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REMARKS FOR BASIC APPELL SERIES

GYEONG-SIG SEO and JOONG-SOO PARK

Abstract. Let k be an imaginary quadratic field, H the complex upper
half plane, and let τ ∈ k∩H, q = exp(πiτ). And let n, t be positive integers

with 1 ≤ t ≤ n−1. Then q
n
12− t

2+ t2
2n

∏∞
m=1(1−qnm−t)(1−qnm−(n−t)) is

an algebraic number [10]. As a generalization of this result, we find several
infinite series and products giving algebraic numbers using Ramanujan’s

1ψ1 summation. These are also related to Rogers-Ramanujan continued
fractions.

1. Introduction

Ramanujan developed q-series and theta functions and discovered several
new and profound theroems in the theory of theta functions. This paper is
related to the Ramanujan theta function

f(a, b) = 1 +
∞∑

m=1

(ab)
m(m−1)

2 (am + bm) =
∞∑

m=−∞
a

m(m+1)
2 b

m(m−1)
2 ,(1.1)

where |ab| < 1. To facilitate the product representations of the theta functions,
we introduce the standard notations;

(a)0 := (a; q)0 := 1,

(a)n := (a; q)n := (1− a)(1− aq) · · · (1− aqn−1), n ≥ 1,

(a)∞ := (a; q)∞ := lim
n→∞

(a; q)n, |q| < 1.

Then Ramanujan theta function has an infinite product form:

(1.1.1) f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞.

In this paper for an imaginary quadratic field k, we fix τ ∈ k ∩ H. Then
|q| < 1.
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For | ba | < |z| < 1, the following is called Ramanujan’s 1ψ1 summation [2]:

∞∑
n=−∞

(a)n

(b)n
zn =

(az)∞(q/az)∞(q)∞(b/a)∞
(z)∞(b/az)∞(b)∞(q/a)∞

.(1.2)

Theorem 1.1. Let k be an imaginary quadratic field and τ ∈ k ∩ H. For
rational numbers l and t, if 0 < l − t < 1, then

−q
(t+l)(t−l+1)

2
(1− ql−t)(1− q1−(l−t))

(1− ql)(1− q1−l)(1− qt)

∞∑
n,m=−∞

(qt)n(q−t)m

(q1+l)n(q2−l)m
qn+m

= q
(t−l+2)(t+l−1)

2
1− q1−t

1− ql

∑∞
n=−∞

(qt)n

(ql+1)n
qn

∑∞
n=−∞

(q1−l)n

(q2−t)n
qn

= q
t(t−1)−l(l−1)

2

∞∏
n=1

(1− qn−t)(1− qn−1+t)
(1− qn−l)(1− qn−1+l)

is an algebraic number. In fact, it can be expressed as the product of Ramanu-
jan theta functions:

q
t(t−1)−l(l−1)

2
f(−qt;−q1−t)
f(−ql;−q1−l)

.

Theorem 1.2. Let k be an imaginary quadratic field and τ ∈ k ∩ H. For
rational numbers l and t, if 0 < l, t, l + t < 1, then

q
t
2 (2l+t−1)

∞∑
n,m=0

(qt; q)n(q−t; q)m

(q; q)n(q; q)m
ql(n−m)+m

= q
t
2 (2l+t−1)

∑∞
n=0

(qt;q)n

(q;q)n
qln

∑∞
n=0

(qt;q)n

(q;q)n
q(1−t−l)n

= q
t
2 (2l+t−1)

∞∏
n=1

(1− qn−t−l)(1− qn−1+t+l)
(1− qn−l)(1− qn−1+l)

is an algebraic number.
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Theorem 1.3. Let k be an imaginary quadratic field and τ ∈ k ∩ H. For
rational numbers l and t, if 0 < l < 1, then

q
1
2 l(l+2t−1) (1− ql)(1− q1−l)

(1− qt)(1− q1−l−t)(1− ql+t)
∞∑

m,n=−∞

(qt)m(q−t)n

(q1+t+l)m(q2−t−l)n
ql(n−m)+m

= q
1
2 l(l+2t−1)

(1− q1−t)
∑∞

n=−∞
(qt)n

(q1+t+l)n
qln

(1− ql+t)
∑∞

n=−∞
(q1−t−l)n

(q2−t)n
qln

= q
1
2 l(l+2t−1)

∞∏
n=1

(1− qn−t−l)(1− qn−1+t+l)
(1− qn−t)(1− qn−1+t)

is an algebraic integer.

Using these identities of Theorem 1.1, 1.2 and 1.3, we present the relations
between them and Rogers-Ramanujan continued fraction R(τ):

R(q) =
q

1
5

1 +
q

1 +
q2

1 + · · ·

, |q| < 1.

In [9], [10], D. Kim and J. K. Koo discussed and proved the expanded basic
Appell series, and F. H. Jackson defined the four functions ([7], [8])

Φ(1)[a; b, b′; c;x, y; q] =
∞∑

m=0

∞∑
n=0

(a)m+n(b)m(b′)n

(c)m+n(q)m(q)n
xmyn;

Φ(2)[a; b, b′; c, c′;x, y; q] =
∞∑

m=0

∞∑
n=0

(a)m+n(b)m(b′)n

(c)m(c′)n(q)m(q)n
xmyn;

Φ(3)[a, a′; b, b′; c;x, y; q] =
∞∑

m=0

∞∑
n=0

(a)m(a′)n(b)m(b′)n

(c)m+n(q)m(q)n
xmyn;

Φ(4)[a; b; c, c′;x, y; q] =
∞∑

m=0

∞∑
n=0

(a)m+n(b)m+n

(c)m(c′)n(q)m(q)n
xmyn.

Also we can see the following identity due to G. E. Andrews [1]

Φ(1)[b′/x; b, b′; bb′; x, y; q] =
(bx)∞(b′)∞(b′y/x)∞

(bb′)∞(x)∞(y)∞
.(1.3)

This will be a main tool for our result in §5.
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2. Infinite products

Let α =
(

a b
0 d

)
be a triangular matrix with integral entries and have

determinant |α|. And define

φα(τ) := |α|12
∆

(
α

(
τ
1

) )

∆
(

τ
1

) = |α|12d−12 ∆(ατ)
∆(τ)

(2.1)

with ∆(τ) = (2π)12q2
∏∞

m=1(1− q2m)24. Then we recall the following facts.

Proposition 2.1. For any τ ∈ k∩H, the values φα(τ) are algebraic integers,
which divide |α|12.

Proof. See the Theorem 2 and 4 of Chapter 12 in[12].

Proposition 2.2. Let τ ∈ k ∩ H. Then

√
2q

1
24

∞∏
m=1

(1 + qm), q−
1
24

∏∞
m=1(1− q2m−1),

q−
1
24

∞∏
m=1

(1 + q2m−1) and q−
1
24

∏∞
m=1(1 + qm)−1

are algebraic integers.

Proof. See Theorem 2.2 in [9].

Proposition 2.3. Let k be an imaginary quadratic field. And let n be a
positive integer and a be an integer such that 1 ≤ a ≤ n− 1. If qta

∏∞
m=1(1−

qnm−a)(1− qnm−(n−a)) is a nonzero algebraic number for each τ ∈ k ∩H, then

qta

∞∏
m=1

(1 + qnm−a)(1 + qnm−(n−a))

is also an algebraic number.

Proof. Since 2τ ∈ k ∩ H, q2ta
∏∞

m=1(1 − q2nm−2a)(1 − q2nm−2(n−a)) is an
algebraic integer.

Thus the following

qta

∞∏
m=1

(1+qnm−a)(1+qnm−(n−a)) =
q2ta

∏∞
m=1(1− q2nm−2a)(1− q2nm−2(n−a))

qta
∏∞

m=1(1− qnm−a)(1− qnm−(n−a))

is an algebraic number.
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3. Klein forms

For an integer N > 6 and an integer r which is not a multiple of N , let
Xr(τ) be the function defined by

Xr(τ) = Xr(τ,N) = e−2πi
(r−1)(N−1)

4N

N−1∏
s=0

Kr,s(τ)
K1,s(τ)

,

where Ku,v(τ) are Klein forms of level N([3], [4], [5], [6] and [11]). In a neigh-
borhood of the cusp i∞ of Γ(2N2), the function Xr(τ) has an infinite product
expansion:

Xr(
τ

2
) := q

(r−1)(r+1−N)
2N

1− qr

1− q

∞∏
m=1

(1− qNm−r)(1− qNm+r)
(1− qNm−1)(1− qNm+1)

.

Replacing q by q
1
N , we obtain the usual form

X r
N

(
τ

2N
) := q

(r−1)(r+1−N)
2N2

1− q
r
N

1− q
1
N

∞∏
m=1

(1− qn− r
N )(1− qm+ r

N )
(1− qm− 1

N )(1− qm+ 1
N )

.

Ishida proved that the coefficients of Xr(τ) at infinity are rational numbers([4]).
Let Γ(N) denote the principal congruence subgroup of level N of SL2(Z),

in other words

Γ(N) = {
(

a b
c d

)
∈ SL2(Z)|a ≡ d ≡ 1, b ≡ c ≡ 0 mod N}.

Let FN be the field of modular functions of level N with rational Fourier coeffi-

cients. Denote Γ be the set Γ/{±
(

1 0
0 1

)
} (respectively, Γ ) if

(−1 0
0 −1

)
∈ Γ

(respectively, if
(−1 0

0 −1

)
is not in Γ for a congruence subgroup Γ. Then

[FN : F1] = [Γ(1) : Γ(N)] < ∞. Since F1 = Q(j), f is algebraic over Q(j) with
j-invariant for each f ∈ FN . Thus if α ∈ H ∩ k, then f(α) is algebraic over
Q(j(α)) so that f(α) is algebraic over Q. Thus we get the following:

Lemma 3.1. Let τ ∈ k ∩ H. Then the values of

Xr(
τ

2
) := q

(r−1)(r+1−N)
2N

1− qr

1− q

∞∏
m=1

(1− qNm−r)(1− qNm+r)
(1− qNm−1)(1− qNm+1)

are algebraic numbers with N ≥ 6.

Theorem 3.2. Let τ ∈ k ∩ H and n, t positive integers with n > 1. Then

the values of q
n
12− t

2+ t2
2n

∏∞
m=1(1±qnm−t)(1±qnm−(n−t)) are algebraic numbers

with 1 ≤ t < n and double signs in same order.

In the above product, the exponent of q can be written as second Bernoulli
polynomial B2(x) = x2 − x + 1

6 , i.e., n
12 − t

2 + t2

2n = n
2 B2( t

n ).
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Proof. Note that q
n
12− t

2+ t2
2n

∏∞
m=1(1 − qnm−t)(1 − qnm−(n−t)) is algebraic

number when n = 2, 3, 4, 5([10]). Hence we may consider the cases n ≥ 6.
It is easy to see that

(3.1)

n−1
2∏

t=1

q
n
12− t

2+ t2
2n

∞∏
m=1

(1− qnm−t)(1− qnm−(n−t)) =
∞∏

m=1

q
1
24 (1− qm)

q
n
24 (1− qnm)

is an algebraic number by Proposition 1.1 and 1.2. Similarly we get that
n−2

2∏
t=1

q
n
12− t

2+ t2
2n

∞∏
m=1

(1− qnm−t)(1− qnm−(n−t))(3.2)

=
∞∏

m=1

(
q

1
24 (1− qm)

q
n
24 (1− qnm)

) (
q

n
24

(1− qnm−n
2 )

)

is also an algebraic number for an even integer n. By Lemma 2.1, we know
that

q
n
12− t

2+ t2
2n

∞∏
m=1

(1− qnm−t)(1− qnm−(n−t))(3.3)

= αtq
n
12− 1

2+ 1
2n

∞∏
m=1

(1− qnm−1)(1− qnm−(n−1))

where αt is an algebraic number and t > 2. From (3.1)∼(3.3) and Proposition
2.3, we get the theorem.

We shall also have occasion to use the Gauss polynomials:
[
m
n

]
=

{
(q)m

(q)n(q)m−n
(0 ≤ n ≤ m)

0 otherwise.

We define

fn(u) =
n∑

k=0

[
n

k

]
uk,

Qn(u1, u2, · · · , uk) =
∑

r1+···+rk=n

(q)n

(q)r1 · · · (q)rk

ur1
1 · · ·urk

k

and

W (a, u) :=
∞∑

n=0

fn(u)
(q)n

(aq)n =
1

(aq)∞(auq)∞
.

By Theorem 3.2, we get the following:

q−( 1
12− 2k

n + k2

2n2 )W (q−
k
n , q

2k
n −1) = q−( 1

12− 2k
n + k2

2n2 )
∞∑

m=0

fm(q
2k
n −1)

(q)m
qm−mk

n
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and

q−
∑s

i=1(
1
12−

2ki
n +

k2
i

2n2 )
∞∑

m=0

Qm(q
k1
n , q1− k1

n , · · · , q
ks
n , q1− ks

n )
(q)m

are algebraic numbers, where 1 ≤ k, ki < n and n, k, ki ∈ Z.
For a lattice L in C, the Weierstrass ℘-function is defined by

℘(τ ;L) =
1
τ2

+
∑

ω∈L−{0}
{ 1
(τ − ω)2

− 1
ω2
}

for τ ∈ C. Furthermore the Weierstrass ℘-function is defined by

σ(τ ; L) = τ
∏

ω∈L−{0}

(
1− τ

ω

)
e

τ
ω + 1

2 ( τ
ω )2

for τ ∈ C and it is an odd function. Taking the logarithmic derivative yields
the Weierstrass ζ-function

ζ(τ ; L) =
σ′(τ ; L)
σ(τ ; L)

=
1
τ

+
∑

ω∈L−{0}

(
1

τ − ω
+

1
ω

+
τ

ω2

)

for τ ∈ C.
Differentiating the function ζ(τ + ω; L) − ζ(τ ; L) for any ω ∈ L yields 0

because ζ ′(τ ; L) = ℘(τ ; L) and the ℘-function is periodic. Hence there is a
constant η(ω; L) such that ζ(τ+ω; L) = ζ(τ ; L)+η(ω;L). For (r1, r2) ∈ Q2−Z2,
we can choose integers u, v, N such that (r1, r2) = ( u

N , v
N ). So, we define a Klein

form Kr,s of level N by

Ku,v(τ) = e−
1

2N2 (uη1+vη2)(uτ+v)σu,v(τ)

where τ ∈ C, η1 = η(τ ; [τ, 1]), η2 = η(1; [τ, 1]) and σu,v = σ( u
N τ + v

N ; [τ, 1]).
Note that η1 and η2 satisfy Legendre relation η2τ − η1 = 2πi.

As in [11], we use k u
N , v

N
for the Klein form Ku,v of level N , the Siegel

function is defined by

g( u
N , v

N )(τ) = k( u
N , n

N )(τ)η2(τ),

where τ ∈ C and η(τ) is a complex valued function defined as η(τ) =
√

2πie
2πiτ
24∏∞

n=1(1− e2πiτn)2. And η24(τ) is a modular form of weight 12 for Γ(1).

Remark 3.3. In this notation, we can rewrite the function defined by Ishida
as Xr( τ

2 ) =
g( r

N
,0)

g( 1
N

,0)
(Nτ

2 ) =
k( r

N
,0)

k( 1
N

,0)
(Nτ

2 ). In this sense, the Siegel function can be

written as

g( t
n ,0)(

nτ

2
) = −q

n
2− t

2+ t2
2

∞∏
m=1

(1− qnm−t)(1− qnm−(n−t)),

where q = eπiτ and it is a function in Theorem 2.2. Let H be the complex
upper half plane and d be a positive square free integer. It is well-known fact
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that the value g(r1,r2)(τ) for the Siegel function g(r1,r2) and τ ∈ H ∩ Q(
√−d)

is an algebraic number. Using this, we can prove Theorem 3.2 as a modular
function method.

4. Proofs for our main theorems

In this section, we prove our main theorems introduced in §1. To expand
the definition (a; q)n for a negative integer n, we redefine it as (a)n = (aq)n =

(a;q)∞
(aqn;q)∞

= (a)∞
(aqn)∞

for n ∈ Z.

Proof of Theorem 1.1. Let l and t be rational numbers and 0 < l − t < 1.
And q = exp(πiτ). In (1.2), consider the case z = q,

∞∑
n=−∞

(a)n

(b)n
qn =

(aq)∞(a−1)∞(ba−1)∞
(ba−1q−1)∞(b)∞(a−1q)∞

(4.1)

=
(1− a−1)

(1− ba−1q−1)
(1− a−1)(aq)∞

(1− ba−1q−1)(b)∞

= − 1
a(1− ba−1q−1)

(a)∞
(b)∞

.

Then |q1+l−t| < |q| < 1. Applying a = qt and b = ql+1 and z = q in (4.1),
∞∑

n=−∞

(qt)n

(ql+1)n
qn = − (1− ql)

qt(1− ql−t)
(qt)∞
(ql)∞

.

Hence, we get

(4.2)
(qt)∞
(ql)∞

= −qt(1− ql−t)
(1− ql)

∞∑
n=−∞

(qt)n

(ql+1)n
qn

Similarly considering a = q1−l, b = q2−t and z = q in (4.1),
∞∑

n=−∞

(q1−l)n

(q2−t)n
qn = − (1− q1−t)

q1−l(1− ql−t)
(q1−l)∞
(q1−t)∞

and

(4.3)
(q1−l)∞
(q1−t)∞

= −q1−l(1− ql−t)
(1− q1−t)

∞∑
n=−∞

(q1−l)n

(q2−t)n
qn.

Furthermore, since |q2−l+t| < |q| < 1, letting a = q−t and b = q2−l in (4.1),
∞∑

n=−∞

(q−t)n

(q2−l)n
qn =

(1− qt)(1− q1−l)
(1− q1−l+t)

(q1−t)∞
(q1−l)∞

.



Remarks for Basic Appell series 471

So,

(4.4)
(q1−t)∞
(q1−l)∞

=
(1− q1−l+t)

(1− qt)(1− q1−l)

∞∑
n=−∞

(q−t)n

(q2−l)n
qn

On the other hand, since |q| < 1 by (1.1) and (1.1.1),

(4.5) f(−qt,−q1−t) =
∞∑

n=−∞
(−1)nq

n
2 (n−1+2t) = (qt)∞(q1−t)∞(q)∞,

(4.6) f(−ql,−q1−l) =
∞∑

n=−∞
(−1)nq

n
2 (n−1+2l) = (ql)∞(q1−l)∞(q)∞.

Then using (4.2) and (4.4),
∏∞

n=1
(1−qn−t)(1−qn−1+t)
(1−qn−l)(1−qn−1+l)

= (qt)∞
(ql)∞

· (q1−t)∞
(q1−l)∞

(4.7)

= − qt(1−ql−t)(1−q1−l+t)
(1−qt)(1−ql)(1−q1−l)

∑∞
n,m=−∞

(qt)n(q−t)m

(q1+l)n(q2−l)m
qn+m.

Now by (4.2) and (4.3)

(4.8)
(qt)∞
(ql)∞

· (q1−t)∞
(q1−l)∞

= ql+t−1 (1− q1−t)
(1− ql)

∑∞
n=−∞

(qt)n

(q1+l)n
qn

∑∞
n=−∞

(q1−l)n

(q2−t)n
qn

and from (4.5) and (4.6)

(qt)∞(q1−t)∞(q)∞
(q1−l)∞(ql)∞(q)∞

=
f(−qt,−q1−t)
f(−ql,−q1−l)

(4.9)

=
∑∞

n=−∞(−1)nq
1
2 n(n−1+2t)

∑∞
n=−∞(−1)nq

1
2 n(n−1+2l)

.

Through the above, we get three identities. It is sufficient to show that the
result multiplying the equations of (4.7)∼(4.9) to q

t(t−1)−l(l−1)
2 is algebraic num-

ber. Using the simplest form it is just

q
t(t−1)−l(l−1)

2

∞∏
n=1

(1− qn−t)(1− qn−1+t)
(1− qn−l)(1− qn−1+l)

=
q

1
12− t

2+ t2
2

q
1
12− l

2+ l2
2

∞∏
n=1

(1− qn − t)(1− qn − 1 + t)
(1− qn−l)(1− qn−1+l)

and by Theorem 3.2 both denominator and numerator are algebraic numbers
for τ ∈ k ∩ H.

Remark 4.1. Theorem 1.1 gives the following identities between two infi-
nite series:

(4.10) ql+t−1 1− q1−t

1− ql

∞∑
n=−∞

(qt)n

(q1+l)n
qn =

(qt)∞(q1−t)∞
(ql)∞(q1−l)∞

∞∑
n=−∞

(q1−l)n

(q2−t)n
qn.
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Proof of Theorem 1.2. Consider (1.2) when b = q and | qa | < |z| < 1

∞∑
n=−∞

(a)n

(q)n
zn =

∞∑
n=0

(a)n

(q)n
zn =

(az)∞
(z)∞

(4.11)

because 1
(q)n

= (qn+1)∞
(q)∞

= (1−qn+1)···(1−qn+(−n))···
(q)∞

= 0 for a negative integer n.
Since l and t are the rational numbers with 0 < t, l, t + l < 1, we can check
the convergence condition and obtain (4.12) (respectively, (4.13) and (4.14) )
when a = qt (respectively, a = q−t and t ) and z = ql (respectively, z = q1−l

and z = q1−t−m) in (4.11) :

(4.12)
∞∑

n=0

(qt)n

(q)n
qln =

(qt+l)∞
(ql)∞

(4.13)
∞∑

n=0

(q−t)n

(q)n
q(1−l)n =

(q1−t−l)∞
(q1−l)∞

,

(4.14)
∞∑

n=0

(qt)n

(q)n
q(1−t−l)n =

(q1−l)∞
(q1−l−t)∞

.

Multiplying (4.12) by (4.13) and dividing (4.12) by (4.14), we obtain that

∞∏
n=1

(1− qn−t−l)(1− qn−1+t+l)
(1− qn−l)(1− qn−1+l)

=
(qt+l)∞(q1−t−l)∞

(ql)∞(q1−l)∞
(4.15)

=
∞∑

m,n=0

(qt)n(q−t)m

(q)n(q)m
ql(n−m)+m

=

∑∞
n=0

(qt)n

(q)n
qln

∑∞
n=0

(qt)n

(q)n
q(1−t−l)n

=
f(−qt+l,−q1−t−l)

f(−ql,−q1−l)

=
∑∞

n=−∞(−1)nq
n
2 (n−1+2t+2l)

∑∞
n=−∞(−1)nq

n
2 (n−1+2l)

,
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where last equality is given by (1.2). Multiplying the factor q
t
2 (2l+t−1) and

using Theorem 3.2 make our assertion true:

q
1
12− t+l

2 +
(t+l)2

2

q
1
12− l

2+ l2
2

∞∏
n=1

(1− qn−t−l)(1− qn−1+t+l)
(1− qn−l)(1− qn−1+l)

= q
t
2 (2l+t−1)

∞∑
n,m=0

(qt)n(q−t)m

(q)n(q)m
ql(n−m)+m

= q
t
2 (2l+t−1)

∑∞
n=0

(qt)n

(q)n
qln

∑∞
n=0

(qt)n

(q)n
q(1−t−l)n

Proof of Theorem 1.3. Now we put b = aqz in (1.2):

∞∑
n=−∞

(a)n

(aqz)n
zn =

(az)∞(a−1qz−1)∞(qz)∞
(z)∞(aqz)∞(a−1q)∞

(4.16)

=
1− az

1− z

(a−1qz−1)∞
(a−1q)∞

.

Since 0 < l < 1, applying a = qt, z = ql (respectively, a = q−t , z1−l and
a = q1−t−l, z = ql ) gives us (4.17) (respectively, (4.18) and (4.19)).

(4.17)
∞∑

n=−∞

(qt)n

(q1+t+l)n
qln =

(1− qm+t)
(1− qm)

(q1−t−m)∞
(q1−t)∞

,

(4.18)
∞∑

n=−∞

(q−t)n

(q2−t−l)n
q(1−l)n =

(1− qt)(1− q1−l−t)
(1− q1−l)

(qt+l)∞
(qt)∞

,

(4.19)
∞∑

n=−∞

(q1−t−l)n

(q2−t)n
qln =

(1− q1−t)
(1− ql)

(qt)∞
(qt+l)∞

.
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In a similar way, we derive that
∞∏

n=1

(1− qn−t−l)(1− qn−1+t+l)
(1− qn−t)(1− qn−1+t)

=
(q1−t−l)∞(qt+l)∞

(q1−t)∞(qt)∞
(4.20)

=
(1− ql)(1− q1−l)

(1− qt)(1− q1−l−t)(1− ql+t)

∞∑
n,m=−∞

(qt)n(q−t)m

(q1+t+l)n(q2−t−l)m
ql(n−m)+m

=
(1− q1−t)
(1− ql+t)

∑∞
n=−∞

(qt)n

(q1+t+l)n
qln

∑∞
n=−∞

(q1−t−l)n

(q2−t)n
qln

=
f(−qt+l,−q1−t−l)

f(−qt,−q1−t)

=
∑∞

n=−∞(−1)nq
n
2 (n−1+2t+2l)

∑∞
n=−∞(−1)nq

n
2 (n−1+2t)

.

After multiplying q
1
2 l(l+2t−1) and by using Theorem 3.2 again, we get the quo-

tient form of two algebraic numbers. Hence we are done.

Remark 4.2. (4.20) is different from (4.7) and (4.15). This is another
formula for theta series.

Now consider the Rogers-Ramanujan continued fraction:

R(q) =
q

1
5

1 +
q

1 +
q2

1 + · · ·

, |q| < 1

First, let

G(q) :=
∞∑

n=0

qn2

(q; q)n
and H(q) :=

∞∑
n=0

qn(n+1)

(q; q)n
.

Then it is the well-known fact that these satisfy the Rogers-Ramanujan iden-
tities ([13], [14]):

G(q) =
1

(q; q5)∞(q4; q5)∞
and H(q) =

1
(q2; q5)∞(q3; q5)∞

.

Then Rogers proved that

R(q) = q
1
5
H(q)
G(q)

= q
1
5

(q; q5)∞(q4; q5)∞
(q2; q5)∞(q3; q5)∞

in 1894 ([14]).
From the identities in this section, we obtain the following identities for

R(q
1
5 ):

R(q
1
5 ) = q

1
25

H(q
1
5 )

G(q
1
5 )

= q
1
25

f(−q
1
5 ;−q

4
5 )

f(−q
2
5 ;−q

3
5 )
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= q
1
25

∑∞
n=0

q
1
5 n(n+1)

(q
1
5 ;q

1
5 )n

∑∞
n=0

q
1
5 n2

(q
1
5 ;q

1
5 )n

= −q
6
25

(1 + q
2
5 )

(1− q
3
5 )

∞∑
n,m=−∞

(q
1
5 ; q)n(q−

1
5 ; q)m

(q
7
5 ; q)n(q

8
5 ; q)m

qn+m

(by (4.7); t =
1
5
, l =

2
5
)

= q−
9
25 (1 + q

2
5 )

∑∞
n=−∞

(q
1
5 ;q)n

(q
7
5 ;q)n

qn

∑∞
n=−∞

(q
3
5 ;q)n

(q
9
5 ;q)n

qn

(by (4.7); t =
1
5
, l =

2
5
)

= q
1
25

∞∑
n,m=0

(q
2
5 ; q)n(q−

2
5 ; q)m

(q; q)n(q; q)m
q

2
5 (n−m)+m (by(4.15); t = l =

2
5
)

= q
1
25

∞∑

n,j=0

(q
3
5 ; q)n(q−

3
5 ; q)m

(q; q)n(q; q)m
q

1
5 (n−m)+m (by (4.15); t =

3
5
, l =

1
5
)

= q
1
25

∑∞
n=0

(q
2
5 ;q)n

(q;q)n
q

2
5 n

∑∞
n=0

(q
2
5 ;q)n

(q;q)n
q

1
5 n

(by (4.15); t = l =
2
5
)

= q
1
25

∑∞
n=0

(q
1
5 ;q)n

(q;q)n
q

3
5 n

∑∞
n=0

(q
1
5 ;q)n

(q;q)n
q

1
5 n

(by (4.15); t =
1
5
, l =

3
5
)

= q
1
25

(1 + q
1
5 + q

2
5 )

(1− q
4
5 )

∞∑
n,m=−∞

(q
2
5 ; q)n(q−

2
5 ; q)m

(q
9
5 ; q)n(q

6
5 ; q)m

q
2
5 n+ 3

5 m

(by (4.20); t = l =
2
5
)

= q
1
25

1
(1− q

3
5 )

∞∑

n,j=−∞

(q
3
5 ; q)n(q−

3
5 ; q)m

(q
9
5 ; q)n(q

6
5 ; q)m

q
1
5 n+ 4

5 m

(by (4.20); t =
3
5
, l =

1
5
)

= q
1
25

(1 + q
1
5 + q

2
5 )

(1 + q
1
5 + q

2
5 + q

3
5 )

∑∞
n=0

(q
2
5 ;q)n

(q
9
5 ;q)n

q
2
5 n

∑∞
n=0

(q
1
5 ;q)n

(q
8
5 ;q)n

q
2
5 n

(by (4.20); t = l =
2
5
)
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= q
1
25

1
(1 + q

2
5 )

∑∞
n=0

(q
3
5 ;q)n

(q
9
5 ;q)n

q
1
5 n

∑∞
n=0

(q
1
5 ;q)n

(q
7
5 ;q)n

q
1
5 n

.

(by (4.20); t =
3
5
, l =

1
5
)

5. Appell series

Let

S (c; b, b′; d; a, a′; e, f ; x, y, x′, y′ : q)

:=
∞∑

m,n,k,l=0

(c)m+n(b)m(b′)n(d)k+l(a)k(a′)l

(q)m(q)n(q)k(q)l(e)m+n(f)k+l
xmyn(x′)k(y′)l

= Φ(1)[c; b, b′; e; x, y : q]Φ(1)[d; a, a′; f ;x′, y′ : q].

From (1.3), we deduce that

Φ(1)[
b′

x
; b, b′; bb′; x, y; q] =

(bx)∞(b′)∞(b′y/x)∞
(bb′)∞(x)∞(y)∞

and

Φ(1)[
d′

w
; d, d′; dd′; w, s; q] =

(dw)∞(d′)∞(d′s/w)∞
(dd′)∞(w)∞(s)∞

.

Let b = qB , b′ = qB′ , d = qD, d′ = qD′
, x = qX , y = qY , w = qW and

s = qS , where B′ + D′ = 1, X + W = 1, Y + S = 1, B + D = 1, B + X > 1
and B + B′ > 1 with 0 < X, Y, B, B′, D, D′, S, W < 1 rational numbers.

Thus, we get the following:

S(qB′−X ; qB , qB′ ; qD′−W ; qD, qD′
; qB+B′ , qD+D′

, qX , qY , qW , qS : q)

=
∞∑

m,n,k,l=0

(qB′−X)m+n(qB)m(qB′)n(qD′−W )k+l(qD)k(qD′
)l

(q)m(q)n(q)k(q)l(qB+B′)m+n(qD+D′)k+l
qXm+Y n+Wk+Sl

= Φ(1)[qB′−X ; qB , qB′ ; qBqB′ ; qX , qY ; q]Φ(1)[qD′−W ; qD, qD′
; qDqD′ ; qW , qS ; q]

=
(qB+X)∞(qB′)∞(qB′+Y−X)∞(qD+W )∞(qD′

)∞(qD′+S−W )∞
(qB+B′)∞(qX)∞(qY )∞(qD+D′)∞(qW )∞(qS)∞

=

(
1− qB+B′−1

1− qB+X−1

)

· (q
B+X−1)∞(qB′)∞(qB′+Y−X)∞(qD+W )∞(qD′

)∞(qD′+S−W )∞
(qB+B′−1)∞(qX)∞(qY )∞(qD+D′)∞(qW )∞(qS)∞

=

(
1− qB+B′−1

1− qB+X−1

)
· f(−qB+X−1)f(−qB′)f(−qB′+Y−X)

f(−qB+B′−1)f(−qX)f(−qY )
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=

(
1− qB+B′−1

1− qB+X−1

)

· W (qB+B′−2, q3−2(B+B′))W (qX−1, q1−2X)W (qY−1, q1−2Y )
W (qB′−1, q1−2B′)W (qB+X−2, q3−2(B+X))W (qB′+Y−X−1, q1−2(B′+Y−X))

.

Since B, B′, X, Y ∈ Q, we find N satisfying N = lcm(N1, N2, · · · , N6) with
B + X − 1 := M1

N1
, B′ := M2

N2
, B′ + Y −X := M3

N3
, B + B′ − 1 := M4

N4
, X := M5

N5
,

Y = M6
N6

.
Here, Mi, Nj(1 ≤ i, j ≤ 6) ∈ Z.
Using Theorem 3.2,

q(B′−X)(B′−X+1)−B′(B−Y )−XY

(
1− qB+X−1

1− qB+B′−1

)
·

S(qB′−X ; qB , qB′ ; qD′−W ; qD, qD′
; qB+B′ , qD+D′

, qX , qY , qW , qS : q)

=
XM1N

N1
/N

( τ
2N )XM2N

N2
/N

( τ
2N )XM3N

N3
/N

( τ
2N )

XM4N
N4

/N
( τ
2N )XM5N

N5
/N

( τ
2N )XM6N

N6
/N

( τ
2N )

is an algebraic number.
Replace q by qN , we get that S, f(t)

f(s) ,
W (a,b)
W (c,d) have infinite product expansions

in a neighborhood of the cusp i∞ of Γ(2N2). So we can deduce that special
cases of basic Appell series has an infinite product expansion in a neighborhood
of the cusp i∞ of Γ(2N2).
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