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AN APPLICATION OF A LINKING METHOD TO A
GENERAL ELLIPTIC SYSTEM

HyEwoN NAM

ABSTRACT. In this work, we consider an elliptic system of three
equations in dimension greater than one. We prove that the system
has at least three nontrivial solutions by applying a linking theorem.

1. Introduction and background

Presently there are many significant results with respect to the elliptic
system

—Au = A+ 0v + hy(z,u,v),
—Av = 0u+ vv + hy(z,u,v),

in €2, where {2 C R" is the bounded smooth domain, subject to Dirichlet
boundary conditions ©u = v = 0 on 09, h;, i = 1,2 are real valued
functions and A, 0, v and @ are real numbers.[[5], [6]]

In this paper we prove the existence of three nontrivial solutions for
a general elliptic system. We use a variational approach and look for
critical points of a suitable functional I on a Hilbert space H. Since the
functional is strongly indefinite, it is convenient to use the notion of a
linking theorem. In Section 2, we find a suitable functional I on a Hilbert
space H. In Section 3, we prove the suitable version of the Palais-Smale
condition for the topological method. In Section 4, we apply the three
critical points theorem.

We recall some basic theorem and set up some terminology. Let H
be a Hilbert space and V a C? complete connected Finsler manifold.
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DEFINITION 1.1. The cuplength of a space V, denoted cuplength(V),
is the maximum number m of positive degree cohomology classes [w1],
[wa], -+, [wim] such that wy Awas A+ Awy, #0 on V.

Suppose H = Hy® H1® Hy® Hs and let H,, = Hy,, & Hy,,® H,, ® Hs,
be a sequence of closed subspaces of H such that

H,, c H, 1<dimH;, <+4+oco foreach i=0,--- and neN
Moreover suppose that there exist e; € N2, Hy,,, and ey € N2 Hoyp,
with |le1|| = ||es]| = 1.

For any Y subspace of H, consider B,(Y) := {u € Y||ju| < p} and

denote by 0B,(Y) the boundary of B,(Y") relative to Y. Furthermore
define, for any e € H,

Qr(Y,e):={u+aceY @le]lueY,a>0,|u+ad]| <R}

and denote by 0Qg(Y, e) its boundary relative to Y @ [e], and denote by
X=HxYV.
We recall the three critical points theorem in [3].

THEOREM 1.1. Suppose that f satisfies the (PS)* condition with
respect to H,. In addition assume that there exist p;, R;, 1 = 1,2, such
that 0 < p; < R; and

sup [ < inf 1,
9QR, (H2®Hz,e1)xV 0By, (Ho®H1)XV
sup f < oo, inf  f < —oo,
Qr, (H2®Hz,e1)xV By, (Ho®H1)xV
sup  f < inf :
8QR2(H3752)><V aBpQ(HO@H1®H2)XV
sup  f < o0, inf f< —o0.
QRy (Hs,e2)xV By (Ho®H1®H2)xV

If Ry < Ry, then there exist at least 3 critical levels of f. Moreover the
critical levels satisfy the following inequalities

inf f < < sup f< inf f<c
sz(Ho@HleaHg)XV 8QR2(H3,e2)xV 8BpQ(H0@H1®H2)><V
< sup  f < sup f
QRy (Hs,e2)xV 0QR, (H2DHs,e1)xV
< inf f<es < sup f,-
aBﬂl (HI@HZ)XV QRI (HQ@Hg,el)XV ’

and there exist at least 3 + 3 cuplength(V) critical points of f.
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2. Notations and main result

Let Q € RY be a bounded domain with the smooth boundary and
H = Wy?(9), the usual Sobolev space with the norm ||u|? = [, |Vu|?dz.
In this paper, we consider the existence of nontrivial solutions to the
elliptic system
—Au=au+ out + fi(z,u,v,w) in ,
(1) —Av=bv+nu~ + folz,u,v,w) in Q,
—Aw = cw + f3(z,u,v,w) in Q,
u=v=w=0 on 0f2.

And there exists a function F : @ x R®* — R such that £ = f; 95 = f,
and g—g = f3 without loss of generality, we set

F(z,u,v,w)
(u,v,w)

—/ fi(z,u,v,w)du + folx,u,v,w)dv + f3(x,u, v, w)dw.
(0,0,0)

Then F € C1(Q x R} R).
We consider the following assumptions.
(F1) There exist M > 0 and « > 2 such that

0 < aF(z,u,v,w) < uF,(x,u,v,w) + vF,(x,u,v,w) + wF,(x,u,v,w)
for all (z,u,v,w) € Q x R® with v 4+ v + w? > M2

(F2) There exist constants a; > 0 and as > 0 such that
|Fou(, u, v, w)|+|Fy (2, u, v, w) |4+ Fy (2, u, v, w)| < agtag(|u]"+o|"+w|")

where 1 <r < (N +2)/(N —2)if N > 2/ 1<r < oo otherwise.
(F3) For (0,v,w) — (0,0,0),
F(z,0,v,w)
v? 4 w?
REMARK 2.1. The condition (F1) shows that there exist constants
by > 0 and by such that(cf. 2] )

F(z,u,v,w) > by(|u|® + |v]* + |w|*) — bs.

— 0.

Let Ax denote the eigenvalues and e; the corresponding eigenfunc-
tions, suitably normalized with respect to L?(f2) inner product, of the
eigenvalue problem —Au = Au in ; with Dirichlet boundary condition,
where each eigenvalue A is respected as often as its multiplicity. We
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recall that 0 < A\; < Ay < A3 < ---,\; — 400 and that e; > 0 for all
x € Q. Then H = span{e;|i € N}.

Let e; = (e;,0,0), €2 = (0,¢;,0), and e} = (0,0,¢;). We define H; =
span{eﬂz’ € N}, for j =1,2,3 and £ = H; @& Hy ® Hs with the norm
1w, v, w)IE = [[ul® + [vl* + [lw]]*.

We define the energy functional associated to (1) as

1 1
I(u,v,w) = 3 /(|Vu|2 + |Vul? + |[Vw|*)dx — 5/(au2 + bv® + cw?)dx
Q Q

(2) —g/g(zﬁfdx— g/g(v_)2dx—/QF(x,u,v,w)dx

It is easy to see that I € C'(F, R) and thus it makes sense to lock for
solutions to (1) in weak sense as critical points for [ i.e.(u,v,w) € F
such that I'(u,v,w) = 0, where

I'(u,v,w) - (qb,w,a):/(VUV¢+VUV1/J~I—VwVU)dx
Q
— b de — 9 todr — “d
/Q(au¢+vw+cwa)m /Qu<bx n/{szx
— /(fl(x,u,v,w)ngrfg(x,u,v,w)@/)Jrfg(x,u,v,w)a)dx.
Q

We will prove the following theorem.

THEOREM 2.1. Assume F satisfies (F1), (F2) and (F3) with « = r+1.
If a, b, ¢, 6, and n are positive with a + 9 < A, b+n < A and ¢ < )\
then system (1) has at least three nontrivial solutions.

3. The Palais Smale star condition

In [1] the following definition is given.

DEFINITION 3.1. We say that I verifies the Palais Smale star condi-
tion at level ¢ ((PS)?) with respect to (E,,), if for any sequence (u,) in F
such that u,, € E,, I(u,) — ¢ and I} (u,) — 0 there exists a subsequence
of (u,) which converges to a critical point for I.

DEFINITION 3.2. A sequence (u,,) C E is said to be a (PS)} sequence
ifu, € By, I(u,) — ¢, I}, (u,) — 0 as n — oo.
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REMARK 3.1. If any (PS)} sequence has a convergent subsequence,
then we say that I satisfies the (PS)} condition.

In this section we will prove the (PS)} condition which was required
for the application of Theorem 1.1. In the following, we consider the
following sequence of subspaces of E :

En:span{eﬂi:l,---,n and j=1,2,3}, for n > 1.

LEMMA 3.1. Assume F satisfies (F1) and (F2) with o = r+ 1. If
a+6 <A, b+n <X\ and c < Ay, then any (PS)? sequence is bounded.

Proof. Let {(un,vn, w,)} C E be a sequence such that

(Uns VU, Wy) € By Ity Oy wy) — ¢, I (U, Upywy) — 0 as n— o0

In the following we denote different constants by C7, Cs ete. (F1) and
Remark imply that

Cy

(3)

L o(0) (| + [l + N1l

‘|‘§0

1
Z I(unavnawn) - §I;L(Un7vn7wn) : (unyvnywn)
1
= _/(unfl +Unf2+wnf3)dx_ / Fdx
2 Q Q

> (%—1)/F(m,un,vn,wn)dm
Q

> —1)61/(\un\0‘+]vnla+\wn|0‘)dx—02
QO

o)
2
o)
2

> (5 = Dba(llunllZe + lvallZe + lwallza) — C

On the other hand,

o(D)[unll =

o(W)fonll =

o(D)[lwnll =

Irlz(um Un, wn) : (Un, 0, O)

ol [ a5 [ e [ e,

[1/1<un7 Unps wn) : (O, Un, O)

v, |I? —b/’ljidx_"?/(’l}n)2d$—/fQ(l',Un,’Un,wn)Undx_
Q Q Q

I;l(un’vn7wn) ’ (Oa O7wn)

||wn||2_c\/w?zdx_/f3(w7unavn7wn)wndx~
Q Q
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We know that [[ul|* > Ai|jul|7. for v € H and |Ju|7, > [, (u")?*dz. Using
(F2), we obtain

[y

(4)

+

IN

ol + flwall®

/(aui + b2 + cw?)dx + 6 / (uh)?dz +n / (v, )?dx
0 0 0

+/Q(unf1+vnf2+wnf3)d$+0(1)(||un|| + llvall + [lwal))

a+o , b+n ,  C 9
n + — n N n

2 4+ S 2 4 |

+o(1)(lunll + [lonll + [lwall)

e / (™ + [oa ]+ [wa ") + Ci.
(9]

(4) imply that if a + 3 < A, b+n < A; and ¢ < A; then

Hun”2 + ||Un||2 =+ ||1Un||2 < 05/(‘unlr+1 + ‘Un‘r-i—l + ‘wnlr—i_l)daf
Q

()

+o(L)Co([lunl] + loall + lJwnll) + C7.

Combining (3), (5) and using o« = r + 1, one infers that

lell® + llvall* + lwal* < o(D)Cs(lunll + [lvn]l + llwall) + Co.

This yields {(uy, vn, wy,)} is bounded.

]

LEMMA 3.2. Assume F satisfies (F1) and (F2) with o = r+ 1. If
a+90 < A, b+n< A and ¢ < A\, then the functional I satisfies the
(PS) condition with respect to E,,.

Proof. By Lemma 3.1, any (PS)* sequence {(un,v,,w,)} in E is
bounded and hence {(u,, v,,w,)} has a weakly convergent subsequence.
That is there exist a subsequence {(up,,vn;,wn;)} and (u,v,w) € E,
with w,, = u, v,, = v and w,, — w. Since {uy, }, {vy, } and {w,, } are
bounded, by Remark of the Rellich-Kondrachov compactness theorem
[4], un; — u, v,; — v and w,; — w and thus I satisfies the (PS);
condition.

]
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4. Proof of main theorem

LEMMA 4.1. Assume F satisfies (F3). If ¢ < )y, then there exists
p1 > 0 such that

inf I >0.
8BP1(H3)

Proof. By (F3), for any ¢ > 0, there exists p > 0 such that
0 < ||lwl <p=|F(z,0,0w) < clw?
Then | [, F(z,0,0,w)dz| < [o|F(x,0,0,w)|dx < [,elw]*dr < £[lw|?

and hence

1
1(0,0,w) = §/Q]Vw|2dx — g/Qdex — /QF(x, 0,0, w)dz

1 2 c 2 € 2
> —_ P P —

Sl = sl = 5wl

1 c+ 2

= —(1- >0
51— Sl
which gives the result for sufficiently small €. Therefore we can choose
0 < p1 < p such that 1(0,0,w) > 0 for any ||w|| = p;. O

LEMMA 4.2. Assume F satisfies (F1). If a, b, ¢, 0, and n are positive,
then there exists an R > 0 such that for any Ry > R

sup I <0.
OQr, (H1®Hz,e3)

Proof. In the following we denote different constants by C7,Cs etc.
Remark implies that

I _ 1 2 2 )‘1512 1 2 2
(u,v, B €)= 3 (|Vul® + |Vo|?)dx + 5 5 (au® + bv*)dx
Q Q

2
;§_géme—gAwVM—Amew&®m

1 A

< gl gl + 28— [ P ey
Q

1 A

<l gl + 22— [l ol + (et + 0
Q

1 )\16 «a o «a

< gl gl + Myl — Gl — Gl +
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for any (u,v,0) € H;®H, and any constant 3. Since « > 2, I(u, v, f1e1) —
—oo for ||u|| — oo or ||v|| — oo or |#1| — oo. Therefore we can choose
0 < Ry < oo such that I(u, v, f1e1) < 0 for any ||(u, v, f1e1)||lg = R1. O

LEMMA 4.3. Assume F satisfies (F3). If b+n < A\; and ¢ < Ay, then
there exists p; > 0 such that

inf I >0.
8Bp2 (H2EBH3)

Proof. By (F3), for any € > 0, there exists p > 0 such that
0 < [lwll* + [lwl* < p* = |F(2,0,v,w)| < e(|v]* + [w]*).

Then | [, F(x,0,v,w)dz| < <(||v]|* + [[w]|*) and hence

1 b
I(0,v,w) = 5/9(\V1}|2 + | Vw|?)dz — §/Qv2daz — g/Q(U)2dQJ

—E/ w2dx—/ F(z,0,v,w)dx
2/ q Q

1 b+77—|—2€ c+ 2

> Z(1- 2 2>0

50 = ol + 50 - S5l

which gives the result for sufﬁmently small €. Therefore we can choose
0 < pa < p such that I(0,v,w) > 0 for any [[v]|* + ||w|* = p3. O

LEMMA 4.4. Assume F satisfies (F1). If a, b, ¢, 6, and n are positive,
then there exists an R > 0 such that for any Ry > R

sup [ <O.
8QR2 (Hlve%)

Proof. In the following we denote different constants by C,Cs etc.
Remark implies that

1 A b32
I(u, Bre1,0) = 2/|Vu| dr + 2122 152 _E/Ude_%
Q

2 2
—é/(qu)Qda:—/F(x,u,5261,0)dx
2 Q Q
< Sl + M@—/me@%mm
Q
A
< Ljupp+ 2B e - culle +
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for any v € H and any constant (5. Since o > 2, I(u, 32¢1,0) — —o0
for ||u|| — oo or |Bs] — oo. Therefore we can choose 0 < Ry < oo such
that I(u, 5re1,0) < 0 for any ||(u, 5ze1,0)||r = Ra. O

Proof of Theorem. By Lemma 4.1 and 4.2, there exists 0 < p; < R
such that

sup I <0< inf I
OQRr, (H1®Hz,€3) 0By, (H3)

And by Lemma 4.3 and 4.4, there exists 0 < ps < Ry < Ry such that

sup [<0< inf I.
8QR2(H1,6%) 0By, (H2DH3)

By Theorem 1, I(u, v, w) has at least three nonzero critical values ¢y, co, c3
inf 1< < sup [ < inf I <c < sup [

By (Ha®Hs) OQry(Hied)  OBpy(Ha®Hs) Qry (H1.e3)
< sup I < inf << sup 1.
OQRr, (H1®H>z,€3) 9B, (H3) Qr, (H1®H>2,e3)

Therefore, (1) has at least three nontrivial solutions.
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