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FIXED DEGREE THEOREMS FOR FUZZY MAPPINGS

IN SYMMETRIC SPACES

Seong-Hoon Cho∗ and Seung-Jeong Bae

Abstract. In this paper, several common fixed degree theorems
of a sequence of fuzzy mappings defined on symmetric spaces are
established.

1. Introduction

In [6], the author introduced the concept of fixed degree for fuzzy map-
pings in complete metric spaces and proved some fixed degree theorems
which are generalizations and unifications of some results of [2,3,4,12].

In [10], the authors obtained some theorems about common fixed
degree of a sequence of fuzzy mappings in probabilistic metric spaces.
The results of [10] are generalizations and unifications of some results of
[2,5-9,13,15,16,17,20,21]. In [14], the author gave a generalization of the
result of [10].

On the other hand, in [1,18,19], the authors gave some fixed point
theorems in symmetric spaces. These theorems should be of interest
to analysists. Recently, in [11], the authors studied some axioms for
symmetric spaces and their relationships, and gave some examples. They
proved some common fixed point theorems on symmetric spaces by using
those axioms.

In this paper, we obtain some theorems about common fixed degree
of a sequence of fuzzy mappings in symmetric spaces.
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2. Preliminaries

A symmetric on a set X is a function d : X ×X → [0,∞) satisfying
the following conditions:

(i) d(x, y) = 0 if and only if x = y for all x, y ∈ X,

(ii) d(x, y) = d(y, x) for all x, y ∈ X.

Let d be a symmetric on a set X. For x ∈ X and ε > 0, let B(x, ε) =
{y ∈ X : d(x, y) < ε}. A topology τ(d) on X is defined as follows:
U ∈ τ(d) if and only if for each x ∈ U , there exists an ε > 0 such that
B(x, ε) ⊂ U . A subset S of X is a neighborhood of x ∈ X if there
exists U ∈ τ(d) such that x ∈ U ⊂ S. A symmetric d is a semi-metric
if for each x ∈ X and each ε > 0, B(x, ε) is a neighborhood of x in the
topology τ(d).

A symmetric(resp., semimetric) space (X, d) is a topological space
whose topology τ(d) on X is induced by the symmetric(resp., semimet-
ric) d.

Note that for a sequence {xn} in semimetric space (X, d) and x ∈ X,
limn→∞d(xn, x) = 0 if and only if limn→∞xn = x with respect to τ(d).

A symmetric(semimetric) space (X, d) is summable-complete(shortly,
s-complete) if for every sequence {xn} with

∑∞
n=0 d(xn, xn+1) < ∞, there

exists an x ∈ X such that limn→∞d(xn, x) = 0.

The difference of a symmetric and a metric comes from the triangle
inequality. Actually a symmetric space need not be Housdorff. In order
to obtain fixed degree theorems on a symmetric space, we need the
following axiom (C.C)[11].

(C.C) For a sequence {xn} in a symmetric space (X, d) and x, y ∈ X,
limn→∞d(xn, x) = 0 implies limn→∞d(xn, y) = d(x, y).

For a symmetric(semimetric) space (X, d), let CB(X) be the collec-
tion of nonempty closed bounded subsets of X.

For all A,B ∈ CB(X) and x ∈ X, let d(x,A) = infy∈Ad(x, y),

H(A,B) = max{supx∈Ad(x,B), supy∈Bd(A, y)} and

D(A,B) = supx∈Ainfy∈Bd(x, y).

Note that D(A,B) ≤ H(A,B) for all A,B ∈ CB(X).

A fuzzy set F in X is a function from X into [0, 1] and F (x) is called
the grade of membership of x ∈ X in F . For α ∈ (0, 1], the set (F )α =
{x ∈ X : F (x) ≥ α} is called the α-level set of a fuzzy set F .
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We denote by CBF (X) the collection of all fuzzy sets in X such that
for any F ∈ CBF (X) its each α-level set is a nonempty closed and
bounded subset of X.

Recall that for fuzzy sets F and G in X, F ⊂ G if and only if F (x) ≤
G(x) for all x ∈ X.

For each x ∈ X, we denote by {x} the fuzzy set with a membership
function equaling to the characteristic function of the singleton {x} in
X.

If T is a mapping from X into CBF (X), then we say that T is a fuzzy
mapping on X.

Let T be a fuzzy mapping and {Ti}∞i=1 be a sequence of fuzzy mappings
on a set X. For a x∗ ∈ X, the value (Tx∗)(x∗) is called the fixed degree
of x∗ for T , and (

⋂∞
i=1 Tix∗)(x∗) = infi≥1(Tix∗)(x∗) is called the common

fixed degree of x∗ for {Ti}∞i=1 .
A point x∗ ∈ X is called a fixed point of T if {x∗} ⊂ Tx∗. A point

x∗ ∈ X is called a common fixed point of {Ti}∞i=1 if {x∗} ⊂
⋂∞

i=1 Tix∗.
Note that for a fuzzy mapping T and a sequence of fuzzy mappings

{Ti}∞i=1, {x∗} ⊂ Tx∗ if and only if (Tx∗)(x∗) = 1 and {x∗} ⊂
⋂∞

i=1 Tix∗
if and only if (

⋂∞
i=1 Tix∗)(x∗) = 1. Thus the notion of fixed degree is a

generalization of the notion of fixed point.
From now on, let φ : [0,∞) → [0,∞) be a function satisfying the

following conditions:
(φ1) φ is strictly increasing,
(φ2) 0 < φ(t) < t for all t > 0,
(φ3)

∑∞
n=1 φn(t) < ∞ for all t > 0, where φn is n-th iteration of φ.

Note that φ(0) = 0 and limn→∞φn(t) = 0 for all t ≥ 0.

3. Main results

Theorem 3.1. Let (X, d) be a s-complete symmetric(semimetric)
space which satisfies (C.C), and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings on X satisfying the following
condition:
for any i, j ∈ N, x, y ∈ X and u ∈ (Tix)α(x),

d(u, (Tjy)α(y)) ≤ φ(max{d(x, y), d(x, (Tix)α(x)), d(y, (Tjy)α(y)).(1)

Then there exists an x∗ ∈ X such that (
⋂∞

i=1 Tix∗)(x∗) ≥ α(x∗).
In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.
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Proof. Let x0 ∈ X and x1 ∈ (T1x0)α(x0). Fix a real c > 0 with
d(x0, x1) < c.

From (1) we have

d(x1, (T2x1)α(x1))

≤φ(max{d(x0, x1), d(x0, (T1x0)α(x0)), d(x1, (T2x1)α(x1)),

≤φ(max{d(x0, x1), d(x1, (T2x1)α(x1))})
≤φ(d(x0, x1))

<φ(c).

We can take x2 ∈ (T2x1)α(x1) such that d(x1, x2) < φ(c).
Similarly, we have

d(x2, (T3x2)α(x2))

≤φ(max{d(x1, x2), d(x1, (T2x1)α(x1)), d(x2, (T3x2)α(x2)),

≤φ(max{d(x1, x2), d(x2, (T3x2)α(x2))})
≤φ(d(x1, x2))

<φ2(c).

We can take x3 ∈ (T3x2)α(x2) such that d(x2, x3) < φ2(c).
Repeating the above procedure, we have a sequence {xn} in X such

that
xn+1 ∈ (Tn+1xn)α(xn) and d(xn, xn+1) < φn(c) for n = 1, 2, 3, · · · .
Hence

limn→∞d(xn, xn+1) = 0

and

∞∑
n=1

d(xn, xn+1) <

∞∑
n=1

φn(c) < ∞.

By the s-completeness of (X, d), there exists an x∗ ∈ X such that
limn→∞d(xn, x∗) = 0.

Next, we show that (
⋂∞

i=1 Tix∗)(x∗) ≥ α(x∗).
From (1) we have

d(xn+1, (Tix∗)α(x∗))

≤ φ(max{d(xn, x∗), d(xn, (Tn+1xn)α(xn)), d(x∗, (Tix∗)α(x∗)),

≤ φ(max{d(xn, x∗), d(xn, xn+1), d(x∗, (Tix∗)α(x∗)).
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Letting n →∞ in above inequality and by using (C.C), we have
d(x∗, (Tix∗)α(x∗)) ≤ φ(d(x∗, (Tix∗)α(x∗))).
Hence we have
d(x∗, (Tix∗)α(x∗)) ≤ φ(d(x∗, (Tix∗)α(x∗))) ≤ φ2(d(x∗, (Tix∗)α(x∗)))
≤ · · · ≤ φn(d(x∗, (Tix∗)α(x∗))) → 0 as n →∞.
Thus d(x∗, (Tix∗)α(x∗)) = 0 and x∗ ∈ (Tix∗)α(x∗).
Since i was an arbitrary, we have x∗ ∈ (Tix∗)α(x∗) for all i ∈ N, and

so
(Tix∗)(x∗) ≥ α(x∗) for all i ∈ N. Hence,
(
⋂∞

i=1 Tix∗)(x∗) = infi≥1(Tix∗)(x∗) ≥ α(x∗).
If α(x∗) = 1, then x∗ ∈

⋂∞
i=1(Tix∗)1. Thus, {x∗} ⊂

⋂∞
i=1 Tix∗.

Corollary 3.2. Let (X, d) be a s-complete symmetric(semimetric)
space which satisfies (C.C), and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings on X satisfying the following
condition:
for any i, j ∈ N, x, y ∈ X and u ∈ (Tix)α(x), there exists v ∈ (Tjy)α(y)

such that d(u, v) ≤ φ(max{d(x, y), d(x, (Tix)α(x)), d(y, (Tjy)α(y)).
Then there exists an x∗ ∈ X such that (

⋂∞
i=1 Tix∗)(x∗) ≥ α(x∗).

In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.

Corollary 3.3. Let (X, d) be a s-complete symmetric(semimetric)
space which satisfies (C.C), and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings on X satisfying the following
condition:
for any i, j ∈ N, x, y ∈ X,

D((Tix)α(x), (Tjy)α(y)) ≤ φ(max{d(x, y), d(x, (Tix)α(x)), d(y, (Tjy)α(y)).

Then there exists an x∗ ∈ X such that (
⋂∞

i=1 Tix∗)(x∗) ≥ α(x∗).
In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.

Corollary 3.4. Let (X, d) be a s-complete symmetric(semimetric)
space which satisfies (C.C), and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings on X satisfying the following
condition:
for any i, j ∈ N, x, y ∈ X,

H((Tix)α(x), (Tjy)α(y)) ≤ φ(max {d(x, y), d(x, (Tix)α(x)), d(y, (Tjy)α(y)).

Then there exists an x∗ ∈ X such that (
⋂∞

i=1 Tix∗)(x∗) ≥ α(x∗).
In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.
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remark 3.5. In Theorem 3.1, if we have φ(t) = kt, for some k ∈ (0, 1)
and all t ≥ 0, then the conclusion holds.

Theorem 3.6. Let (X, d) be a s-complete symmetric(semimetric)
space which satisfies (C.C) and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings from X into CBF (X) satisfying
the following condition:
there exist a1, a2, a3 ∈ (0, 1) with a1 + a2 + a3 < 1 such that for any
i, j ∈ N, x, y ∈ X and u ∈ (Tix)α(x),

d(u, (Tjy)α(y)) ≤ a1d(x, y) + a2d(x, (Tix)α(x)) + a3d(y, (Tjy)α(y))(2)

Then there exists an x∗ ∈ X such that (
⋂∞

i=1 Tix∗)(x∗) ≥ α(x∗).
In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.

Proof. As in proof of Theorem 3.1, let x0 ∈ X and x1 ∈ (T1x0)α(x0).
Fix c > 0 with d(x0, x1) < c.

From (2) we have

d(x1, (T2x1)α(x1))

≤a1d(x0, x1) + a2d(x0, (T1x0)α(x0)) + a3d(x1, (T2x1)α(x1))

≤a1d(x0, x1) + a2d(x0, x1) + a3d(x1, (T2x1)α(x1)).

Hence we have

d(x1, (T2x1)α(x1)) ≤ a1 + a2

1− a3

d(x0, x1) <
a1 + a2

1− a3

c.

We can take x2 ∈ (T2x1)α(x1) such that d(x1, x2) < a1+a2

1−a3
c.

Similarly, we have

d(x2, (T3x2)α(x2))

≤a1d(x1, x2) + a2d(x1, (T2x1)α(x1)) + a3d(x2, (T3x2)α(x2))

≤a1d(x1, x2) + a2d(x1, x2) + a3d(x2, (T3x2)α(x2)).

Hence we have
d(x2, (T3x2)α(x2)) ≤ a1+a2

1−a3
d(x1, x2) < (a1+a2

1−a3
)2c.

We can take x3 ∈ (T3x2)α(x2) such that d(x2, x3) < (a1+a2

1−a3
)2c.

Repeating the above procedure, we have a sequence {xn} in X such
that

xn+1 ∈ (Tn+1xn)α(xn)

and
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d(xn, xn+1) < (
a1 + a2

1− a3

)nc for n = 1, 2, 3, · · · .

Thus

limn→∞d(xn, xn+1) = 0

and
∞∑

n=1

d(xn, xn+1) <

∞∑
n=1

(
a1 + a2

1− a3

)nc < ∞.

By the s-completeness of (X, d), there exists an x∗ ∈ X such that
limn→∞d(xn, x∗) = 0.

We now show that (
⋂∞

i=1 Tix∗)(x∗) ≥ α(x∗).
From (2) we have
d(xn+1, (Tix∗)α(x∗))
≤ a1d(xn, x∗) + a2d(xn, (Tn+1xn)α(xn)) + a3d(x∗, (Tix∗)α(x∗)), and so

d(xn+1, (Tix∗)α(x∗))
≤ a1d(xn, x∗) + a2d(xn, xn+1) + a3d(x∗, (Tix∗)α(x∗)).
Letting n →∞ in above inequality and by using (C.C), we have

d(x∗, (Tix∗)α(x∗)) ≤ a3d(x∗, (Tix∗)α(x∗)),

and so we have d(x∗, (Tix∗)α(x∗)) = 0 and x∗ ∈ (Tix∗)α(x∗).
By the arbitrariness of i, we have x∗ ∈ (Tix∗)α(x∗) for all i ∈ N, and

so
(Tix∗)(x∗) ≥ α(x∗) for all i ∈ N.
Hence (

⋂∞
i=1 Tix∗)(x∗) = infi≥1(Tix∗)(x∗) ≥ α(x∗).

If α(x∗) = 1 then x∗ ∈
⋂∞

i=1(Tix∗)1. Thus {x∗} ⊂
⋂∞

i=1 Tix∗.

Corollary 3.7. Let (X, d) be a s-complete symmetric(semimetric)
space which satisfies (C.C) and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings on X satisfying the following
condition:
there exist a1, a2, a3 ∈ (0, 1) with a1 + a2 + a3 < 1 such that for any
i, j ∈ N, x, y ∈ X and u ∈ (Tix)α(x), there exists v ∈ (Tjy)α(y) such that

d(u, v) ≤ a1d(x, y) + a2d(x, (Tix)α(x)) + a3d(y, (Tjy)α(y))

Then there exists an x∗ ∈ X such that (
⋂∞

i=1 Tix∗)(x∗) ≥ α(x∗).
In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.
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Corollary 3.8. Let (X, d) be a s-complete symmetric(semimetric)
space which satisfies (C.C) and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings on X satisfying the following
condition:
there exist a1, a2, a3 ∈ (0, 1) with a1 + a2 + a3 < 1 such that for any
i, j ∈ N, x, y ∈ X,

D((Tix)α(x), (Tjy)α(y)) ≤ a1d(x, y)+a2d(x, (Tix)α(x))+a3d(y, (Tjy)α(y))
Then there exists an x∗ ∈ X such that (

⋂∞
i=1 Tix∗)(x∗) ≥ α(x∗).

In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.

Corollary 3.9. Let (X, d) be a S-complete symmetric(semimetric)
space which satisfies (C.C) and let α : X → (0, 1] be a function. Suppose
{Ti}∞i=1 is a sequence of fuzzy mappings on X satisfying the following
condition:
there exist a1, a2, a3 ∈ (0, 1) with a1 + a2 + a3 < 1 such that for any
i, j ∈ N, x, y ∈ X,

H((Tix)α(x), (Tjy)α(y)) ≤ a1d(x, y)+a2d(x, (Tix)α(x))+a3d(y, (Tjy)α(y))
Then there exists an x∗ ∈ X such that (

⋂∞
i=1 Tix∗)(x∗) ≥ α(x∗).

In addition, if α(x∗) = 1 then x∗ is a common fixed point of {Ti}∞i=1.

remark 3.10. Let F : X → CB(X). We define a fuzzy mapping
T : X → CBF (X) by Tx = χ

Fx
.

Note that for x ∈ X, x ∈ Fx if and only if {x} ⊂ Tx.
If we have a sequence {Fi} of multivalued mappings from X into

CB(X) instead of {Ti} in Theorem 3.1 and Theorem 3.6, then the con-
clusions hold.
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