Korean J. Math. 18 (2010), No. 1, pp. 63-77

INFINITE FINITE RANGE INEQUALITIES

HAEWON JOUNG

ABSTRACT. Infinite finite range inequalities relate the norm of a
weighted polynomial over R to its norm over a finite interval. In
this paper we extend such inequalities to generalized polynomials
with the weight W (z) = [[,=; |z — xx|7* - exp(—|z|).

1. Introduction

In the analysis of extremal polynomials, inequalities relating L, norms
of weighted polynomials over infinite and finite intervals are important
because they reduce problems over an infinite interval to problems on a
finite interval. Freud, Nevai and others (see [11]) obtained inequalities
that sufficed for weighted Bernstein type theorems on R. Subsequently
Mhaskar and Saff [8] established sharper inequalities that led to nth root
asymptotics for L, extremal polynomials. In resolving Freud’s conjec-
ture, Lubinsky, Mhaskar and Saff [7] further sharpened these inequalities.
In this paper we extend such inequalities to generalized polynomials with
the weight W(z) = [[,L, |x — x| ™ - exp(—|z|*).

A generalized nonnegative algebraic polynomial is a function of the
type

fE) =l []1z =217 (0#weC)

with r; € R, z; € C, and the number

m
def
n = T’j

j=1
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is called the generalized degree of f. Note that n > 0 is not necessarily
an integer.

We denote by GANP,, the set of all generalized nonnegative algebraic
polynomials of degree at most n € R™.

Using

o=zl = (2= %) - %) z€R,

we can easily check that when f € GANP,, is restricted to the real line,
then it can be written as

f:HP;j/?, 0< P ePy, r;eRT, ergn,
j=1

J=1

which is the product of nonnegative polynomials raised to positive real
powers. This explains the name generalized nonnegative polynomaials.
Many properties of generalized nonnegative polynomials were investi-
gated in a series of papers ([1,2,3,4]).

Associated with the Freud weight W, (z) = exp(—|z|*), a > 0, there
are Mhaskar-Rahmanov-Saff numbers a,, = a,(«), which is the positive
solution of the equation

1
n = —/ antQ'(ant)(1 — 12)"2dt, n€RT,
0

™

where Q(x) = |z|%, « > 0. Explicitly,

where
N — 227°T ()

-~ {T(a/2)}

Its importance lies partly in the identity [9]
[PWal @) = [PWallL(anan)): P € Pn.
Now we state our results.

THEOREM 1.1. Let ¢ > 0,d > 0, and 0 < p < oco. Let

W(w) =[] o — ™ - exp(—|2]*),
k=1



Infinite finite range inequalities 65
where a > 1, x, € R, and py, > —1, fork=1,--- ,m. Let
Sn :min{%,an} ,e<neRT.
Then there exist positive constants B and C' such that

/ : P e [ P,

L\Ay,
for all f € GANP,,, e <n € R", where
I, = [~ Ba,, Ba,]
and A,, is any measurable subset of I, with m(A,) < s,.

As a consequence of Theorem 1.1, we have the following.

COROLLARY 1.2. Let e > 0 and 0 < p < co. Let

W(x) =[] lx — @™ - exp(~|z]*),
k=1

where a > 1, x, € R, and py, > —1, for k =1,--- ;m. Then there exist
positive constants B and C' such that
o0 Ban
| rew@azc [ pawe,
—00 —Ban,

for all f € GANP,, e <n € R*.

We can drop the condition py; > —1 in Theorem 1.1 if we replace W
by W, as follows.

THEOREM 1.3. Let € > 0,d >0, and 0 < p < co. Let

m

y \ Tk
W, (z) = ( . _n) exp(—|z]*),
(z) k||1 o — x|+ =) - exp(—|z])
wheren € RY, a > 1, and x,v, € R, for k=1,--- ,m. Let

. da
sn—mm{—n,an ,e<neRT.
n

Then there exist positive constants B and C' such that
[fWallze@) < CllfWallzrran),
for all f € GANP,,, e <n € R*, where
I, = [-Ba,, Ba,]



66 Haewon Joung

and A,, is any measurable subset of I, with m(A,) < s,.

Throughout this paper we write g,(z) ~ h,(x) if for every n and for
every x in consideration

gn(m)
hn()

and g(z) ~ h(z), n ~ N have similar meanings.

0<01§

< ¢y < 00,

2. Proof of theorems

In order to prove Theorems, first we need infinite finite range in-
equalities for generalized polynomials with the Freud weight W, (z) =
exp(—|x|*). We restate Theorem 2.2 in [5. p. 124].

LEMMA 2.1. Let € > 0 and d > 0. Let W,(x) = exp(—|z|*), a > 1.
Let

. [da
Sp = mln{—n,an}, n€RT.
n

If 0 < p < o0, then there exist positive constants B* and C) such that
for all measurable sets A,, C [—B*a,, B*a,] with m(A,) < s,/2,

ey [P < [, o g, PEOW@,
- kAN
for all f € GANP,,, e <n € R".

If p = oo, then there exists a positive constant Cy such that for all
measurable sets A,, C [—B*a,, B*a,] with m(A,) < s,,

(2.2) [ fWellzoe®) < Coll fWallLoo (=B an.B*an]\An)»
for all f € GANP,,, n € R™.
Proof. See the proof of Theorem 2.2 in [5. p. 124]. ]

Next we define generalized Christoffel functions. Let 0 < p < oo.

Then the generalized Christoffel function for ordinary polynomials is
defined by

| P()Wa(t)]P
Ap(Wa; ) = min / Mdt, reR, nelN

rebay ) o |P(@)P
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The generalized Christoffel function for generalized nonnegative poly-
nomials is defined by

W)y
wnp(Wai ) = feé%fl;IPn /Oo fp—(f”)

For the estimates of wy, ,(Ws; ), we need the following lemma, which is
the restatement of Theorem 2.3 in [5, p. 125].

dt, z€R, necR"'.

LEMMA 2.2. Let W, (z) = exp(—|x|*), @« > 1. Let 0 < p < co. Then
Wnp(Wa; ) > C“—"W§(x), reR, neRT,
n
and

wnp(Wai ) < Apjr1,(Wasz), z€R, neR',

where [n| denotes the integer part of n.
Proof. See the proof of Theorem 2.3 in [5, p. 125]. [

Remark. It is well known (see, for example, [6]) that if & > 1, then
there exist positive constants C; and Cs depending on p and «, such
that

Qn
Mat+1p(Was @) < Cr—Wi(2), || < Caan.
Consequently
wnp(Waiw) ~ 2WE(), o] < Caa,
n

Now we prove our results.
Proof of Theorem 1.1. Let ¢ >0, d > 0, and 0 < p < co. Let

W(z) = [ [or(@) - exp(=[2[*) (a>1),

where
vp(z) = |z — @™,
and
Ve <0, for 1<k<i,
0< %<1, for i<k<y,
1<, for j<k<m.
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Suppose that py, > —1, k=1,2,--- ;m. Let

(2.3) To=n+dni+ Y

k=i+1
Let B* be the constant which satisfies (2.1). Choose B > 0 big enough
so that

(2.4) B*ar, < Ba,, forn >c¢,

and

(2.5) 2| < (Bayn)/2, fork=1,2,--- ,m, and n > e.
Let

I, = [~ Ba,, Ba,],
and let A,, be any measurable subset of I,, with m(4,,) < s,, where

. [ da,
Sp = MmN —, dy ¢ -
n

dian, dyay,
Amk:(xk_ 4 axk+ 1a>a k:172a"'7ma nZEa
n

n

Let d; > 0 and

and

J’I’L — U};.nzlAn,k.
Here, we can find d; > 0 so that A,, ;s are self disjoint for k = 1,2,--- ,m,
and J,, C I,, and

(2.6) m(A, U J,) < min {@ 2an} .

Now denote by Pj(c,f,2), (« > —1,8 > —1), j = 0,1,2,---, the
orthonormalized Jacobi polynomials and let

M-1
KM(Oé7ﬁ7 .Z') = Z Pf(OJ,ﬁ,ZC)-
j=0

Let

1 1 y—1_ .
=—K —— 20 —1 MeN 1<k<j.
QM,I{(:U) M M( 27 9 , & >7 ) = >~

It is well known (see [10, Lemma 2, p. 241] and [12, p.108])that

Qi (@)l < etz 7L = 2?7 Qur(w),  for Jof <1,
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and
1 Tk
Qu k() ~ (|9€| + M) , for |z| < 1.
Now for each e <n € RT let N = [n]+ 1 and
), for k=1,2,--- 7.

r — T
4Ba,,

(27) Rnyk(ﬂf) = (4Ban)7’“QN7k (

Then we have

(2.8) R, (2)] < c2aﬁRn,k<x), for # € I, \ Ay,
an Yk

(2.9) Ry k() ~ <|x — x| + E) , forxel,

and

(2.10) R i(z) ~vi(z), forzxzel,\ A,k

Now let

Dn = An \ Jn and Bn,k = An,k N An
Let f € GANP,,, n > e. First we show that

(2.11) / (fW)P(x)dx < 03/1\A (fW)P(x)dx.

Since
R, i(x) ~v(z), zeD, 1<k<i

we have
/ (fW)P(x)dx < 04/ (fRn1- RyiVigr - - - vy Wo)P(z)dx.

Since (fRp1 -+ Rnivig1 -+ - V) is a generalized polynomial of degree
less than I';, = O(n), by Lemma 2.1, (2.4), and (2.6), we obtain

/ (fW)P(x)dx

< ¢ / (fRup - Rpivig1 - v Wo)P(2)dx
In\(AnUJp)

< ¢ / (fW)P(z)dx
I\(AnUJp)

< cq / e
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Next we show that

(2.12) /B (FW)P(2)dz < s / (FW)(x)de, 1<k<m.

I\An

We distinguish two cases.

Case 1. 1 < k < i,(y < 0). Since (fRn1- - RyVit1---vm) Is a
generalized polynomial of degree less than I',, = O(n), by Lemma 2.2,
we have

(fRn 1° n zvz-l-l W )p(x)
(2.13) < Cs—/ (fRn1-- RyiVier - - v Wo)P(t)dt, for xz € R.

Multiplying by v} (x) and then integrating both sides over x € A, 5, we
obtain

/ (kaRn,l e Rn,ivi+1 e UmWa)p(.Z')dl'
acEAn k

< ¢ (CZL)W / (fRna- - Roivigr - - - v Wo )P (2)da.
Since
n\
(a_) R, i(z) > c19, forxz e A,i, by (2.9),
and

Ruo(z) ~v(x),1 <l <il#k, forxeA,g by (2.10),

we have

[ uwr@a
meAn,k
<cn / (fRu1 - Ryivigr - 0 Wo )P (2)d.

o0
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Then by Lemma 2.1, (2.4), and (2.6),
[ uwr@a
mGAn’k

<cn / (fRn,l T Rn,ﬂ)z'+1 e 'UmWa)p(fF)dx

[e.e]

< €19 / (fRnq1-- Ryivigr - - - vy Wo)P(z)dx
Lo\(AnUJn)

< e / (fW)P ()
Lo\(AnUJn)

Noting that
B,y C Ay and I, \ (A, U J,) C L\ Ay,

we have

(2.14) /B (fW)p(x)dxgclg/ (FWP(2)dz, 1<k <i.

In\An

Case 2. i < k < m,(y > 0). Integrating both sides of (2.13) over
x € A, we obtain

/ (fRn,l o Ry ivigy - U Wo )P () dx
zEAn,k

< 014/ (fRni - Rpvigr - omWo )P (z)dz.

[e.9]

Since
Ry i(x) ~v(x),1 <l <i, forxeA, by(2.10),

we have

/ s

< cis / (fRpa- RyiVigr - - v Wo )P (x)d.

o0



72 Haewon Joung

Then by Lemma 2.1, (2.4), and (2.5),

/ e

S C15 / (fRn,l e Rn,ivi—l—l e UmWa)p(l’)dl’

—00

< 016/ (fRn1- RyiVigr - - v Wo)P(z)dx
L\ (AnUJR)

<en [ (fW)P (2)da,
I\ (AnUJy)

hence,
/ (fW)P(z)dx < 017/ (fWHP(z)dz, i<k <m.
xGBn,k In\An
Combining (2.11) and (2.12) yields
(2.15) / (fW)P(x)dx < Clg/ (fW)P(x)dx.
Ay In\An
Next we show
(2.16) / (FWP(2)dz < c1o / (FWP(2)dz.
|z|>Ban In\An
Let, for 1 < k <1,

M, ;. = max(|Bay, + x|, |Ba, — xx|P")

and
My = min(|Ba, + x5 [P, |Ba,, — x5 [P7*).
Then \
n,k
= < Ck by (2.5
i <OW), by (29)
hence,

/| o W

S Mn,l e Mn,i (fUH_l cee UmWa)p(I>dI

|z|>Ban

< Mpy---M,,; / (fvigr - v Wo)P(x)dx,
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therefore, by Lemma 2.1,

/| o W

< cooMpy - Mm/ (fvisr - v Wo)P(x)dx

< et M / (fW)P () da
Mp1 Mg JL\A,
<on [ (WPl
In\An,

Then by (2.15) and (2.16), we have

| gwr@

[e.9]

= /A n( FW)P(2)dx + /IH\AH( FW)P(z)dx + /| IZBan(fW)p(:v)dﬂf

<on [ (WPl
IL\A,
hence, Theorem 1.1 is proved. Il

Proof of Corollary 1.2. Corollary 1.2 follows directly from Theorem
1.1. O

Proof of Theorem 1.3. Let ¢ > 0, d > 0, and 0 < p < . For
simplicity we consider

2
Walr) =11 (ll’ — k| + %)7 ~exp(—z[*),
k=1

where n € RT, a > 1, and
v1 < 0 and v, > 0.
General case follows by the same method. Let
B(n) = 5n+ ..

Let B* be the constant which satisfies (2.1). Choose B > 0 big enough
so that

(2.17) B*ag, < Ba,, forn > e,
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and
(2.18) |z| < (Bay,)/2, fork=1,2, and n>e.

Let
I, = [-Ba,, Ba,],
and let A,, be any measurable subset of I,, with m(4,,) < s,, where

. [ da,
S, =MINS —— Ay o -
n

Let AN
U k() = (|x — x| + f) , k=12

And let

ay, |2

U1 () = ‘Z‘ — Xy + —

n
and

Ay, |2

Upo(z) = |x — 29 — —

We use the polynomial R, ; which we constructed in the proof of The-
orem 1.1. See (2.7) and (2.9). Recall that R, ; has degree at most 4n
and

(2.19) Rui(x) ~vpa(x), x € I.

Note that

]_ an an
—()x—x2+—‘+ T —Tg— —
2 n n

< <|1U - $2| + _an>
n
ap

an
<leg—2+ — |+ |0 —20 — —
n n

, xeR.

Then using
a(p)(al +[b))" < (lal” + [b]") < ca(p)(fa] +[b])7, (0 <p < ),
we have
(2.20) Un2(x) ~ (up1(z) + upa(x)), x€R.
Let f € GANP,,. Since (fR,1u, 1) has degree at most 3(n) = O(n), by
Lemma 2.1 and (2.17), we have
||fRn,1un,1WaHLP(An) < CleRn,lun,IWa‘|LP(I"\An)-

Since
Ro1(z) ~vpa(z), z €1,
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and
Un1(z) <vpo(z), z€R,
we have
[f RnjptunaWallzea,) < el fWallega,)-
Similarly we obtain
S B 1un 2o WallLran) < el [fWallrraan)-
Then by (2.19) and (2.20),
||anHLP(An) - ||fvn,lvn,2wa||LP(An)
sl fRn1 (una + tn2)Wa| |LP(An)
C4(||fRn,1un,1Wa||Lp(A
+H| f Rnatn 2 Wal|Lr(an))
cs|[fWallLean)-

IA A

(2.21)
Next we show that

fWalle@\r,) < csll fWallLrz\an)-

IN

Let »
M, = max {<|x—x1]+ ) }
|z|>Ban
and
m
= min {(|x—x1\—|— ) }
|z|<Ban

Then by (2.18)

M
— <c
m

hence, by Lemma 2.1 we have

Mn”fun,IWaHLP(R\In)
Mn”fun,lWaHLP(R)
C8Mn| |fun,1Wa||LP(In\An)

van,lun,lwa ’ |LP(R\1n)

IA A CIA

IN

M,
cs— || fon1tn 1 Wall o0 a0)
mpy

IN

Cg||fUn,1Un,1Wa||LP(1n\An)-
Since
Un1(z) <vpo(z), z€R,
we obtain
fonatnaWalle@yz,) < coll fWallze,\a,)-

(0]



76

Haewon Joung

Similarly we have

[ fvnitn2Wallo@\1) < col [fWallLe\an)-

Then by (2.20),

Walleevny = | fonavnoWalloe@1,)

10/ [ fVn1 (tn,1 + tn2)Wal|Le@\1,)
cr1 (|| fonatn i Wal| Lo @\ 1)

H [ fon1tn2Wallrr\1,))

cial | fWall e\ an)-

IAINA

IN

Combining (2.21) and the above inequality gives Theorem 1.3. O
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