, was an einer Maschine bezahlt wird.’

ol gkl i sk Atk
3.5 14)2] §74 ol| A J.C.Maxwell(1831-1879)-> * ol
yz)e] B ) o st

‘The total energy of any material system isa quantity
which can neither beincreased nor diminished by any
action between the parts of the system, though it may
be transformed into any of the forms of which energy
is susceptible.’

olglar BALSHS 2.1, 87691 4= ‘a change of con-
figuration’ o] T A| =8 2] o X & L el Do
A 2 7]k, 87700 = 4 FSeF 950y = 9
ol #AE

1

FS= Sy mv? (14)

o2} 3} th. B3t 812000 A4 1=, G ol A &
[e) A

FolUA st ZAHN AT 28-S $E5e], BY
o] $Eel 2 HE FEIEE g EE ESF nol,
g= 4r*nl 15
n = (1/27)Vg/l } (13)

A= stk

3.6 9)(131860, 27}:1868, 3-:1877, 7+:1905) 2]
§333¢]| 4] Rayleigh®] 25?1 Routh= ‘Half the vis
vivais also called the kinetic energy of the particle.’” ]
g} 3l o, 835940 A= Al x] BES] A7) el
o &k,

‘When a system moves under any conservative force,
the sum of the kinetic and potential energies is con-
stant throughout the motion.’

olekaL sF3itt.
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4.1 W.Ritz(1878-1909)°l 2] 3} ‘Rit
FJ Eﬂﬂiﬂ ‘BAA fﬂl’e “}F W

o N
=

oy ot gy
=)

oft

ol
-

o A

E
o
o 1
%
| o
L
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rof
k.‘
:1
M
ol X
2 > o

yn:(lfxz)(a0+ a2” +ayat + - +(zn.772”) (17)

A Siste] A

‘-~ dann wird dasIntegral eine bekannte Funktion
J(ay;ay, .. s a,) der a;, die x nicht enthélt. Man
bestimme die a, so, dass j, ein Extremum werde,
also aus dem Gleichungssystem
9 97 9Jn
= =0, ,
aq,

=0’ (19)

)
3(11 80‘2 n

rlo
2
rr

53

ol gsto] "< (functional) 7,
+1
= [k e (19)

7k 2] (18) WEE Aok HES, o5 AH
< ojv g}

4.2 Ritz7} 15)°| 4 A=k, ‘Dabei physikalischen
und mechanischen Problemen 7, in einfachem Zu-

e

sammenhang mit wichtigen Grdssen, némlich der

potentiellen und kinetischen Energie steht, --- '+ ‘Ritz
Bl W) §Eo2, Al Aok el
E—%Zﬂ%zll W, , _l f kn J’]’ Zl %EE yn

‘Jeder dieser Wurzeln entspricht ein bestimmtes y,,,
und man findet leicht, dass die kleinste dem

Minimum von

+1 ' 9
/ Y, dr
—1

[
Y, dx
—1

(20)

entspricht, fiir geeignete Wahl der a,,’

112 #2Rsx3ets=2g H172 H45, 2009

a(l,] -777 (9(17 /+ly QdT
-~ 1 n
V.o
= Minimum (—==) =0 (21)
Zef

ulZ 2l (5)7]_ wojo} 3o /]U]?Sh:‘ﬂ 16, 17)

Ele
4.3 ‘Ritz P& a9k, w7}

‘Ist aber w als Integra einer Differentialgleichung,
unter gewissen Nebenbedingungen, definiert, -’

o=,
w, = wU + lll'lL'] + a‘2w2 + o+ anwn (22)
A7V, g WS AR
|,
‘---, dass bei wachsendem n die genauigkeit
unbegrenzt wachse, -’
=,

‘Gegenstand dieser Abhandlung ist die Angabe einer
Methode zur Bestimmung der a; unter der Vorausset-

zung, dass es sich um ein Variationsproblem handle,-- -’

[e] E/ﬂ

5)-2=
Hek g,

b
I

a

,w” ) dx (23)

7} 2} (18) 3} 7o) =X](Extremum)Z zt ==
7ok Olt}. 2] 3L, ‘Ritz W €] &

-, dass unsere Methode fir die Berechnung der
Schwingungszahl des Fundamentaltons einer Saite,
Membran oder Platte besonders vorteilhaft ist, und
dass je hoher der Oberton ist, mit dem man es zu tun
hat, um so grosser die Anzahl Konstanten a; sein
wird, die man zu berechnen hat, um eine gegebene
Genauigkeit zu erreichen.’

o] 2}aL 51932 ™ Chladni's figures 9170l = Z1.2] W
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W2 o] L3 S 9t} 59 th

4.4 Ritzi= 15)01 A4 A eoi = 4718 o] 3] A
Foll theh‘Ritz "' ¢] 8745 18)° A 58513
t}. 17873 E.Chladni(1756-1827)¢] ©]&ko] Chla-
dni'sfigures7} ¥F71 =] 31, 1807'd Napoleon kol 4] 2~
7NE §, ‘Plate ® 502 2 1808\ ‘Paris Academy
of SC|ence’9] FEIA R A A I A F v
wh AP o 18139 $24MAke) S.Germain (1776-1831)
o] 713wk A A o] 4237}, S.-D.Poisson (1781-1840)
o] =3 AT 482 714, 1850 GR.
Kirchhoff(1824-1887)7} Az (&, &)
= g SE o e g E AR 1 o]
29 27 AAake 19099 Ritzell ¢]&te] Hl2 A
7Fsal %tk 2 1904 “Paris Academy of Science
2] ‘Solution of plate equation with a rigid rectangular
boundary’ o] th&h Fxel wpa}, Ritze= 4 o
s EF ALS A=kt ar, AAE 5 H5=A 4
AR Fo] sl J-H.Poincare(1854-1912) il
2]&}o], Ritz2] ‘une méthode d'ingénieur’ &] €214 o]
1909 o] A =73 A 1A = At

4.5 ‘Bubnov-Galerkin ¥’ 2 - 24 0 & = ‘Ritz
W ] dnbstol, oy A] Fd o] 3894 R+

A& E7191 8 ‘weighted residual methods' 2] 3}
trolth ‘Ritz W 2 o] WH I FEM 0] A A AL
simow, 7P E Al g ol 88te], RE ©
25 A A Y e 2 wgkehs W olt) 5,
Gkl ol RS 43} sk diilel, 7]
Bekro] AT om mdE faatd o] A
g 7H(subspace) ol | A F 4815 ShE g o
2, o]l& 93 G H(dationarity) =712 T H o=
Z T A= AN E"HE A 7, A543
SAEE Y] ATt AFREES WEHE o
B3k olakst A & F8to] el A A AP
°]

2
S
ok
| E%
kS
o

46 AP35 2)(22)= B.Taylor$}t Johann Ber-
noullie] & ‘SP o] sinew}d 2] 21241# Daniel
Bernoulli ¢] X535l Ao %3}3e =149 A
71245 J.B.J.Fourier (1768-1830)<] Fourier =%
M7EA], o E S| A o] 5 HINE o] g
1692 Leibniz7} 241 9] 71884 A4S e 7]

$13ke] “ gh4=(function)’ & ©ro] S =13k o] %, 184
719] “e7] 35} 5H(degeometrization) ¥& %3], Tay-
lor<, C.Maclaurin(1698-1746) <] =<~ 2 Lagrange
(1736-1813)2] ‘linear trigometric interpolation’ <1
‘generatix’ "9 5-o] WFE | Q) 31, o]0 A] 194]7] P.G.L.
Dirichlet(1805-1859)2] Fourier w54 % Ritz9]

259 DH|Ibert(1862-1943)4 kil *& (22)4

7} 7Vl % E}
5. Raylelgh ““=.'=‘I’J_} ‘Ritz 2’ 9|
4E 2 H|w

o] Aojl A= AMEolA AFHE E4 W AA
o] u}2} ‘Rayleigh W™’ 7} ‘Ritz 4

T
i=]
Ay8}aL, sl
5.
O

of
IS
A

%,
ftlo

Mz

1 Rayleight= &) o] EFA|2do] 7] &

ivd G2o] ZAMA Al Rt o] g5 22t 45
31‘]_13\:/] og_oﬂ/q‘— /]/x] _‘qu §}\q_7 =3
13 20000 AP o] {4 EE59 (soshing) T}

T2 ARkl 3o,

‘--- But for this purpose it is doubtful whether the
method is practical .’

olgfaL s}3l.om, 21)ol A=

‘--- but perhaps the most explicit formulation of itisa
more recent paper (5= 20)), where it takes almost
exactly the shape employed by Ritz. From the title it
will be seen that | hardly expected the method to be
so successful as Ritz made it in the case of higher
modes of vibration.’

o)z} 59
5.2 Rayleigh= ‘Ritz "' o]3lataL, 21)e 4]
A grell =,
‘| wish to call attention to a remarkable memoir by
W. Ritz (5%:(18)) in which, somewhat on the above
lines, is developed with great skill what may be

regarded as a practically complete solution of the
problem of Chladni's figures on square plates.’
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ol2}aL Ritze] 4= A8hstaL, vl

‘Ritz rather implies that | had overlooked the
necessity of the first two termsin the expression of an
arbitrary function. It would have been better to have
mentioned them explicity ; -~

ojgtal AR E Ae] ol tE TS T

a

‘--- but | am surprised that Ritz should have regarded
the method itself as new. An integral involving an
unknown arbitrary function isto be made aminimum.
The unknown function can be represented by a series
of known function with arbitrary coefficients - accu-
rately if the series be continued to infinity, and
approximately by a few terms. When the number of
coefficients, also called generalized coordinates, is
finite, they are of course to be determined by ordinary
methods so as to make the integral a minimum. It was
in this way that | found the correction for the open
end of an organ-pipe(5= Phil.Trans. Vol.CLXL
(1870), Scientific Paper, Vol. I, p.57 =& 8)9]
Volume Two, Appendix A),--'

o=

o]}, 1908\ ol] 3% ¥ ‘RitzH
W WA 27y aaskar, &8

5.3 2(7)2] poll th3k Rayleigh <] ‘stationary’ ¥ 7+
+ Rayleigh's quotient Rof| tfj &+

oR
a 0 (24)

o]7]4,R= R(a,, ay, - ,a,)
o2 AT, B (stationarity)e] B, =, ‘=
W 217 o] o gk 14} H |t wFo] 00] 1= AR o
wr}, Ro] HEE oYX BE AlxEe] u{FXYS
ol sl=tl, 21(24)Z 6,16,17)°1 4=, HEH A 7
W(functional) 5, o] o] E|ojof el F1,

#9e] g, 38
=
=

=
o o
&2 T

>R
ftlo

aj” — FT:“ —

i

o FAstrhar sl etk
5.4 R.Courant(1888-1972)+= 22)°il 4],

‘Since Gauss and W. Thomson, the equivalence bet-
ween boundary value problems of partial differential

114 sizxisxtastsl=27 173 M4S, 2009

equations on the one hand and problems of the cal-
culus of variations on the other hand has been a
central point in analysis. At first, the theoretical
interest in existence proofs dominated and only much
later were practical applications envisaged by two
physicists, Lord Rayleigh and Walter Ritz; they
independently conceived the idea of utilizing this
equivalence for numerical calculation of the solution,
by substituting for the variational problem simpler
approximating extremum problems in which but a
finite number of parameters need be determined.
Rayleigh, in his classical work -Theory of Sound-
and in other publications, was the first to use such a
procedure. But only the spectacular success of Walter
Ritz and its tragic circumstances caught the general
interest. In two publications of 1908 and 1909, Ritz,
-+, gave a masterly account of the theory, -+’

stATh =, 1= AnE WA o] BAA| &
l"ir‘jé %Zﬂﬂiﬂ sAI ol sl A ste] T4l E

Z o Rayleigh®} Ritz7} d¢] 43
SE&FomH, o] TAAEE ©
2t E%ﬂ o el o
o A}—&s}oﬁ Ritz

—

SFAt
5.5 S.P.Timoshenko(1878-1972)+= 23)°1 A,
‘Die Grundidee (5= 15)°]) war dieselbe wie bei
Rayleigh, nur lieferte Ritz den mathematischen
Konvergenzbeweis.’

olg}ar &) o, 7)ollA = ‘Ritz 'HH’ S ‘Ray-
leigh -Ritz W3 o] g} A sli= H o] 4> o=
t}= 7, ‘afurther development of Rayleigh's approach’
2}shal, ‘Rayleigh W' 3 7l 2 A 70 5k3]

5.6 Michlin- 25)°ll 4, ‘Rayleigh ¥’ 3} *Ritz W
W kel A5,

‘..., da das Ritzsche Verfahren sich in den
Anwendungen auf Probleme aus der Schwingungs-
lehre als eine weitgehende Veralgemeinerung des
sogenannten " Rayleigh-Verfahrens* erweist.’
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5.7 Tonguet= 24)2] §6.4°l A, ‘Ritz ' o] =4
ANE & 22 Al o2 78kt

‘Rayleigh's quotient gives us a good way of
estimating a system's fundamental frequency. If | use
apretty good estimate for the first eigenvector, I'll get
an excellent approximation. But I'd like know more
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‘.- Rayleigh did solve a few problems in ways
similar to that used subsequently by Ritz, but not the
same.’

* AR} 3 8890 A= ¢y =cospt(1— (22/1)") &) A5 noll
sl 6[)‘/671,:02 Y, n=172474%
FRES PP HAFHS AXFElS; ‘correction for open
end’ ol A =, 8) <] §111b 235| 235m, 307, 3083} 26)< AE3
owM, FWFEL v=1+p?/R*+pr* /RN =03

A% oA Hask S o] 4 =1.1038 Takgloh Wt
o] Hdlol| we) &) AFANeRE oldE
F7F Aoy, n{RlEs AxA

A e Skt

¥, 7% o

rlo
Sid
ol l
315
o
N
)y
L

Transactions of the Korean Society of Automotive Engineers, Vol. 17, No. 4, 2009 115



Heg

oleb, o
715

522 ‘Rayleigh W+’ 2} ‘Ritz B -2
ufl 3o ‘Rayleigh-Ritz W%’ ol A Rayleigh
S BojA = o ®n) gk Leissa?] F7o]

1/\1 Olul Od%la *ﬂ 7HA] WhH o

Omi
o 2
52 rf
N
lo

U U
2 k-3 O_Y_L
)

X

T Eulm

o

rm

(¢
L =

o
2o
rni Lo 30, _FJ
Lo N Y
Eadi ) HT
SN ol
o B
o S
Z’l_, O
e F
B =2
P £
o
) é
ooy
Ol-N N
i) _\mL
S i
R
= i

[N

7HA] " o] ‘Rayleigh-Ritz ' 2.2
A= ol ARl R Awd vhel o], a1
%ﬁ]A stationary 543’ o] t}. Rayleigh”} 8)<] §889l|
A 3haL, T §26500 4 =,

o O
ﬂ
r

ol ¢

‘--- principle that the period of a free vibration fulfils
the stationary condition, and may therefore be cal-
culated from the potential and kinetic energies of any
hypothetical motion not departing far from the actual

type.’
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