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SENSITIVITY ANALYSIS FOR SYSTEM OF PARAMETRIC
GENERALIZED QUASI-VARIATIONAL INCLUSIONS
INVOLVING R-ACCRETIVE MAPPINGS

KALEEM RAzA Kazmi, FAizaAN AHMAD KHANT, AND NAEEM AHMAD

ABSTRACT. In this paper, using proximal-point mappings technique of R-
accretive mappings and the property of the fixed point set of set-valued
contractive mappings, we study the behavior and sensitivity analysis of
the solution set of the system of parametric generalized quasi-variational
inclusions involving R-accretive mappings in real uniformly smooth Ba-
nach space. Further under suitable conditions, we discuss the Lipschitz
continuity of the solution set with respect to parameters. The technique
and results presented in this paper can be viewed as extension of the
techniques and corresponding results given in [3, 23, 24, 32, 33, 34].

1. Introduction

Variational inequality theory introduced by Stampacchia [35] and Fichera
[17] independently, in the early sixties in potential theory and mechanics, re-
spectively, constitutes a significant extension of variational principles. It has
been shown that the variational inequality theory provides the natural, descent,
unified and efficient framework for a general treatment of a wide class of unre-
lated linear and nonlinear problems arising in elasticity, economics, transporta-
tion, optimization, control theory and engineering sciences [5, 6, 10, 18-20].

In 1968, Brezis [7] initiated the study of the existence theory of a class of
variational inequalities later known as variational inclusions, using proximal
point mappings due to Moreau [27]. Variational inclusions include variational,
quasi-variational, variational-like inequalities as special cases. For application
of variational inclusions, see for example [4, 13].
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In recent years, much attention has been given to develop general techniques
for the sensitivity analysis of solution set of various classes of variational in-
equalities (inclusions). From the mathematical and engineering point of view,
sensitivity properties of various classes of variational inequalities can be pro-
vide new insight concerning the problem being studied and can stimulate ideas
for solving problems. The sensitivity analysis of solution set for variational in-
equalities have been studied extensively by many authors using quite different
techniques. By using the projection technique, Defermos [11], Mukherjee and
Verma [27], Noor [30] and Yen [37] studied the sensitivity analysis of solutions
of some classes of variational inequalities with single-valued mappings. By
using the implicit function approach that makes use of so-called normal map-
pings, Robinson [35] studied the sensitivity analysis of solutions for variational
inequalities in finite-dimensional spaces. By using proximal-point mappings
technique, Adly [1], Noor [35] and Agarwal et al. [2] studied the sensitivity
analysis of solution set of some classes of quasi-variational inclusions involv-
ing single-valued mappings. By using projection and proximal-point mappings
techniques, Ding and Luo [15], Liu et al. [26], Park and Jeong [32], Ding [14],
and Kazmi and Khan [23, 24], studied the behavior and sensitivity analysis of
solution set for some classes of generalized variational inequalities (inclusions)
involving set-valued mappings. It is worth mentioning that most of the results
in this direction have been obtained in the setting of Hilbert space.

Inspired by recent research work in this area, in this paper, we consider a sys-
tem of parametric generalized quasi-variational inclusions (SPGQVI, for short)
involving R-accretive mappings in uniformly smooth Banach space. Further,
using R-proximal mappings technique of R-accretive mappings, and the prop-
erly of the fixed point set of set-valued mappings, we study the behavior and
sensitivity analysis of the solution set for SPGQVI. Furthermore, the Lipschitz
continuity of solution set of SPGQVI is proved under some suitable conditions.
The theorems presented in this paper generalize and improve the results given
by many authors, see for example [3, 22-24, 32-34].

2. Preliminaries

Let E be a real Banach space equipped with norm || - ||; let E* be the
topological dual space of F; let (-,-) is the dual pair of E and E*; let C(FE)
denote the family of all nonempty compact subsets of E; let 2F denote the
power set of E; let H(-,-) be the Hausdorff metric on C(E) defined by

H(A,B) = maX{zggylggd(w,yL Egg;ggd(ﬂs,y)}, A,B e C(E),

and let J : E — 287 be the normalized duality mapping defined by
J(@) = {feE": (z, f) = || llzll = IfIl}, = € E.

First, we recall and define the following concepts and results.
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Definition 2.1 ([9]). A Banach space E is called smooth if, for every z € E
with [|z|| = 1, there exists a unique f € E* such that || f|| = f(z) = 1. The
modulus of smoothness of E is the function pg : [0,00) — [0, 00), defined by

pu(r) = wp{wx+yH+Hx—ym

~1: wy ek, o) =1, lyl =7}

2
Definition 2.2 ([9]). The Banach space E is said to be uniformly smooth, if
lim pL(T) =0.
T—0 T

We note that if E is smooth, then the normalized duality mapping J is
single-valued and if F = H, a Hilbert space, the J is identity map on H. In
sequel, we denote a selection of normalized duality mapping by j.

Lemma 2.1 ([8, 21]). Let E be an uniformly smooth Banach space and let
J: E — E* be the normalized duality mapping. Then for all x,y € E, we have
@) llz+yll®> < ll=l® +2(y, J(@+y));
(i) (2—y, J(2)=J(y)) < 2d°pp(d]|z—yll/d), where d = /(|| + [ly[]*)/
Definition 2.3 ([9]). A mapping A : E — E is said to be:
(i) accretive if, for all z,y € E, there exists j(x — y) € J(z — y) such that
(A(z) = A(y), jz—y)) = 0
(i) strictly accretive if, (A(x) — A(y), j(x—y)) > 0, and the equality holds
only when z = y.
(iii) &-strongly accretive if, for all z,y € E, there exist j(z —y) € J(z —y)
and a constant £ > 0 such that
(Alx) = Ay), j(z—y)) > &llz —yl*
(iv) &-Lipschitz continuous if, for all z,y € E, there exists a constant § > 0
such that

[A(z) = A(y)l < ol —yl|.
Definition 2.4 ([8]). A set-valued mapping M : E — 2¥ is said to be:
(i) accretive if, for all z,y € E, there exist j(x —y) € J(z — y) such that
(u—wv, jlx—y)) > 0forallue M(z), ve M(y);
(ii) &-strongly accretive if, for all z,y € E, there exist j(z — y) € J(z — y)
and a constant £ > 0 such that
(u—wv, jlz—y) = &lz—yl* for all u € M(z), ve M(y);
(iii) m-accretive if, M is accretive and (I + pM)(E) = E for any p > 0,
where I stands for identity mapping.

Definition 2.5 ([16]). Let R : E — FE be a nonlinear mapping. Then a set-
valued mapping M : E — 2F is said to be R-accretive, if M is accretive and
(R+ pM)(E) = FE for any p > 0.
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The following result gives some properties of R-accretive mappings:

Lemma 2.2 ([16]). Let R : E — E be a strictly accretive mapping and let
M : E — 2F be a R-accretive set-valued mapping. Then
(i) (w—wv, Jx—1y)) > 0 for all (v,y) € Graph(M) implies (u,z) €
Graph(M), where Graph(M) := {u,x) e ExX E: uwe M(x)};
(ii) the mapping (R + pM)~1 is single-valued for all p > 0.

By Lemma 2.2, we can define R-proximal point mapping of a R-accretive
mapping M as follows

(2.1) JM(z) = (R+pM)~!(z) for all z € E,
where p > 0 is a constant and R : £ — F is a strictly accretive mapping.

Lemma 2.3. Let R: E — E be a y-strongly accretive mapping and M : E —
2 be a R-accretive mapping. Then the R-proximal-point mapping Jé\/[ :EF—>FE
18 %-Lz’pschitz continuous, that is,

1
1757 () = T W)l < Sl =yl for allz,y € E.

Lemma 2.4 ([25]). Let X be a complete metric space and let Ty, Ty : X —
C(X) be 0-H-contraction mappings. Then

(2.2) H(F(Tv), F(Ty)) < (1*9)*1522(%(%), Ty(z)),

where F(T1) and F(T3) are the set of fized points of Th and Ty respectively.

3. System of parametric generalized quasi-variational inclusions

Throughout rest of this paper, unless otherwise stated, for each i = 1,2, we
assume that E; is uniformly smooth Banach space with norm || - ||;, and denote
the duality pairing between E; and its dual E} by (-, -);.

Let €7 and €25 be nonempty subsets of F; and Fs, respectively, in which
parameters A\ and p takes the values; let R; : F; — E;; g; @ E; x Q; — Ej;
P,F : ElXEQXQlXQQ — El and let Q,G : El XEQXQlXQQ HEQ besingle—
valued mappings such that g # 0 and let A,C : E; x Q1 — C(F1) and B, D :
Ey x Qg — C(E3) be set-valued mappings. Let M : By x Q; — 2E1 be an R;-
accretive mapping and N : Fy x Q5 — 252 be an Rs-accretive mapping in the
first argument such that g;(x, \) € dom M (-, A) and ¢2(y, 1) € dom N(-, u) for
all z € Ey,y € Eo, A € Q1,pu € Qa. For each (f1, fa, \, 1) € E1 X Eg x 1 X Qq,
we consider the system of parametric generalized quasi-variational inclusions
(SPGQVI, for short):

Find (z,y, u,v,w, z) such that (x = x(X), y =y(u)) € By X Ey, u =u() €
A, ), v = () € Bly, p), w=w(\) € Clz, \), 2 = (1) € D(y, ), and
Z, A,

(3.1) { f1 € Fa,y, A\, u) + Plu,v, A\, ) + M (g1 (z, A), A)
' f2 eG(m,y,)\,,u)+Q(w, ) M)+N(g2(y,/,é),u)
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Some special cases of SPGQVI (3.1):

IfEi=FE=H;F=G;Ri=Rs; f1=f2=0P=Q=0,B=D=0;g9g=
g1 = g2; C=0; F(z,y,\,pp) = F(z, ) for all (z,y,\, 1) € E1 X E2 x Q1 x Qa,
then SPGQVLI (3.1) reduces to the problem of finding = x(\) € H such that

0€ Fx,A) + M(g(z,A), ),
which has been studied by Adly [1].

Now, for each fixed (A\,u) € Q1 X Qo, the solution set S(A,u) of SPG-
MQVI(3.1) is defined as

(@ =x(A), y =y(p) € E1 x Bz, u=u(A) € Az, \),

S\ p) =1 v=v(p) € By, n),w=w) € C(z,N), z=z(u) € D(y, p),
such that
(32) flGF(x,y,)\,u)JrP(u,v,)\,u)+M(g1(x,/\),)\) }
’ f2 GG(%%)\»N)"‘Q(WZ, Avu)+N(92(yvﬂ)aH)

The aim of this paper is to study the behavior and sensitivity analysis of the
solution set S(A, 1), and the conditions on mappings A, B, C, D, F, G, P, Q,
M, N, g;, R;; under which the solution set S(A, u) of SPGQVI(3.1) is nonempty
and Lipschitz continuous with respect to the parameters (A, u) € Q1 X Q.

First, we recall the following concepts:

Definition 3.1 ([22]). A mapping g; : Fy x ; — Ej is said to be:
(i) (Lg,,1lq4,)-mized Lipschitz continuous, if there exist constants Lg,, lg,
> 0 such that

g1 (1, A1) = g1 (w2, A2) 1
< Lg, ||z — z2]|1 + Lg, | A1 — Ae|| for all (z1, A1), (22, A2) € By X Q4
(ii) s1-strongly accretive, if there exists a constant s; > 0 such that
(g1(x1,A) — g1 (22, A), Ji(w1 —x2))1 > siflzr — 2of}
for all (z1,z2,\) € By x By x €y, where J; : E; — 2F1 is the normalized
duality mapping.
Remark 3.1. When X is fixed, then mixed Lipschitz continuity of g; implies

Lipschitz continuity in the first argument.

Definition 3.2 ([22]). A set-valued mapping A : E; x Q; — C(FE1) is said to
be (La,la)-H-mized Lipschitz continuous, if there exist constants La,lq > 0
such that

H(A(x1,A1), A(z2, A2))
< Lallzy — zafly + Lal[A1 = Azfl1 for all (z1, A1), (22, A2) € Ex x Q4.

Definition 3.3 ([22]). Let Ry : By — E1, g1 : E1 X1 — Ej. Then a mapping
FZE1 XE2X91XQQ—>E1 is said to be:
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(1) (L(rays Lip2), Ly, l(F,2))-mized Lipschitz continuous, if there exist
constants L(p 1), L(p2), L(r1), L(r2) > 0 such that
| F' (21,91, A1, pn) — F(22, 92, A2,y pi2)]1
< Lipyllzr — w2lli + Lrgyllyn — valla + L ld = Aellt + lpo I — pe2ll2

for all (1’1,y17>\1,,u1), (xg,y2,)\2,u2) S E1 X E2 X Ql X QQ;
(ii) &1-strongly Ry o g1-accretive in the first argument if there exists a con-
stant £ > 0 such that

(F(z1,y1, A 1) = F(x2, 91, A\, 1), Ji(Ra o g1(x1,A) — R0 g1(x2,M)))
> &l — xof
for all 1,29 € E1, y1 € Ea, (A, 1) € Q1 X Qy, where R; o0 g1 denote Ry
composition g .
We now transfer the SPGQVI (3.1) into a fixed point problem.

Lemma 3.1. For each (f1, fa, \, 1) € E1 X Ea x Q1 X Qa, (2,y,u,v,w, z) with
(.13 = 33()\), Yy = y(:u)) € En x By, u= u()‘) € A(.I‘,A), v = ’U(/’[’) € B(y,/,L),
w=w(A) € C(z,\), z=z(u) € D(y, 1) is a solution of SPGQVI (3.1) if and
only if the set-valued mapping T : E1 X Ey x Q1 X Qo — 2F1%F2 defined by

(33) T(l‘,y,)\,/},) = (U(x’y’)‘7u)av(m7ya/\nu))a

where U : By X By x Q1 x Qo — 281 and V 1 By x Ey x Q1 x Qy — 252 qre
defined as
(3.4)

Uz, y, A\, 1)

= U |2 = g1(@, ) + IV (Ry o gi(2.0) = puF (w9, 1)
u€A(z,\), vEB(y,1)
- plp(ua v, >‘a ,LL) + plfl):| ;
(3.5)
Vi(z,y,\ 1)

= U [y—gz(y7u) + Jg(M) (R2 092(3/,,[1/) _pQG(xvyaAnu’)
weCl(z,\), z€D(y,pn)

Q) + )

has a fized point, where J%("k) = (R1 + p1M(-, )7, Jg("”) = (R +
p2N (-, 1))~ and p1, p2 > 0 are constants.

Proof. For each (f1, fa, A\, 1) € E1 X Fa x Q1 xQ9, SPGQVI (3.1) has a solution

(x,y,u,v,w,z) with (Z - .’ﬂ()\) € E17 Yy = y(:u) € b, u = U(iE,)\) € A(.’ﬂ, A)a
v = o) € By w = w(d) € Cle,N), » = 2(u) € Dly. ) such that
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g1(z,A) € dom M (-, \) and go(y, ) € dom N (-, u) for all z € Ey,y € Eo, A €
Q1, p € Qy if and only if

fl € F(x7ya)‘7ﬂ) —P(u,v,/\,,u) +M(gl(l‘7>\)7A)
— Rl Ogl(xﬂ A) - plF(.’ﬂ,y,)\,ﬂ) +,01P(U,’U,)\,[L) + plfl
€ (R1 4 pM(-, ) (g1(z, A))

and
f2 € G(z,y, A\, p) — Q(w, 2, A\, 1) + N(g2(y, 1), 1)
< R0 ga(y, 1) — p2G(2,y, A\, 1) + p2Q(w, 2, A\, 1) + pa fo
€ (R2 + p2N (-, 1)) (92(y, 1))

Since for each € FE1,y € Ea, A € Qy,u) € Qo, M(+,A) is Ry-accretive and
N(-, ) is Ro-accretive, by definition of R;-proximal-point mapping of J%("/\)

and Jé\f ) preceding inclusions hold if and only if

g1(@,) = JMCV Ry 0 gy (2,2) = puF(w,y, A 1) + pr P, v, A, 1) + pi fi]
and

g2y, ) = JNOH [Rz 0 g2(y, 1) — p2G(z,y, A, 1) + p2Q(u, v, A, 1) + pzf2},

ie, (z,y) € T(x,y, A\, 1). This completes the proof. O

4. Sensitivity analysis of solution set S(A, )

Now, we shall study the behavior and sensitivity analysis of the solution
set of SPGMQVT (3.1) and further, under suitable conditions, we shall discuss
Lipschitz continuity of the solution set with respect to the parameters.

Theorem 4.1. For eachi = 1,2, let E; be uniformly smooth Banach space with
pE, (t) < cit? for some ¢; > 0; let the mappings R; : E; — E; and g; : E; xQ; —
E; such that g; is s;-strongly accretive and (Lg,,lg,)-mized Lipschitz continu-
ous and R; 0 g; be (LR,og,, R;0q,)-mized Lipschitz continuous; let the set-valued
mappings A,C : By x Q3 — C(E1) and B, D : By x Qo — C(E3) be H-mized
Lipschitz continuous with constants (La,la),(Lp,lg) and (Lc,lc), (Lp,lp),
respectively; let F' : Fy X Ey X Q1 x Qo — FEy be & -strongly accretive with
respect to Ry o gy in the first argument and (L(pqy, L(p2), (£, l(F,2))-mized
Lipschitz continuous and G : E1 X Fo X Q1 X Qo — Ey be £o-strongly accretive
with respect to Ry o g in the second argument and (L(g 1y, L 2), l(c,1), lic,2))-
mized Lipschitz continuous; let the mappings P : Fy X Fo x 1 X Qy —
Ey be (Lpyy, Lipa2),l(p); l(p2))-mized Lipschitz continuous and Q : Ey x
Ey x Q1 x Qy — Ey be (Lg.1), Lq.2),l(@.1),l(0,2))-mived Lipschitz continu-
ous, respectively; let M : E1 x Q1 — 251 and N : Ey x Qo — 22 be such that
for each fixzed X € Q1 and p € Qa, M(-,\) and N(-,p) are Ry-accretive and
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Ry-accretive mappings, respectively. Suppose that there are constants d1,62 > 0
satisfies the following condition:

(4.1)
P 1
ki = \/1 — 259 + 64‘31[/52]1 + %L(P,I)LA + 7 \/LQR1091 —2pm& 6401’0%1;?}7,1)

+ %(L(G,l) + Ligle) < 1;

P2 1
ko = \/1 — 285 + 64ca L2, + %L(Qg)LD + 7—2\/L§22092 — 2pos + 64c2p3 L7, )

+ %(L(F,Q) + LpaLp) <1,

where 0 = max{ky, ka}. Then for each fized (f1, f2) € E1 X Fa, the set-valued
mapping T defined by (3.3) is a compact-valued uniform 0-H -contraction map-
ping with respect to (A, u) € Q1 X Qa, where 0 is given by (4.1). Moreover, for
each (X, p) € Q1 X Qq, the solution set S(\, p) of SPGQVI (3.1) is nonempty
and closed.

Proof. Let (z,y,\, u) be an arbitrary element in Ey X Fy X Q1 X Qs. Since
A, B,C, D are compact-valued, then for any sequences {u,} C A(z, ), {v,} C
By, p), {wn} C C(z,A), {zn} C D(y,p), there exist subsequences {u,,} C
{un}, {vn;} C{vn}, {wn,} C{wn}, {zn,} C {2n} such that u,, — u, vy, — v,
Wp;, — W, Zp, — 2 as ¢ — o0o. By using Lemma 2.3 and mixed Lipschitz
continuity of P and @, we have

(4.2)

”Jﬁji\i[(.))\) [Rl °© gl(xv )‘) - plF(x: Y, A, N) - plp(um? Un;» A, :u’) + plfl]

- J%(’/\)[Rl Ogl(xv)‘) - plF($>y7>‘nu) - plP(uvvaAau) + plfl]”l
S P (s v Asge) = P02 )
P1
—

IN

IA

Lipayllun, —ully + Lipg)|lvn, —v|[2] = 0asi— oo

and
(4.3)
[ TN Ry 0 ga(y, 1) — p2Gl(x, y, A, 18) — p2Q(Wn,, 2y, A, 1) + p2fo]

— INUM[Ry 0 ga(y, 1) — p2 G, y, A, 1) — p2Q(w, 2, A, 1) + pafa]ll2
< %IIQ(wn”znm\,u) — Qw, 2.\ p)|2

2 .
< %[L@,l)nwm —ully + Lg2)l|2n; — 2]l2] = 0 as i — oo,

Thus (3.3), (4.2) and (4.3) yield that T(x,y, A\, pu) € C(E;1 x E3).

Now, for each fixed (X, u) € Q1 X Qqo, we prove that T'(z,y, A, 1) is a uniform
0-H-contraction mapping. Let for i = 1,2, (x;,y;, A\, u) be arbitrary elements
in By X By x Q1 x Qo and let t; € U(zy1,y1, A, 1) and p1 € V(z1,y1, A, i), there
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exist u; = ui(x1,A) € A(x1,A), v1 = v1(y1, 1) € By, 1), wi = wy(x1,\) €
C(z1,A), and z1 = 2z1(y1, 1) € D(y1, p) such that
(4.4)
t1=z1— g1(21,A)
+ JMCVRy 0 g1 (21, N) — prF (21,91, A 1) + prPug, v1, A\, 1) + pu fi]
and
(4.5)
p1=y1—g2(y1, 1)
+ IO Ry 0 ga(y1, 1) — paGlan, yi, A, ) + paQ(wr, 21, A, ) + p2fal-
It follows from the compactness of A(z2, ), B(ya2, it), C(x2, A) and D(y2, 1) and
H-Lipschitz continuity of A, B, C, D that there exist ug = us(x2,A) € A(za, \),

vy = va(y2, i) € B(yz, ), woe = wa(x2,\) € C(x2,A) and zp = 22(y2, ) €
D(yo, pt) such that

|ur —uolls < H(A(z1,A), A(z2,A)) < Lallzr — 221,
(46) [vr —v2ll2 < H(B(y1, 1), B(y2,1)) < Lpllyr — yall2,
Jwi —woll1 < H(C(21,A), C(22,A)) < Leflzr — 22,
|21 = 22l < H(D(y1, 1), D(y2, 1)) < Lpllyr — y2llo-
Let
(4.7)

ty = x2 — g1(w2, \)

+ JMCEVRy 0 g1 (w2, N) — prF (22,42, A, 1) + p1P(uz, va, A\, 1) + p1 fi]
and
(4.8)
P2 = Y2 — ga(y2, 1)

+ INCM Ry 0 ga(ya, 1) — paGl@2, Y2, M ) + p2Q(wa, 22, A, 1) + pafa-
Then we have t5 € U(za,y2, A, 1) and pa € V (22, y2, A, i).

Next, using Lemma 2.3, we have

(4.9)
llt1 —t2lls

<oy — 22 — (ga(z1, A) — g1, V) |y
+ | TMCVRy 0 gy (21, N) = prF (w1, y1, A i) + prP(ug, v1, A, 1) + pafi]
— JMCVIR) 0 g1 (22, A) — prF (2, 2, A, ) + prP(uz, v2, X, ) + prfi] |11
< flor — 22 — (91(21, A) — g1(w2, M)
+ %I|R1 o g1(x1,A) = Riogi(z2,\) — pr(F (21,91, A\ 1) — F(22,92, A, 1)
+ P(u1,v1, A\, 1) — P(ug, va, A\, p))||1-
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Since g1 is s1-strongly accretive and (L, , {4, )-mixed Lipschitz continuous,
using Lemma 2.1 we have

(4.10)
21 — 22 — (g1(21, A) — g1(2, )13
< ley = @2l = 2(91 (21, A) = g1 (w2, A), Ji(21 — 22 = (g1(21, M) — g1 (w2, M)
< oy = @2l — 2(91(21,A) — g1 (w2, A), Ju(x1 — w2)1 — 2{g1 (21, A) — g1 (w2, ),
Ji(z1 — 29 — (g1(21,A) — g1(22,N))) — Ji(z1 — 22))1
< oy — @l — 2s1/|lw1 — @[T + 641 L2 |Joy — 2|3
< (1-2s1+ 6401L31)||x1 — 252,
Since P is (L(pyl),L(p,g),l(p71)7l(p72))—mixed Lipschitz continuous and H-
Lipschitz continuity of set-valued mappings A, B, we have
(4.11)
[P (u1,v1, A1, 1) — Pluz, vz, A2, pi2) |1
< Lipyllur —uzlli + Lpoyllvr — vallz + {py A — A2ln + Ip 2yl — p2l2
< Lipy) H(A(z1,\), A(x2,A) + Lipay H(B(y1, 1), B(y2, 1t))
+lpyllA = Aalli + oyl — pa2ll2
< Lipy Lallzy — x2ll1 + Lipa) Lellyr — y2ll2 + el A — Azl
+lpoyllun — pzll2,
and
(4.12)
[R10g1(z1,A) — Riogi(w2,\) — pr(F(w1,91, A, 1) — F(22, 92, A, 1)
— Pur,v1, A, p) + P(uz,v2, A, 1)) |11
< |[Riogi(z1,A) — Riogi(z2,A) — pr(F(z1, 91, A, ) — F22, 91, A 1)) 11
+ p1l|F(z2,y1, A, 1) — F(22,92, A\, 1) |1
+ p1l|[P(ur, v1, A, ) — P(uz,v2, A, 1) 1.

Further, since F' is &;-strongly accretive with respect to Ry o g1 in the
first argument and (L g1y, L(r,2), [(F,1), |(F,2))-mixed Lipschitz continuous and
Ry 0g11s (Lryogy s Ry 0g, )-mixed Lipschitz continuous, then

4.13
( ||1)?1 o gi(1,A) = Ry o gi(xa,A) — p1(F(x1,y1, M 1) — F(w2,y1, A\, ) |7
< Ry 0 g1(21,A) = Ry 0 g1 (w2, A)|I? = 2p1(F (21,51, A, 1) — Fa2,91, A\, ),
Ji(Riog1(w1,A) — Ri0g1(w2,A) — p1(F(21,y1, A\ ) — F2,91, A, 1)1
< L0, 121 — 22]1? = 200 (F (21,51, A, 1) — F(2,y1, A, 1),
Ji1(Ry0g1(x1,\) — Ry o g1(x2,A)))1
= 2p1(F(z1,y1, A, ) = F (2, y1, A, 1), J1(R1 © g1 (w1, \) = Ry 0 g1 (22, \))
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= p1(F (@1, 91, A p) = F(z2,y1, A, 1)) — Ji(Ra 0 g1 (w1, ) — R1 0 g1 (22, M)
< LR o, 71 — 22| = 2p1&1 |21 — 3213

+ 641 p7 || F (w1, y1, A, 1) — Fa, y1, A, )17
< Lo, 21 — 2| = 2p1&1 [l21 — @21 + 64c1p L 1y [l — 22[3
< (Lo, — 201&1 + 64197 Lip ) [l21 — 223

Since, F'is (L(r,1), L(r2),l(F.1), l(F,2))-mixed Lipschitz continuous, then we
have

(4.14) 1F (22, y1, A, 1) — F(22, 92, A\, )|l < Lipayllyr — y2lle-
It follows from (4.9)-(4.12) and (4.14), we have

(4.15)
[t1 — tallx

< \/1 — 251 + 6dey L2, oy — oy

1
o Thiog, — 208 + 6401 L ey — )l

+ %L<F,2)||y1 —yoll2 + % [L(P,l)LAHxl — 22l + LpoyLelyr — yzllz}

_ 2 4 P LR T 272
< (Y1-2s1+61eaL2, + L+ V Eog, — 20161+ 6derpt L2, )

X ||z1 — 22l + %(L(F,Z) + L(P,Q)LB) lyr — y2ll2-
From (4.5) and (4.8) and Lemma 2.3, we have
(4.16)
lpr — P22
< lyr —y2 = (g2(y1, 1) — g2(y2, 1)) |2

+ "J,ﬁi("ﬂ) [Rz © g2(y1, 1) — p2G (21,91, A, 1) + p2Q(w1, 21, A, ) +p2f2]
— J;\Q/Y(HIL) |:R2 o g?(y27/’6) - p2G(x25 Y2, )‘Mu’) + sz(w2’ %25 A’ ,LL) + p2f2i| HQ

1
< ||y1 — Y2 — (g2(y1,,u) - 92(2/27/1))”2 + %||R2 092(y1,u) —Ryo 92(y2,lt)

- pQ(G(xla Yt >\7:LL) - G(Jfg,yg, A,M) - Q(Ufl, 21, )‘7/J’) + Q(wQ? 22 A? :U’)”2

Since go is sg-strongly accretive and (Lyg,, {4, )-mixed Lipschitz continuous,

we have Q is (L,1), L(q,2); l(0,1),1(@,2))-mixed Lipschitz continuous and H-
Lipschitz continuity of set-valued mappings C, D, we have

(4.17)
1Q(w1, 21, A1, 1) — Q(wa, 22, A2, p12)|1

< Ligllwr —wali + Lig2yllz1 — 222 + Lo, A — Aalli 4+ L@,2) ln — pall2
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< Ly H(C(x1,A), Clx2,N) + Lig,2) H(D(y1, it), D(y2, 1))
+lou A = Xelli + lig.2) lny — w22

< Lig Lellzr — 22lli + Lig.2) Lollyr — v2ll2 + L@ 1A — A2l
+ @2 llm — pallz,

(4.18)
ly1 —y2 — (g2(y1, 1) — 92(3&#))”%
< llyr = vall3 — 2{g2(y1, 1) = g2z, 1), J2(y1 = y2 — (92(y1, 1) — 92(y2, 1))))2
< Ny —w2ll3 — 20g2(y1, 1) — 92(y2, 1), J2(y1 — y2))2
= 2(g2(y1, 1) — g2 (Y2, 1), Ja(y1 — y2 — (92(y1, 1) — g2(y2, 1)) — J2(y1 — y2))2
< lyr — 2ll3 = 2s2llyr — wa2ll” + 64c2 L2, |lyr — 2|3
< (1= 282+ 64e2 Ly, ) lyr — y2l3-
Now,
(4.19)
[R2 0 g2(y1, ) = R2 0 g2(y2, 1) — p2(G (1,91, A, 1) — G(@2, 92, A, 1)
— Qwr, 21, A\, ) + Q(wa, 22, A, 1)) ]|2
< [R2 0 g2(y1, ) — R2 0 g2(y2, i) — p2(G(w1,y1, A, 1) — G(w1, 92, A, 1)) |2
+ p2l|G (21, Y2, A, 1) — G2, 92, A, ) |2
+ p2l|Q(w1, 21, A, ) — Q(w2, 22, A, ) |2

Further, since G is &;-strongly accretive with respect to Rg o g2 in the sec-
ond argument and (L 1), L(c,2), l(a,1), Z(G’Q))—mixed Lipschitz continuous and
R30 g5 18 (LRyogs» L Ry0g, )-mixed Lipschitz continuous, then we have

(4.20)
IRz © ga(y1, 1) — Ra © ga(ya, 1) — p2(G(z1, 51, A 1) — G, 92, A, 1)) I3

< |[R2 0 g2(y1, 1) — R © g2 (ya, wll5 — 202(G (21,51, A, 1) — G, 92, A\, ),
J2(R2 0 g2(y1, ) — Rz 0 g2(y2, 1) — p(G(a1,y1, A ) — G(21, 92, A, 1))

< L%ﬁongyl — 23 = 2p2(G(z1,y1, A\, 1) — G(21, Y2, A, 1), Jo(Ra 0 g2 (1, 1)
— Ry 0 g2(y2, 11))2 — 2p2(G (21, Y1, A, ) — G(21, Y2, A, 1), J2(R2 0 g2(y1, 1)
— Ra0ga(y2, 1) — p2(G(21, 91, A, 1) — G(21, Y2, A, 1)) — J2(R2 0 g2(y1, 1)
— R0 g2(y2, 11)))2

< Ly og Iy — 12l — 2p282ll51 — w23
+ 6425 )| G (1, y1, A, 1) — G0, 92, A, )13

< Lo, ly1 — v2l” = 2pa&allyr — walli + 64c2p3 LG 1 llyr — w2l

< (Lyogy — 20282 + 64cap3 Lig 1)) ly1 — v2lf5-
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Since, G is (L(a,1), L(c,2): l(G,1), l(G,2))-mixed Lipschitz continuous, then we
have

(421) HG(ajla Y2, )‘HU’) - G(£27y25 A?M)HQ < L(G,l)“xl - lell'
It follows from (4.12), (4.16)-(4.21), we have

(4.22)
[p1 — pall2

< \/1 — 289 + 64c2 L2, [ly1 — olla

1
b Dhaeg, — 226+ Bheagd L s — vl

P2 P2
+ %L(G,l)llm — a1 + - [L(Q,l)LCHxl — 2all1 + Lqg2)Lpllyr — y2H2}

P2 1
< (\/1 — 259 + 6402_[,32 +£L(Q12)LD+%\/L%2092 —2p282 + 64CZP§L%CL2))
X |ly1 — yall2 + % (L(G’l) + L(Q,1)LC) |21 — 22]|1.

From (4.15) and (4.22), we have

1(t1,p1) = (b2, p2)ll+ = lIt2 = t2lls + [Ip1 — p2ll2
(4.23) < kallen — @2l + Kallyr — w22

< max{kr, ko }(Jla1 = @l + g1 = p21l2),

A

where E* := F; x E5 is a Banach space with norm || - ||« = || - [l + || - ||2;

(4.24) ky :=my + %(L(G,l) + Lg)Lc); k2 :=ma+ %(Lmz) +Lpa)L);
(4.25)

1
my = \/1 — 251 + 64c1 L2, +%L(P,1)LA+%\/L§1091 — 20161 + 641 3L )

(4.26)
1
meo 1= \/1 — 289 + 6462Lg2+%L(Q’2)LD+7\/L%20g2 — 2p2€2 + 6462p%L%G,2).
2 2

Hence, we have

d((t1,p1), T(w2,y2, M, 1)) = inf (1, 1) — (t2, p2)l|s
(4.27) (t2,p2) €T (z2,y2,A, 1)

max{ky, k2 } (|21 — 221 + [[y1 — y2]l2)-

IN

Since (t1,p1) € T(21,y1, A, pt) is arbitrary, we obtain
(4.28)

sup d((t1,p1), T(22,y2, A\, 1) < max{ky, ka} ([l — z2ll1 + lyr —y2ll2) -
(t1,p1)ET (x1,y1,A, 1)
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By using same argument, we have
(4.29)
sup d((t2,p2), T(x1, 91, A 1)) < max{ky, ka}([lzy — @2lls + [y — y2ll2) -
(t2,p2) €T (z2,y2, A1)
By definition of the Hausdorff metric H on C(E; x E3), we obtain that for
all (xi,yi,)\,u) € By x By x Q1 x QQ,

(4.30) H(T'(x1,y1, A 1), T (22,92, A, ) < max{ky, ko }(I| (21, y1) — (2, y2)[l+),

that is, T'(z,y, A\, 1) is a uniform #-H-contraction mapping with respect to
(A ) € Q1 x Qy, where § = max{ky, ko}. Also, it follows from condition
(4.24) that 0 < 1 and hence T'(x,y, A, 1) is a set-valued contraction mapping
which is uniform with respect to (A, 1) € 1 x Q9. By a fixed point theorem
of Nadler [29], for each (A, u) € Q1 x Qq, T'(z,y, A\, 1) has a fixed point (z,y) €
E; X E3, and hence Lemma 3.1 ensures that S(\, ) # 0. Further, for any
sequence {X,,y,} C S(A, ) with nler;O(:vn,yn) = (%0, Y0), we have (z,,y,) €

T(xp, Yn, A, 1) for all n > 1. By virtue of (4.30), we have that

d((x(vaO)vT(‘ranOv)‘vM))
(431) < ||(£E0,y0) - (xn,yn)n* + H(T(x?“myna Avu)vT(‘roaym)‘vﬂ“))
< X+ 0)(zn, yn) — (zo,y0)ll+ — 0 as n — oo,

that is, (zo,v0) € T(zo, Y0, \, t) and hence (zg,y0) € S(A, 1). Thus S(\, p) is
closed in Fy x F5. This completes the proof. O

Theorem 4.2. For eachi = 1,2, let E; be real uniformly smooth Banach space
with pg, (t) < cit? for some c¢; > 0; let the mappings gi, Riogi, A, B, C, D, F,
G, P, Q be same as in Theorem 4.1 and condition (4.1) holds and there exist
constants 61,09 > 0 such that
(4.32) .
12 D (@) = T V@)l < SifA = Al for all z € By, AA €, |
15 @) = To P @)l < Sallp— filla for all y € Ba, p, i € s,

Then the solution set S(\, p) of SPGQVLI (3.1) is a H-Lipschitz continuous
mapping for Q1 X Qg into B X Fs.

Proof. For each (\,p), (A, i) € 1 x Qy, it follows from Theorem 4.1, S(\, 1)
and S(A, i) are both non-empty and closed subsets of By x E,. Again by
Theorem 4.1, Tz, y, A\, 1) and T'(x, y, \, i) are both set-valued #- H-contraction
mappings with same contractive constant § € (0,1). By Lemma 2.4, we obtain
(4.33)

1

x,Y 1 X L2

where 6 is given by (4.1).
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Now, for any (i1,l1) € T(x,y, A, u), there exist u = u(x, \) € A(x,\), v =
v(y, p) € By, p), w=w(z,A) € C(z,A), 2= 2(y, p) € D(y, p) satisfying
(4.34)
iy =2—g1 (2, )+ MOV [Ryogi (2, \) = prF (2,5, A, ) +p1 P(u, 0, A, 1) +p1 fa],
and
(4.35)
lh= yng(yv :LL) +J£(’H) [RZ Og2(ya /u‘) 7p2G(x7 Y, /\7 :u) +pQQ(U)a 2, >‘a ,LL) +P2f2]

It follows from the compactness of A(z2, ), B(ya, 1), C(x2,A) and D(ya, 1)
and H-Lipschitz continuity of A, B, C, D that there exist & = u(x, \) € A(x, \),
v=u(y,n) € By, fi), w = w(z,A) € C(z, ), 2= z(y, ) € D(y, 1) such that

lu—ally < H(A(z,A), Az, A) < Lal]A=All,
(4.36) [v—"2l2 < H(B(y,p), B(y,/})) < lsllu—l_ill,
[w—wli <H(C(x,A), C(z,A) < lcllA=Al,
Iz = zllz2 < H(D(y, 1), D(y, 1)) < Ipllp— All-
Let
(4.37)

i2 = SL‘—gl(I7X)+J%("X)[Rlogl($,X)—plF(l’,y,;\7ﬁ)+p1P(ﬂ,@, j‘aﬂ)+plfl]7

and
(4.38)

ls = y—g2(y, 1)+ IN P [Ra0ga(y, 1) — p2Gl@,y, A, 1) — p2Q(w, 2, A, [i) + p2.fo).-
Clearly, (ia,12) € T(x,y, \, Ji).
From (4.32), (4.34) and (4.37) and Lemma 2.3, we have
(4.39)
l[ix — i2([x
< lgi(z, A) = g1(z, N
+ ) CVRy 0 gi (2, X) = prF (2,5, A, ) + prP(u, v, A, 1) + p1 fi]
= IOV R0 gi(@, ) = piF (2,9, A 1) + o P(@, 0,5 1) + pufilll
+ ) CVRy 0 g1 (2, X) = prF (2,9, A, i) + pr P(@, 0, A, 1) + p1 fi]
= MV [Ry 0 gy (2, ) = prF(w,y, A, 1) + pr P(, 5, A, ) + p1fil
< lg1(z,X) = gr(z, M|
+ R0 g1(2.0) = Ry g1(e.3) + 1 (P, o) = P00 )
—p(F(z,y, M\ 1) = F(z,y, A @)+ 1A = Al
< llgr(z, ) = g1 (@, M|
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1 . -
+ - [R10g1(x,\) — Ry ogi(x, N)|li + pal|(F (2,9, A\, 1) — F(2,y, A 1) |1

+ prlP(u, 0,2 1) = P(a 0, X 1) 1|+ 81]IA = Al

Since, I is (L(p,1), L(r,2), (1), l(F,2))-mixed Lipschitz continuous, then we
have

(440) HF(:'C7 Y, 5‘» /1') - F(LL', Y, 5\, ﬁ)”l < l(F,l) ”:u’ - p’HQ

Also, g1 is (Lg,, g, )-mixed Lipschitz continuous, then we have
(4.41) (2, A) = gr(@, My < g, 1A = Al
and Ry o g1 is (LR,og, s [Rog, )-mixed Lipschitz continuous, then we have
(4.42). [R10g1(2,A) = Ra o ga(, M| £ lryog, IA = Allx

From (4.11), (4.39)-(4.41), we have
(4.43)

lix — d2[lx

~ 1 _ - -~

< g, []A = Al + o [ZRlogl A= Alle + prllm 1A = Ally + Lpo) e — B, ||2]
+p1lLpnyla+ e nllIA = Al
+ pilLpals + el = ll2] + 1A = Al

1 _
< P {7115;1 + 1R 0g: + P1 (l(F,l) + Lpy + L(P,1)1A) + 5171} A=Al
+ 2 [Z(F,z) +lpo2 + L(P,2)ZB} e — fll2-
Al

Since, G is (L(g,1), L(a,2), (1), l(c,2))-mixed Lipschitz continuous; g is
(Lgy,1g,)-mixed Lipschitz continuous; Ra o g2 is (LRyo0gs+[Ryog, )-mixed Lips-
chitz continuous; and from (4.18), (4.32), (4.35), (4.36), (4.38) and Lemma 2.3,
we have

(4.44)
11— I2]l2
< g2y, 1) — g2(y, 1) |2

+ HJIQ("“) [Rz 0 92(y, 1) — p2G(,y, A\, 1) + p2Q(w, 2, A, 1) + pzfz}
- Jg(»ld«) |:R2 © gQ(y’ /7’) - p2G(xa Y, 5‘3 /_1’) + pQQ( 0, Z, 5‘7 /j) + P2f2] H2
4 [ R 0 (9, ) — 02C N ) + 02QU, 2 A ) o]

A i
— Jg(,'a) |:R2 o gQ(ya ﬁ) - pQG(LU, Y, 5‘) ﬁ) + sz( 0, Z, 77ﬂ) + p2f2:| HQ

< g [l — 2
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1 _ T -
+ % |:||R2 o 92(%#) - R2 o 92(%#)“2 + P2||G(33a » Y )\,,U,) - G(.’E, Y, >\7 :u>||2

+ p2llQw, 2, A 1) = Q. A )2 + Gl — il

N

_ 1 _ _ _
< lollp = pllz + = [132092 e = allz + P2l lln = Al + Ul = 2, 12)
+p2(Lgulo + 11X = Al + L lplle — all2
+lQlA = Al + g lln - ﬂ||2} + 02| 1 — fr2]2

IN

1
- [Vzlgg + lRry0g, + P2 (Z(G,z) +1lig2) + l(Q,z)lD> + 5272} |1 — fizll2

+ % [Z(GJ) +lgu + L(Q,1)lc} A=Al
From (4.43) and (4.44), we have
[(ir, 11) = (i2, L)« = |lin — dofls + Il — L2]l2
(4.45) < ksl A = Al + kallp — Rl
< max{ks, ka}|(A 1) = (A 1),
where

(4.46) k3 :=mg +la) g+ Lgule; ka=ma+lpo +lp2+Lp2ls;

1
(4.47)  mg = " [71191 +lR100 + 1 (l(F,l) +lpy) + L(P,I)ZA) + 5171];
1
(448) my = % [’72192 + lR2092 + P2 (l(G,Q) + l(Q,Q) + L(Q)Q)ZD) + 52"/21| .
Hence, we have
d((ilall)7T(‘T7ya x?ﬁ)) = . inf o ||(Zlvll) — (12’12)”*
(4.49) (i2,l2) €T (z,y,\, 1)

S max{kg,k4}||(/\,u) - (5‘7ﬂ)”*

Since (i1,11) € T'(z,y, A\, p) is arbitrary, we obtain
(4.50)

sup d((i, 1), T(x,y, A\, 1)) < max {ks, ka}[|(A, 1) — (X, 1)«
(i1,01) €T (z,y,\,1)

By using same argument, we can prove
(4.51)

sup _ d((i25l2)7T('r7y7Aa,u)) < max{k3,k;4}\|()\,u) - (5‘7/])“*
(i27l2)€T(a:7y’>‘vﬂ)

Hence, it follows that for all (z,y, \, u), (z,y, A\, i) € By X Ey x Q1 x Qa,
(4.52) H(T(z,y,\ 1), T(2,y, M, 1) < Oul|(A 1) — (N @),
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01 = max{ks, k4} and hence from (4.33) and (4.52) we obtain

_ 0, _
4. H(S(A ANi)) < | —— A — 2] -
(4.53) (5w, SO < (g (10w = A p
This implies that S(\, ) is H-Lipschitz continuous in (A, 1) € €1 x Q5 and
completes the proof. ([
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