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STABILITY OF RICCI FLOWS BASED ON
KILLING CONDITIONS

PEIBIAO ZHAO AND QIHUI CAI

ABSTRACT. C. Guenther studied the stability of DeTurck flows by using
maximal regularity theory and center manifolds, but these arguments
can not solve the stability of Ricci flows because the Ricci flow equation
is not strictly parabolic. Recognizing this deficiency, the present paper
considers and obtains the stability of Ricci flows, and of quasi-Ricci flows
in view of some Killing conditions.

1. Introduction

The study of Ricci flows has been an active field over the past several decades.
R. Hamilton [12], drawing inspiration from the work by Elles and Sampson [9],
introduced the well-known Ricci flows as follows:

0

(1.1) 77~ —2Rc[g], 9(0) = go-

R. Hamilton posed that if a closed Riemannian manifold with dimension 3
has an initial metric gg with positive Ricci curvature, then the solution g(t),
for all time ¢, of normalized Ricci flow exists and g(t) converges exponentially
fast to a constant scalar curvature metric go.. In this setting, it is not hard
to see that for a given arbitrary homotopy sphere with dimension 3, if it has a
metric with positive Ricci curvature, then Poincaré conjecture is tenable.

As we know that it is a fundamental and difficult problem in differential ge-
ometry to find a standard metric satisfying some prescribed conditions over a
Riemannian manifold. For instance, concerning the celebrated Yamabe prob-
lem [20], it is essential to find a metric with constant scalar curvature; For
constant Ricci curvature, one needs to solve Einstein equation. The study of
Ricci flows, in general, is exactly to find a standard metric satisfying the given
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conditions and to solve Ricci equation. The problem related to Ricci flows was
introduced by the following short-time existence theorem:

Theorem. Given a compact and smooth Riemannian manifold (M™, go), there
exists a unique smooth solution g(t) defined on a short-time-interval such that

9(0) = go-

Another topic connected with Ricci flows remains for us to be done here is to
distinguish in which case the long-time existence of Ricci flows is tenable, and
the solution of Ricci flows converges to a constant curvature metric. The re-
search in this respect is usually aimed at the positive curvature case. Moreover,
study of the singularity [18] of solutions of Ricci flows and the estimation [24]
of geometric invariants associated with different pinch-conditions has achieved
relatively profound and sufficient development.

Though many scholars have focused their attention on Ricci flows and have
arrived at many interesting results [4, 11, 12, 13, 14, 15, 16] since Ricci flows
were introduced by R. Hamilton, there are many important and interesting
problems still open about Ricci flows such as the stability problem of Ricci
flows. In general, this class question can be written as follows.

Let the solution g(t) of Ricci flows with initial value gy converge, and go
belong to a neighborhood of go, then, is it true that the solution G(t) of Ricci
flows with initial value gy converges ?

The study (Ye [24], 1993) of stability of Ricci flows makes a start from a
metric of constant non-zero sectional curvature, and from replacing the original
Ricci flows with the value-normalized Ricci flows

0 2
59" —2Rclg] + - (j{ Rdu) g, 9(0) = go,

where ¢ Rdy = L fIZi“. Ye [24] also studied that there exists a C%-neighborhood
N(go) of go such that, for any go € N (go), the solution of Ricci flows g(¢)
corresponding to gy converges to gg if go is of a Riemannian-Pinched Einstein
metric with non-zero scalar curvature. For the stability of Ricci flows of the
flat metric, he did not work out a solution. Following on the heels of Ye’s work,
C. Guenther etc [10], in 2001, studied the following problems:

(1) The stability of the solution of Ricci flows with flat initial value go;

(2) The stability of the solution of Ricci flows with Ricci flat but not flat
initial value metric go;

(3) The stability of Ricci flows with Kéhler-Einstein initial value metric go
on K3;

(4) The stability of the solution of DeTurck flows with non-zero constant
curvature initial metric go.

C. Guenther [10] first introduced center manifolds [6] and maximal regularity
theory [17, 21] to derive the stability of Ricci (DeTurck) flows in constant
curvature spaces. The maximal regularity theory says that if A is a suitable
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quasi-linear differential operator acting on an appropriate function space, and
if its linearization DA at a fixed point has an eigenvalue on the imaginary axis,
then the evolution of solutions starting near that fixed point can be described
by the presence of exponentially attractive center manifolds.

Since the Ricci flow evolution equation

B)
P —2Rclg], 9(0) = go

is not a strictly parabolic system, the maximal regularity theory can not be
applied directly to it. Thus, one finds a strictly parabolic evolution equation,
i.e., the DeTurck equation [7]

(1.2 o 9= ~2Relg] - Pula), 9(0) = g0

to replace the Ricci flow equation. As we know that the solution of (1.2) is
equivalent to that of (1.1) up to a simple parameter diffeomorphic transform
group. Then, one can arrive at the stability of convergent DeTurck flows by
virtue of the stability of convergent Ricci flows.

It is well known that C. Guenther [10] studied, by using the indirect ap-
proach, the stability of Ricci flows corresponding to initial value metric with
non-zero constant curvature, but in this setting the DeTurck flow does not sat-
isfy maximal regularity theory: no matter what u takes, any stable solution
to this equation does not exist. Then, one considers the normalized DeTurck
equation as follows

0 2
1 g -ordd - P+ 2 (fRin) o 90 =0

In fact, in this setting, u = go is a stable solution of (1.3).

Because of the fact that a Riemannian manifold of the quasi-constant cur-
vature is the special quasi-Einstein space [25, 26], we generalized naturally the
problem (1.2) to the quasi-constant curvature manifold, i.e., we studied the
quasi-DeTurck flows [3] as follows

0 R-T

(14)  59=—2Rclg] = Pug) +2——

where £ is of a unit vector field, and T is the Ricci principal curvature corre-
sponding to £. Notice that the stability here is different from that posed in
[27].

Just as we know that the DeTurck flows, given by C. Guenther [10], are in
fact obtained by adding P, (g) to Ricci flows such that all the quadratic terms up
to Laplace operator vanishes, and thus they shared the same principal symbols
with Laplace operator.

Motivated and inspired by the structure of DeTurck flows, in this paper, we
consider the same problems posed in [10], but we adopt the other arguments to
derive and obtain the similar interesting conclusions, this argument successfully

nT
g+2
1 n

-R
— §®& 9(0) = go,
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avoids DeTurck flows and makes one consider directly Ricci flows. Moreover,
we also study quasi-Ricci flows

6 J—
o’ =
by using the similar argument posed in [3] in this paper.

The organization of this paper is as follows. In Section 2, we will recall
and give some necessary notations and terminologies. Section 3 is devoted to
the proofs of theorems. In this section we will consider, in view of Killing
conditions, the stability of Ricci flows over a constant curvature space, and
that of quasi-Ricci flows over a quasi-constant curvature space.

R-T T
—2Rc[g] + 2 g+2"

(1.5) n:1 n:1R€®€, 9(0) = go

2. Notations and terminologies

Let M be a closed connected smooth manifold, we denote by S3(M) the
bundle of symmetric covariant 2-tensors over M, and by Sy (M) the subset
of the positive definite tensors. In this setting, a smooth Riemannian metric
g is an element of C*°(S5 (M)). For convenience, we denote briefly by Sy =
C>®(S2(M)) and S = C°°(S5(M)). We also denote by Si = C°°(S5(M))
the space of all metrics with the same volume element given by g, and by
8§+ = (> (Séfr (M)) the collection of positive definite tensors of C°° (S5 (M)).
Denote by AP = AP(T*M) the p-form bundle on M, and denote by QP =
C°(AP) the differential p-form bundle.

Let D(M) be the smooth diffeomorphic group: (h,$) — ¢*h acting on Sy .
On the other hand, it is easy to check that g is of Einstein if and only if ¢*g is
of Einstein, where g is a Riemannian metric on M and its volume form is dpu.

We now define a map § = 6, : Sp — Q! by

(2.1) §:hs 6h = —g7V;h;da"

whose formal adjoint under the L? inner product

()= [ G

is the map 0" =4y : Q' — S, given by
1 1 ) ,
(2.2) 0w §£wug = §(Viwj + Vjw;)da' ® da’,

where w* is a vector field metrically isomorphic to w.
By virtue of [7], we define G : S x Sy — S» as

1 . )
(2.3) (g,u) — G(g,u) = (uij — §gklukzgi]‘)d$l ® dx’

and P: S x Sf — Sy as

(2.4) (g:u) — P(g,u) = Pu(g) = =205 (u""6,(G(g,u))).
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Thus, one can consider the following evolution equation (DeTurck equation)

0

(2.5) 59 = —2Rclg] — Pu(g), 9(0) = go-

For the sake of convenience, we call A, (g)g = —2Rc[g] — P.(g) the DeTurck
operator, then, the formula (2.5) can be rewritten as

o -
509 = —2Bclg] = Pulg) = Aulg)g, 9(0) = go.
The right hand of this equation above can be regarded as the quasi-linear

operator with respect to g, in fact, we have the following:

Lemma 2.1 ([10]). The DeTurck operator A,(g)g, in the local sense, can be
written as

2
i ki 0 kip 0
(Au(9)9)ij = alz,u, g);;" 2P gri+b(z,u, 3%9)“1)78331,%14‘0(% u, Qu)s gk,
where a(x,-,-),b(z,-, -, ), c(x, -, ) are smooth functions with respect to x € M™,

respectively, and are analytic with respect to the remaining arguments.

Lemma 2.2 ([10]). The right hand of (2.5) and Laplacian operator have the
same symbol. Then, for any u € S;', the equation (2.5) is strictly parabolic, its
unique solution g provides a unique solution ¢Fg of (1.1) with initial value go,
where the diffeomorphisms ¢, are generated by integrating the vector field

i - 1
(2.6) V= gijujklgklgpq(vpuql - §vlupq)~

Assume that (M, g) is a Riemannian manifold, we denote by A = ¢“V,;V;
the Laplace operator. Let A; be the Licherowicz-Laplace operator such that
A;: Sy — Sy given by

Alhjl' = Alhﬁ =+ 2ijqihpq — R;Chkl — th]k
Lemma 2.3 ([10]). Let g € S5 ,h € Sz, and define H = tryh = g7'hj;, divhy, =

VPhip. Let § = g+ €h, and denote by I, R,dii the Christoffel coefficient,
curvature tensor, volume element of g, respectively. Then, one arrives at

%f%(g)lezo = %gkl(vihy‘l + Vjhi — Vihij);
%Rlijk(g)|ezo = %(vivkhg — V;V'hjp — V;Vyhl
+V,; Vi + Ry — R™6hl);
D i@l = L Han
%ﬁijkzo = —g%*¢ iy = —h";
d

50 (LxPile=o = X*Vhi; 4+ hip Vi XE + 0y VX
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Definition 2.1. Let X = X(g,h) be a 1-form given by Xy = ¢PIV,he —
£ Vi(gP9hyg). We say that Ricci flows satisfy Killing conditions if it holds

(ﬁxﬁg)ji =V;X; +V;X; =0.

Let ©9,01,Z0,Z1 be the Banach spaces such that there holds [2]: E¢ =
hote 5 @9y = AP D B = K2t 5 O, = R?TP, where 0 < 0 < p < 1,
h™tP(r € N, p € (0,1)) is the special little Holder space. Assume that || - ||+,
is the Hélder norm of C"(M, Sz). Taking 0 = 252 € (0, 1), by using [2, 8, 22],
one gets Op = (g, Z1)g and O = (Zp,Z1)149-

Forthegiven0<6<<1and%§ﬂ<a<1,1et

Gﬁ = Gﬁ(u’ 6) = {g € (607@1)[3 19> eu}, Gy = Ga(u7€) = Gﬁ N (907@1)a7

where g > eu implies that it holds g(X, X) > € for any X satisfying |X|? = 1.

Moreover, for any g € Gg, A,(g) can be regarded as a linear operator acting
on h?t?. Denote by Az, (g) : 1 € Z¢ — Zo the unbounded linear operator on
Zo, its dense domain D(Ag, (g)) = Z;. Make corresponding changes and denote
by fl@l (9) : ©1 € B9 — B¢ the unbounded linear operator whose dense domain
D(Ae, (g)) = ©;. At the same time, the functions g — Ag, (g) and g — Az, (g)
define the analytic maps given by G, — L(01,0¢), Gg — L(Z1,E), where
L(©1,0y) is the vector space of all bounded linear operators from ©; to Oy,

and for any g € G, A,(g) is the minimal generator of a strongly continuous
analytic semigroup.

Theorem 2.1 ([10, 17, 21]). Let ©1 C O¢ be a continuous dense inclusion of
a Banach space. For a given 0 < f < a < 1, suppose that ©, and Og are the
corresponding interpolation space. For the following equation

P A(g)g, 9(0) = go,

where A(-) € C*(Gg, L(©1,0y)), and k is a positive integer, Gg C Op is an
open subset. Assume that there exist a pair Banach space =y D Zp and a
prolongation A(-) of A(-) to domain D(A(-)) that are dense in Zo. In addition,
for any g € G, = Gg N O, there holds

e A(g) € L(Z1,Z0) generates a strongly continuous semigroup on L(Zg,R) =
L(Eo);

e Oy = (9, D(A(9)))e, 01 = (Z0, D(A(g)))1+0,0 € (0,1), where (-,-)g are
the continuous interpolations [8, 22];

o Al(g) is identical to A(g) on D(A) C O;

® =1 — Og — Zy is a continuous dense inclusion and there exists ¢ > 0,8 €
(0,1) such that for any n € Z; there holds

(2.7)

-4 )
Inlles < cllnlig, g, -

Let g € Gu be a fived point of (1.2) and the spectral decompositions ([1])
> of the linearization operator DA|g, be of > = > UY ., where Y C {z:
Rez < 0}, >°., C{z:Rez >0} and )", NiR # 0, then it holds
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(1) If one denotes by S(X) the eigenspace of A € Y., then O, admits the

decomposition O, = 05 & O for all a € [0,1], where O = @ S(N);
A€ .

(2) For any r € N, there exists d, > 0 such that for all d € (0,d,], there is
a bounded C™ map ¢ = ¢} : B(O", §,d) — ©F with ¢(§) =0 and Dy(§) = 0.
The image of ¢ lies in the closed ball B(©3, §,d), and its graph is a C" manifold
ot = {(1,0(7)) : 7 € B(OFY),,d} C O, satisfying the following

T, M, = O

If 3., C iR, we call M§% a local center manifold ([6]) and a local center
unstable manifold otherwise;

(3) For all « € (0,1), there are constants Co > 0 independent of § and

constant w > 0 and d € (0,dp] such that for each d € (0,d], one arrives at

I7°g(t) — p(r“g(t)lle, < tlcfa e [[7g(0) — (" g(0))]

for all solutions g(t) with g(0) € B(Oq,§,d) and all times t > 0 such that the
solution g(t) remains in B(O, §,d). Where w°, 7 say the projections from
B(BO,,§,d) onto ©%,, and O, respectively.

a? (e

Oa

3. Main theorems and proofs

For convenience, we first state some well known notations and terminologies
in the first two subsections.

3.1. Ricci operator

Let V,W be two vector bundles over a manifold M™. Assume that £ :
C>(V) — C>®(W) is a linear differential operator with order k. Denote
by L(v) = > a<k La0%V, where L, € hpm(V,W) is a bundle homomor-
phism for each multi-index a. If £ € C°(T*M"), then we call o[L](§) =
Z\a|§k Lo (I[;€*7) the total symbol of £ in the direction £&. We also call
GIL)(E) = 22 )=k L, (I1;€%7) the principal symbol of £ in the direction &.

A linear partial differential operator £ is said to be elliptic if its principal
symbol &[£](€) is an isomorphism where £ # 0. A nonlinear operator L is said
to be elliptic if its linearization DL is elliptic.

For Ricci flows, we use Lemma 2.3 and write down the following

DRj; = %(Ahﬁ + V;ViH — V;divh; — Vidivh; + 2Rjpqi9"" — Rjihl — Ryhl),
then, one gets

(3.1.1) —2[D(Rc);i = Ahj; — V;X; — VX + S,

where X is of the 1-form defined by X; = ¢P?V,hq; — £V ;(gPh,,), and

Sji = Zijqigpq — lehé — Rzlhé
In other words, one arrives at the following

(3.1.2) 5[=2D(Re))(€)(h) = [¢|*h.
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This implies that the linearized Ricci flow in view of Killing 1-form is elliptic.
In this setting, we call A(g)g = —2Rc[g]+ 2 (§ Rdu)g the Ricci operator. Then,
the volume-normalized Ricci flow [24] can be rewritten as

(3.1.3) A(9)g, 9(0) = go.

'~
3.2. Linearized Ricci operator

In this subsection, we will pay our attention to the linearization of the Ricci
operator.

Lemma 3.2.1. Assume that M" is of a closed compact constant curvature
space. Then the linearized Ricci operator A(g)g, satisfying Killing conditions,
at go is as follows

2R

(321) (DA lguljs = Ahyi + 2Rypgil — =5

Sy A

Jm., Hd“]
= 9jis

where H = g7'hy;.

Proof. In fact, by using Definition, one has

2 2
[DA0)]goh = ~2DRelg, + 2D ( [ Rdu) o+ 2 f B,

According to Lemma 2.3, one arrives at
(=2DRelgoh)ji = Ahji = V;(g"Vphpi) = Vi(g"1Vphp;)
+V;iVi(gPhpg) + 29" R pjiheg — 9" Rjphiq — g7 Riphijq.

Since (M™, go) is of an Einstein manifold, in addition, by using Killing hypoth-
esis, we get

. 2R
(_QDRC|ggh)ji = Ahﬂ —+ 2gqu pjihrq — 7hji7

%D <fRdu) g= % V (;(R fRdu)H — (R, h>> du] g

2
=—— [7{<R67 h>du} g-
n
Thus, we have

(=2DAy(9)1go1) i
2R 2 2R
= Ahji + 2ijqihpq — Thji — E |:%<RC, h>d,u] 9ji + ?hﬂ
Joa, ]
Jaa, r
This ends the proof of Lemma 3.2.1. (]

2R

= Ahji + 2ijqihpq — 2
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Notice that go is a stable point of (1.5) for quasi-constant curvature spaces [3,
24]. Then we can state and derive the main conclusions in the next subsection.

3.3. Main theorems and proofs

Theorem 3.3.1. Let M™ be a compact manifold of constant curvature, and
2
[|[Rm|| < A, where A = i%f{f = [ V]

M
S IIRN2 T2
that Ricci flows satisfy Killing condition, and for a fixed p € (0,1), © is of a
closure of S5 (D Séﬁ) in the sense of || - ||24p. Then it holds the following

(1) TgoSéﬁ ~ © has a decomposition: TgoSéﬁ =0° @ O

(2) For eachr € N, there exists a C"-center manifold M, that is tangential
to ©° in an neighborhood O, of gy on © and is locally invariant for solutions
of (3.1.3) as long as they remain in O,;

(3) There exist positive constants C' and w, and neighborhoods O.. of gy in
© such that

17°G(t) = e(mG(E)ll24p < Ce™"||7°5(0) — @(wG(0))l|2+,

for all solution g(t) of (3.1.3) and all times t > 0 such that g(t) € O..

h is of a (0,2)-type tensor. Assume

Proof. We take S§ = C>(S5(M)) as the space of all metrics with the same
volume element given by gg. By [19], one knows that the elements in S;r can
be changed into those in S’ by using homothetic deformations and the tangent
space T'SY of 8§ consists of all zero-trace elements in S. Then, on TSy, there
holds H = 0. On the other hand, it is well known that gg is a stable point of
(3.1.3). Then, formula (3.2.1) can be simplified as

0

ahﬁ = ﬁhﬂ = Ahﬂ + 2ijqihpq.

Thus, we know

/ Rjpgih?hijdp = / Ripgig" 97" himh jidp
n M’IL

/ Rjémhlmhjid/,&

IN

[ Atuhid

[ ) ([ )< A
Mn Mn

This implies that (Lh,h) = =2 [, .. (Vh)?du+2A[Rh|[7, < 0, where h € 89 is of
an non-zero element. Considering the operator £ acting on S, it is not hard
to see by virtue of [10] that Theorem 3.3.1 is tenable. O

IN



1202 PEIBIAO ZHAO AND QIHUI CAI

Theorem 3.3.2. Assume that (M™, go) is of a quasi-constant curvature space,
2
|Rm|| < A, where 2A = i%f{ ff ”th}lb‘ll }, € is a unit vector field and its corre-
M

sponding Ricci principal curvature T satisfies T > n—1. For a fized p € (0,1),
let © be a closure of S§ in the sense of || - |24, In addition, the quasi-Ricci
flow equation (1.5) satisfies Killing conditions, then it holds

(1) TgOSQfr > O has the following decomposition: TgOSé‘Jr =0° @ 0°

(2) There exists a constant dy > 0 such that for all d € (0,dy], there is a
bounded C°° map ¢ : B(©°, go,d) — ©° satisfying ¢ (go) = 0, DY(go) = 0,
the image of ¢ dependent on the closed ball B(©%, go,d) and its graph M}, . =
{(%1/)(7)) IS B(@c,go, d)} C 91 Satisfying TgoMlcoc = @c;

(3) There are constants C > 0,w > 0 and d,. € (0,do] such that for each
d € (0,d.], one arrives at

[7°g(t) = b(7°g()l24p < Ce™"||7g(0) — »(7°g(0)) |2,
for all solutions g(t) of the quasi-Ricci flow (1.5) with §(0) € B(0, go,d) and

all times t > 0, where w®,w¢ denote the projections onto ©%, O° respectively.

Remark 3.3.1. Theorem 3.3.2 is a generalization of Theorem 3.1 in [3]. The
symmetry condition [1, 3, 23] of h with respect to covariant derivative in The-
orem 3.1 is eliminated here.

Proof. Considering the linearization of the right-hand (Denoted also by A(g)g)
of (1.5) at go, one has

0
el = (D(Au(9))lg0 )i
R-T nl — R
= —2(DRclgoh)ji + 2D < n_1 9ji + n—1 £z£j> N
By using Lemma 2.3 and [5], we get the following
DR|,, = —AH+ VPV, — (h, Re);
DTly, = D¢ Ry;) = —m'¢ Rij — &'m/ Rij + '€ DRy;

= —m'¢/Rij — &'m Ry
1. .
€ (VP ihsy + VPV jhiy — Bhij = ViV, H),

where m is of the variational of £&. Thus, we know

(3.3.1)
R-T
2D (71_191‘]‘) lgo
— 2 D(R—T)gyy + —2—(R—T)hy;
Ta-1 i T i

2
= 2 (~ DH 4+ VPVhyy — (b, Re) ) gy +

1 [mkflez +&"m! Ry

n—1
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1.4 » » 2
= 58 € (VVihiy + VPV iy — Dhya = ViViH) | gij + —— (R = T)hi;

and

2D(“ﬁ}%@)m

= 2 DT - R)gg; +
D

= 2Dhee, - 2PRee, + 2 (ur - D(EE)
2n

=3 [=m"¢' Ryy — €5 m' Ry

2 (T~ R)D(EE)

(3.3.2)

1
+ ggkgl(vpvkhlp + VPV ihiyp — Ahyy — Vi Vi H)EE

26§
n—1

(=AH + VPV, — (h, Rc)) +

2 (T~ R)D(EL;).

Since M is a quasi-constant curvature space, in addition, by using [5] and by
a direct computation, then we have
(3.3.3)

— 2[D(Rc)(h)]i
= Ahj; + 2Rjpgih?" — Rjhl — Ryhl + V;VH — V;divh; — V;divh;

R-T T-R

= Ahji + 2Ripg; W — 2( 1 ) hji = (771” — ) (&kkhY + &56kNT)

+ v]le - delvhi - Vidlvhj

R-T T—-R
= Ahji + 2Ripg; B — (Lx19) i 2( p— ) hji — (nn — ) (&ikwhy + &5€R7),

1
where X = X (g, h) is of 1-form defined as Xj, = gP7V hgp — 3 Vi(gPThpq).

From formulae (3.3.1), (3.3.2) and (3.3.3), and notice that 2m;&" = —£'¢7 h,;,
then we obtain

(3.3.4)
) 2 — 2 kel k1
i = m(—AHJrv Vihy — (b, Re)) gis + m[m €' Ry + Em' Ry
1
- 3¢k (vpvkhlp + VPVl — Ay — vkvlﬂ)} gis
2 1
- jl { —mFE Ry — &Fm'Ryy + §§k§l (vakth + VPVihgp
2&;
~ Ahy - vkvzﬂ)}@@ 28 (- AH 4 IV, — (o))
—+ Ahﬂ -+ QRZ'qu — (,Cxug) ii

= Ahgz + 2R7,qu (‘CXﬁg)Jz
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2 R-T nT — R

g (A VIV Iy~ T H T ) (01— €5)
k¢l

+nf_§1 ( = 2hp + VPV hip + VPV hgy — Dby — VszH) (950 — n&;&).

Adopting similar methods in Theorem 3.3.1, we now take Sy = C*°(S4'(M))
as the space of all metrics with the same volume element given by g, and by
[19], one knows that the elements in Sy can be changed into those in 8§ by
using homothetic deformations, and the tangent space TSy of S4' consists of
all trace-zero elements in Sy. Then, on T'SY, there holds H = 0. On the other
hand, we substitute the quasi-constant curvature tensor, Killing conditions into

(3.3.4), and then, we arrive at
(3.3.5)
0 2 nT — R
5= (vathq | hpq§p€q> (9i5 — &)
ghe!
+ o (=2hpt + VPV iy + VPV hiy — Dhig) (95 — néi&;)
2(R — 2T)
Ahij — —————"—hy;
TN T -y
2(nT — R
(71(—1)(77,—)2)(gij£p§thq — 9ig§p&ihP? — gp;&iEahP?).

Considering the acting on equation (3.3.5) with ¢’ and &7, we have
ici [ © A 2T P i

&e &hij —2 hij — thj + mhij +V Vihjp +V thip =0.
Since £ is of arbitrary, this implies that
9
ot
By using Killing conditions, we compute attentively and simplify (3.3.6) as
follows

2T
(3.3.6) hij = 28hij = 2hij & ——hij + VPVl + VPV iy = 0.

0 2T
9 by = 2Ry + 2k —
ot i 2 n—1
+ g"P(RF yiphijr, + R¥jphir + R ijhip + RFjihgy)

=0.

hij

According to the proof of Theorem 3.3.1, it is not hard to derive that there
holds

(Lhyh) < 2 Ah - hdp + 2/ <1 - T) R2dp + 4A |2,
Mn n Tl—l

< 2(/ ) V(Vh-h)duf/ n(Vhfdp)
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T
+ 2/ ) (1 - n_1> h2du + 4A||Rh||2.
T

< —2/ (Vh)?dp + 4A|| k|32 —2/ < —1> h2dpu,
Mn Mn n 1

where h € 89 is of a non-zero element. Considering the operator £ acting on
84, it is not hard to see by virtue of [10] that Theorem 3.3.2 is tenable. O
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