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SOME GEOMETRIC RESULTS ON A PARTICULAR
SOLUTION OF EINSTEIN’S EQUATION

JoNG W00 LEE

ABSTRACT. In the unified field theory(UFT), many works on the
solutions of Einstein’s equation have been published. The main goal
in the present paper is to obtain some geometric results on a partic-
ular solution of Einstein’s equation under some condition in even-
dimensional UFT X,,.

1. Introduction

Einstein ([1], 1950) proposed a new unified field theory that would
include both gravitation and electromagnetism. Characterizing Ein-
stein’s unified field theory as a set of geometrical postulates in a 4-
dimensional generalized Riemannian space X} (i.e., space-time), Hlavaty
([9], 1957) gave the mathematical foundation of the 4-dimensional uni-
fied field theory(UFT Xj) for the first time. Generalizing X, to the
n-dimensional generalized Riemannian manifold X,,, n-dimensional gen-
eralization of this theory, the so-called Finstein’s n-dimensional unified
field theory(UFT X,,), had been obtained by Mishra ([8], 1958). Since
then many consequences of this theory has been obtained by a number
of mathematicians. The main goal in the present paper is to obtain some
geometric results on a particular solution of Einstein’s equation under
some condition in even-dimensional UFT X,,. The obtained results and
discussions in the present paper will be useful for the even-dimensional
considerations of the unified field theory.
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2. Preliminary

This section is a brief collection of basic concepts, notations, and
results, which are needed in our further considerations in the present
paper.

Let X,, be an n-dimensional generalized Riemannian manifold covered
by a system of real coordinate neighborhoods {U; 2"}, where, here and in
the sequel, Greek indices run over the range {1,2,--- ,n} and follow the
summation convention. In the Einstein’s usual n-dimensional unified
field theory(UFT X,,), the algebraic structure on X, is imposed by a
basic real non-symmetric tensor g,, the so-called unified field tensor,
which may be split into its symmetric part hy, and skew-symmetric
part ky,:

(2.1) D = Py + kg,

where we assume that

(2.2) G =det(gr,) #0, H =det(hy,) #0.

Since det(hy,) # 0, we may define a unique tensor h* (= h**) by
(2.3) hauh =67,

We use the tensors h™ and hy, as tensors for raising and/or lowering
indices for all tensors defined in UFT X, in the usual manner. Then
we may define new tensors by

(2.4) k= ka, b, kS = kb

In UFT X, the differential geometric structure is imposed by the tensor
gru by means of a connection I'§ , defined by the Einstein’s equation:

0
N 83:"’)’

(25&) awg)\u - ga,urgw - g/\arzu =0 (au
or equivalently
(25b) Dwgku = QSwuag)\a,

where D,, denotes the symbolic vector of the covariant derivative with

respect to I' , and 5),” is the torsion tensor of I' .
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In UFT X, the following quantities are frequently used, where p =
1,2, 3, ..:

G T
= — /{} = —
(CL) g H; H7
(26) (b) KO = ]-) KP = k[alal ka20£2 kap]ap’
(C) (O)k_)\u _ 5K7 (p)k)\u _ k)\Oé (P—l)kal’ _ (P—l)k)\ﬂé kau’
(d) ¢ ="k

It should be remarked that the tensor ®k,, is symmetric if p is even,
and skew-symmetric if p is odd.

REMARK 2.1. From now on, we shall assume that
(2.7) T = det(ky,) # 0.
Hence there exists a unique skew-symmetric tensor ¥ in X, satistying
(2.8) F k= 0.

Since ky, is skew-symmetric, and 7" # 0, the dimension of X,, is even.
That is, n is even. Hence all our further considerations in the present
paper are dealt in even-dimensional UFT X,,.

Our investigation is based on the skew-symmetric tensor
(2.9) Py= (1= @)kr, + Pk,

where ¢ is given by (2.6)(d). And the following quantities are used in
our further considerations. For s = 2,4, ..., n + 2,

(210) QO == O, Qs - (Qb - 1)9872 -+ KS,Q.

A direct calculation shows that
n—2 n—4

Qna =(0—1)2Ko + (¢ —1)7 Ky + (9= 1)"7 Ky+
o+ (0—1)K, 2 + K,

= Z{\/ﬁ}n_p—’(p

The following theorems were proved by Lee[3, 2009]:

(2.11)

THEOREM 2.2. The determinant of the tensor Py,, given by (2.9),
never vanishes, i.e.,

(2.12) det(Py,) # 0,
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if and only if
(2.13) Qpao # 0.

REMARK 2.3. In our further considerations in the present paper, we
assume that €, 15 # 0, that is, det(Py,) # 0. Therefore there exists a
unique skew-symmetric tensor Q* satisfying

Av v
(2.14) Py QY = 4.
THEOREM 2.4. The representation of the tensor Q*, given by (2.14),
may be given by

n—

2
1
2.15 QM = > Qg IR
( ) Qn+2 part +2

Here and in what follows, the index s is assumed to take the values 0,
2,4, ... ,n in the specified range, and

2
K, (n—s—l)k)\u‘

(2.16) (DA — M =

=

Il
=)

THEOREM 2.5. A necessary and sufficient condition for the Einstein’s
equation (2.5) to admit exactly one particular solution '}, of the form
(2.17) S = kY,

for some nonzero vector YV, is that the basic tensor gy, satisfies the
following condition:

(2.18) Vo ke = =2k huja — Pl kua) Q7 Vi k)7

where QM is given by (2.15), and V., is the symbolic vector of the
covariant derivative with respect to the Christoffel symbols {,",,} defined
by hy,. If this condition is satisfied, then the vector Y which defines
the particular solution is given by

(2.19) Y =Q\ Vgky,

and hence the complete representation of the particular solution in terms
of the basic tensor gy, may be given by
(2.20)

n—2
v v 1 v v\ (n—s— «a
o= %) = s D Qe hga — k) O Tk
n s=0
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3. Some geometric results

REMARK 3.1. Our further considerations in the present paper, we
assume that the condition (2.18) is always satisfied by the basic unified
field tensor gy,.

THEOREM 3.2. When a connection I}, of the form (2.17) is a solution
of the Einstein’s equation (2.5), its torsion vector Sy = S)," is given by
n—2

1
ZQM D Vk,

n+2

(3.1) Sy =

Proof. From (2.20), we obtain

(3.2) 5 ZQS+2 o IR sk B,
Contracting for p and v in (3.2), and making use of (2.6)(c), we obtain
(3.1) O

THEOREM 3.3. The Nijenhuis tensor N,,”,
(33) Mo = 200 kp) ™ — 2k (B4 k™),
is given by

n—2

(3.4) N2 = _2<k>\u9n+2 2 ZQS ) (n—s=2) vy V,gk‘

Proof. The symbol 0 in (3.3) may be replaced by V| that is,
(3.5) Ny =2(Va k") k™ = 2k (Vi kx®).

In this case, substituting the condition (2.18) into (3.5), the Nijenhuis
tensor N,,” may be given by

(36) N/\#V _ Q(k’)\# _ (3)]@\#)]{7”0{ Q" Vﬁ ]Cyﬁ
by a straightforward computation. Substituting (2.15) into (3.6), we
obtain (3.4). O

THEOREM 3.4. The covariant derivatives of the determinants G and
H, given by (2.2), with respect to (2.20) may be given by

2G 2
(3.7) DG = — ZQS+2 n=s=DE T Vgk,P

n+2
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n—2
2H
(88)  DuH =-5 § :QH (n=s=2p 7 4 (=5 D MYVeE P
n+2

Proof. According to (2.2), there is a unique tensor

dlnG
ag)\y ’

(39) * g)\z/ —
satisfying the condition

(3.10) I 9" = g g = 5.

Multiplying *¢* to both sides of (2.5)(b), and making use of (3.10), we
obtain

(3.11) *0M Dogry = 28",

Contracting for g and v in (3.11), and making use of (3.9), we obtain
"¢V Dy,gn =G 'D,G =25,

which implies that

(3.12) D.G = 2GS,

Substituting (3.1) into (3.12), we obtain (3.7). Next, making use of (2.1)
and (2.5)(b), we obtain

(3.13) Doy = Dugow = 286" 9na

Multiplying A* to both sides of (3.13), and making use of (2.4), we
obtain

M Dyhy, = H ' Dy H = 28,0 B 4 28, % ko B
=25, + 25,7 k)\,,,
which implies that

(3.14) D, H =2H(S, — S\ k).
Substituting (3.1) and (3.2) into (3.14), and making use of (2.6)(c), we
obtain (3.8). O

THEOREM 3.5. The partial derivative of ¢, given by (2.6)(d), is given
by

(3.15) ZQHQ nes g st MYk

n+2
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Proof. Making use of the definition of the covariant derivative with
respect to {,”,}, and V h,, = 0, we obtain

0.6 = 0u(Pks”) = —0, (kapk®®)
= —Vu(kask™) = =2k V kog.

Substituting (2.18) into (3.16), and making use of (2.6)(c), we obtain
(3.15). O

(3.16)

THEOREM 3.6. The partial derivative of g, given by (2.6)(a), is given
by
n—2

29 (n—s—1) 15}
(317) 8wg = Qn+2 ; Qs+2 kwv vﬁk'y )
Proof. In (2.20), let
(318) FKM = {/\yy} + UV}\M + S)\uya
then
(3.19) . Z Qo2 k(2 Epya "IV sk,

Since G is a density of weigh 2, making use of (3.12) and (3.18), we
obtain

2G Sw = DwG = G{aw(ln G) - 2Fgw}

3.20

(3:20) = G{0,(InG) — d,(In H) 4+ 25, — 2U,},

where

(3.21) U = U,

Making use of (2.6)(a), the equation (3.20) is equivalent to
1

(3.22) 20U, = 0,(lng) = g e

On the other hand, making use of (2.6)(c), (3.19) and (3.21), we obtain

n—2

1
ZQS+2 s gk, P

n+2

(3.23) U, =

Substituting (3,23) into (3.22), we obtain (3.17). O
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