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Finite Element Analysis of Harmonics Generation by Nonlinear Inclusion
Seung-Yong Yang*T and Nohyu Kim**

Abstract When ultrasound propagates to a crack, transmitted and reflected waves are generated. These waves
have useful information for the detection of the crack lying in a structure. When a crack is under residual stress,
crack surfaces will contact each other and a closed crack is formed. For closed cracks, the fundamental
component of the reflected and transmitted waves will be weak, and as such it is not easy to detect them. In this
case, higher harmonic components will be useful. In this paper, nonlinear characteristic of a closed crack is
modeled by a continbum material having a tensile-compressive unsymmetry, and the amplitude of the second
harmonic wave was obtained by spectrum analysis. Variation of the second harmonic component depending on the
nonlinearity of the inclusion was investigated. Two-dimensional plane strain model is considered, and finite
element software ABAQUS/Explicit is used.
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1. Introduction

Nondestructive tests using ultrasound are
being used widely to detect the size and location
of cracks. However, when cracks are closed
tightly by compressive residual stress, they do
not produce linear scattering waves during
reflection/transmission of ultrasound. Contact-type
discontinuity such as closed cracks leads to an
anomalously  high level of
Well-known
nonlinear behavior is the generation of its

nonlinearity.
acoustical manifestation of the
harmonics. Usefulness of nonlinear ultrasound
effect has been studied by Ha and Jhang (2006).

The physical nature of the contact acoustic
nonlinearity(CAN) has been
developing several mathematical models of
contact-type interface (Biwa et al, 2005 and
2007; Kim et al,, 2004; Roy and Pyrak-Nolte,

explained by

1995). From their works, the variation of contact
area due to deformation of asperities is known
to cause nonlinear elasticity of the interface. This
interface is considered as a linear spring whose
stiffness is proportional to the contact area
within the interface. The spring-type crack
interface connects displacement discontinuity
across the interface with the traction on both
sides. Due to the nonlinear nature of the
contacting discontinuity, the stress-strain curve is
unsymmetric and higher order harmonics can be
generated for reflected or transmitted waves (see
Fig. 1).

In this paper, fundamental and higher
harmonic components of reflected waves by
calculated. A

nonsymmetric material having different elastic

nonlinear inclusions are

moduli for tensile and compressive states is
considered to account for the nonlinearity of
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Fig. 1 Nonlinear response of contact-type
discontinuity and the harmonics generation

closed cracks. 2-dimensional plane strain finite
element model having a very thin layer of the
unsymmetric nonlinear material at the center was
considered. Stress wave propagation of incident
ultrasonic wave was solved by finite element
code ABAQUS/Explicit (ABAQUS, 2006). The
harmonic components were obtained by the fast
Fourier transformation algorithm of numerical
recipes (Press et al., 1988).

2. Kinite Element Model

Fig. 2 shows two-dimensional finite element
model with a 15 degree-inclined layer of

nonlinear material at the

center and the
displacement input on the left. The inclination
angles of O degree and 15 degree were
considered in this paper. The inclusion is 20 mm
long and 0.1 mm thick. It is modeled by one
row of 200 quadrilateral finite elements each of
which is 0.1 mmx0.1 mm. Vertical displacement
is set zero on the upper and lower boundaries of
the model. Fig. 3 shows a magnified view of the
finite element mesh used in the calculation.

The embedded inhomogeneity physically
means a nonlinear closed crack. A typical
anomalous behavior of a closed crack is that the

traction  vs. can be

displacement  behavior
different for tension and compression. This
unsymmetric behavior can be incorporated by at
least two methods. One is using cohesive zone
interface elements and the other is employing a
thin layer of continuum elements. The former
needs a traction-displacement constitutive relation
and the latter should be described by a stress

vs. strain relation. The continuum element
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Fig. 2 Plane strain model with 15 degree-inclined
inclusion
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Fig. 3 Details of the finite element mesh

approach is used in this paper to account for the
contact-type discontinuity.

To descibe the constitutive equation of the
inclusion, user material subroutine VUMAT was
used. The elastic modulus will be different

depending on the normal strain component €,

given by the following equation
nn =n-en (1)

where n is the unit normal vector to the
discontinuity surface. The following unsymmetric
Young's modulus was used assuming isotropic
material behavior.

E=F for ¢
)

E=F, for €
Poisson's ratio is the same for either case.
Young's modulus and Poisson's ratio for the
surrounding matrix are 200 GPa and 0.3,

respectively.
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Fig. 4 Example of contour plot of ¢ for

toneburst incident wave
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Fig. 5 Harmonic incident wave of displacement u,,

Fig. 4 shows a typical calculation result,
One can see that the reflected wave is
superimposed on the incident toneburst wave in
the contour plot.

3. Fourier Transformation

Fig. 5 shows the profile of the incident
harmonic displacement wave applied on the left
boundary of the model. The frequency is
500,000 Hz.

The reflected wave was monitored at the
nodal points depicted in Fig. 6. The scattered
wave by the inclusion can be obtained by
subtracting two displacement results: one is with
the inclusion, and the other without the
inclusion.

U

scatler U,

= Uerack ™ Ynocrack (3)
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Fig. 6 Position of the monitoring nodal points
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Fig. 7 Horizontal displacement ., (dotted line)
and u,.,,., (solid line) at a point

To obtain results without the inclusion, finite
element calculation was carried out separately for
the homogeneous body. Fig. 7 shows the
displacements at the center of the monitoring
line for the input of harmonic wave. u,,, IS
denoted by the dotted line and wu ., is the
solid line calculated by (3). The incident wave
arrives at the point about 20 micro second and
the reflected wave is obsolved at 45 micro
second.

Fourier transformation of the scattered waves
was calculated by twofft subroutine of Numerical
recipes. twofft computes Fourier transformation
valued data.
spectrum result is shown in Fig. 8. Harmonics
are observed around at the multiples of the
fundamental frequency, 500 kHz.

of real A typical frequency
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Table 1 Material parameters

6=0" 0=15"
E 200GPa 200GPa
TGPa
10GPa
£, 20GPa 20GPa
30GPa
50GPa
v 0.3 0.3
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Fig. 8 Example of Fourier transformation result
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Fig. 9 Amplitude of fundamental frequency

component, A,. §=0" is used

The analysis was carried out for various values
of E and E, listed in Table 1. That is, for each
case of Table 1, finite element calculation was
carried out, and the magnitude of the
displacement of the scattered wave was obtained
at the monitoring points. Fourier transformation
was conducted for the signal.

Fig. 9 amplitude of the
fundamental component (peak value around
500,000 Hz) of the scattered waves. The value

shows the
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Fig. 10 Ratios of second harmonic to first

harmonic, 8=A4,/A}. 6=0" is used
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Fig. 11 Ratios of second harmonic to first harmonic
B=A,/A? for different oblique angles 6

decreases as the tensile Young's modulus
approaches the compressive one. That is, as the
nonlinear effect is small, the scattered signal will
be weak, as anticipated. The wvalues on the
abscissa mean the distance from the center of
the monitoring line. The value of A, decreases
as moving away from the center of the reflected
wave.

Fig. 10 shows a ratio of the second
harmonic  component to the fundamental
component, given by a nonlinear parameter
B=A,/A} in Choi et al, (2002) For the
perpendicular inclusion to the incident wave
#=0°

second harmonic component increases as the

case), the relative magnitude of the
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value of £, approaches E;, or in other words
the scattered wave becomes weak. This result
suggests that wusing the second harmonic
component should be effective for detecting an
inclusion such as a closed crack.

Fig. 11 shows the value of 8 for the cases
of #=0" and 6=15". The overall trends are
similar,. E =200GPe and E,=20GPa were

used for both.
4. Conclusions

Finite element calculation was carried out for
a plate with a nonlinear elastic inclusion which
has unsymmetric stress-strain behavior for tension
spectrum
analysis of the scattered wave it is observed that:

and compression. From frequency

1. The scattered wave has strong higher order
harmonic components

2. As the fundamental frequency component

becomes weak, the ratio of the second
to first
B=A,/A}, increases.

harmonic harmonic  components,
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